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❰ãëàâëåíèå

Ïðåäèñëîâèå ✹

➹ëàâà ✶✳ ➶åêòîðíîå ïðîñòðàíñòâî R
n ✺

➓ ✶✳ Ïîíÿòèå n✲ìåðíîãî âåêòîðà✱ ïðîñòðàí❝òâà R
n ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺

➓ ✷✳ ❐èíåéíûå îïåðàöèè ñ âåêòîðàìè ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼
➓ ✸✳ Ñêàëÿðíîå ïðîèçâåäåíèå âåêòîðîâ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽
➓ ✹✳ Ðàññòîÿíèå ìåæäó òî÷êàìè✱ óãîë ìåæäó âåêòîðàìè ✳ ✳ ✳ ✳ ✾
➓ ✺✳ ❐èíåéíàÿ íåçàâèñèìîñòü✴çàâèñèìîñòü âåêòîðîâ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺
➓ ✻✳ Ñòàíäàðòíûé áàçèñ â ïðîñòðàíñòâå R

n ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷
➓ ✼✳ Ïàðàìåòðè÷åñêèå óðàâíåíèÿ ïðÿìîé✱ ëó÷à✱ îòðåçêà ✳ ✳ ✳ ✷✹
➓ ✽✳ Óðàâíåíèå ïëîñêîñòè ✭ãèïåðïëîñêîñòè✮ â R

n ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽
➮íäèâèäóàëüíûå çàäàíèÿ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

➹ëàâà ✷✳ ❒àòðèöû è ìàòðè÷íûå îïåðàöèè ✹✼

➓ ✶✳ ❒àòðèöû✳ ❰ñíîâíûå ïîíÿòèÿ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼
➓ ✷✳ ❰ïåðàöèè íàä ìàòðèöàìè ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵
➓ ✸✳ Ýëåìåíòàðíûå ïðåîáðàçîâàíèÿ ìàòðèö ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✵
➮íäèâèäóàëüíûå çàäàíèÿ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻

➹ëàâà ✸✳ ❰ïðåäåëèòåëè ✽✵

➓ ✶✳ Ïîíÿòèå è íàõîæäåíèå îïðåäåëèòåëÿ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵
➓ ✷✳ Ñâîéñòâà îïðåäåëèòåëåé ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✹
➓ ✸✳ ❒åòîäû âû÷èñëåíèÿ îïðåäåëèòåëåé ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✽
➓ ✹✳ Ðîëü îïðåäåëèòåëÿ ïðè íàõîæäåíèè îáðàòíîé ìàòðèöû ✳ ✾✺
➓ ✺✳ ❒àòðè÷íûå óðàâíåíèÿ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✷
➮íäèâèäóàëüíûå çàäàíèÿ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✺

➬àêëþ÷åíèå ✶✷✵

Ðåêîìåíäóåìàÿ ëèòåðàòóðà ✶✷✶

✸



Ïðåäèñëîâèå

➶ äàííîì ó÷åáíîì ïîñîáèè àâòîðû ïîñòàðàëèñü äàòü íåîá✲
õîäèìûå äëÿ ïðàêòè÷åñêîãî ðåøåíèÿ çàäà÷ òåîðåòè÷åñêèå
ñâåäåíèÿ ïî íåêîòîðûì âîïðîñàì êóðñà ➽❐èíåéíàÿ àëãåáðà➾
✭âåêòîðû✱ ìàòðèöû✱ îïðåäåëèòåëè✮✳

Öåëü ïîñîáèÿ ✕ àêòèâèçèðîâàòü ñàìîñòîÿòåëüíóþ ðàáî✲
òó ñòóäåíòîâ ïðè èçó÷åíèè êóðñà ➽❐èíåéíàÿ àëãåáðà➾✳ ➶åñü
ìàòåðèàë ðàçáèò íà òðè ãëàâû✳ ➶ êàæäîé ãëàâå òåîðåòè÷å✲
ñêèå ñâåäåíèÿ äàþòñÿ â ñæàòîì âèäå ✭íåò ïîäðîáíûõ äîêà✲
çàòåëüñòâ òåîðåì è ôîðìóë✮✳ ➬àòåì ðàçáèðàþòñÿ ïðèìåðû
ðåøåíèÿ çàäà÷✳ ➹ëàâû ñîäåðæàò çàäà÷è è óïðàæíåíèÿ äëÿ
ñàìîñòîÿòåëüíîé ðàáîòû ñòóäåíòîâ â êà÷åñòâå ñàìîêîíòðîëÿ
è èíäèâèäóàëüíûå çàäàíèÿ äëÿ ïðîâåðêè óñâîåíèÿ ìàòåðèà✲
ëà✳

➘àííîå ïîñîáèå ÿâëÿåòñÿ ïðèêëàäíûì äîïîëíåíèåì ê ñó✲
ùåñòâóþùèì ó÷åáíèêàì✱ ïîýòîìó â íåì äàþòñÿ òîëüêî òå
ñâåäåíèÿ✱ êîòîðûå íåîáõîäèìû íåïîñðåäñòâåííî äëÿ ðåøå✲
íèÿ çàäà÷✳ Ñïèñîê ðåêîìåíäóåìîé ëèòåðàòóðû ïðèâåäåí â
êîíöå ïîñîáèÿ✳

✹



➹ëàâà ✶

➶åêòîðíîå ïðîñòðàíñòâî Rn

➓ ✶✳ Ïîíÿòèå n✲ìåðíîãî âåêòîðà✱
ïðîñòðàí❝òâà Rn

❰ïðåäåëåíèå ✶✳✶✳ ➶åêòîðîì ðàçìåðíîñòè n ✭èëè n✲ìåðíûì
âåêòîðîì✮ íàçûâàåòñÿ ëþáîé óïîðÿäî÷åííûé íàáîð èç n ÷è✲
ñåë✳ Ýòè ÷èñëà íàçûâàþòñÿ êîîðäèíàòàìè èëè êîìïîíåíòàìè
âåêòîðà ✭âñþäó äàëåå ïîä ÷èñëàìè ïîíèìàþòñÿ òîëüêî äåé✲
ñòâèòåëüíûå ÷èñëà✮✳

Óïîðÿäî÷åííîñòü íàáîðà îçíà÷àåò✱ ÷òî âàæåí ïîðÿäîê✱ â
êîòîðîì ðàñïîëîæåíû êîîðäèíàòû âåêòîðà✳ ❮àïðèìåð✱ (1; 2)
è (2; 1) ✕ ýòî äâà ðàçëè÷íûõ âåêòîðà ðàçìåðíîñòè 2✳

✃àê ïðàâèëî✱ âåêòîðû îáîçíà÷àþòñÿ ìàëûìè áóêâàìè✱ à
êîîðäèíàòû âåêòîðîâ çàïèñûâàþòñÿ ÷åðåç òî÷êó ñ çàïÿòîé✳
❮àïðèìåð✱ n✲ìåðíûå âåêòîðû x, y â îáùåì ñëó÷àå çàïèñûâà✲
þòñÿ ñëåäóþùèì îáðàçîì✿

x = (x1; x2; . . . ; xn), y = (y1; y2; . . . ; yn).

❰ïðåäåëåíèå ✶✳✷✳ Ïðîñòðàíñòâîì Rn íàçûâàåòñÿ ñîâîêóï✲
íîñòü âñåõ âåêòîðîâ ðàçìåðíîñòè n✳ ×èñëî n ✕ ðàçìåðíîñòü
ïðîñòðàíñòâà✳

✺



➶ñå âåêòîðû â ïðîñòðàíñòâå Rn ïîíèìàþòñÿ êàê ðàäèóñ✲
âåêòîðû ✭ò✳ å✳ áåðóò ñâîå íà÷àëî â íóëåâîé òî÷êå✮✳ Ïîýòîìó
ëþáîé n✲ìåðíûé âåêòîð èíòåðïðåòèðóåòñÿ êàê òî÷êà â ïðî✲
ñòðàíñòâå Rn✱ êîòîðàÿ ñîîòâåòñòâóåò êîíöó ýòîãî âåêòîðà✳

❮óëåâûì âåêòîðîì ïðîñòðàíñòâà Rn íàçûâàåòñÿ âåê✲
òîð✱ âñå êîîðäèíàòû êîòîðîãî ðàâíû íóëþ ✭ò✳ å✳ çàïèñü
0 ∈ Rn ãîâîðèò✱ ÷òî íóëåâîé âåêòîð ✭òî÷êà✮ ïðèíàäëåæèò
ïðîñòðàíñòâó Rn❀ íå ïóòàòü ñ ÷èñëîì ✵✮✳

❰ïðåäåëåíèå ✶✳✸✳ ➘ëèíîé ✭èëè íîðìîé✮ âåêòîðà x ∈ Rn

íàçûâàåòñÿ ÷èñëî✱ îáîçíà÷àåìîå ‖x‖ è îïðåäåëÿåìîå èç ðà✲
âåíñòâà

‖x‖ =
√
x2
1 + x2

2 + . . . x2
n =

√√√√
n∑

i=1

x2
i . ✭✶✮

Ïðèìå÷àíèå✳ ❮îðìà âèäà ✭✶✮ íàçûâàåòñÿ åâêëèäîâîé íîð✲
ìîé✳ ➶ ïðîñòðàíñòâå Rn ïðèìåíÿþò è äðóãèå âèäû íîðì✳
➶ äàííîì ïîñîáèè áóäåò ïîäðàçóìåâàòüñÿ åâêëèäîâàÿ íîðìà
âèäà ✭✶✮✳

Ïðèìåð ✶✳✶✳ ❮àéòè äëèíû âåêòîðîâ x = (−1; 4; 3;−2),
y = (3;−2; 5)✱ z = (1/

√
3; 0; 1/

√
3; 1/

√
3)✳

Ðåøåíèå
Ïî ôîðìóëå ✭✶✮ èìååì

‖x‖ =
√
(−1)2 + 42 + 32 + (−2)2 =

√
30,

‖y‖ =
√
32 + (−2)2 + 52 =

√
38,

‖z‖ =
√
(1/

√
3)2 + 02 + (1/

√
3)2 + (1/

√
3)2 =

√
1 = 1.

✃ñòàòè✱ âåêòîð z ÿâëÿåòñÿ ïðèìåðîì åäèíè÷íîãî âåêòîðà✳

❰ïðåäåëåíèå ✶✳✹✳ ➴äèíè÷íûì âåêòîðîì ïðîñòðàíñòâà Rn

íàçûâàåòñÿ âåêòîð✱ äëèíà êîòîðîãî ðàâíà ✶✳

✻



➓ ✷✳ ❐èíåéíûå îïåðàöèè ñ âåêòîðàìè

✃ ëèíåéíûì îïåðàöèÿì îòíîñÿòñÿ ñëîæåíèå è ïðîèçâåäå✲
íèå íà ÷èñëî✳ ➶ñå ëèíåéíûå îïåðàöèè ñ âåêòîðàìè âûïîë✲
íÿþòñÿ ïîêîìïîíåíòíî è òðåáóþò ñîâïàäåíèÿ ðàçìåðíîñòåé
✭ïðè ñëîæåíèè✱ âû÷èòàíèè âåêòîðîâ✮✳

Ïóñòü äàíû äâà ïðîèçâîëüíûõ âåêòîðà x = (x1; x2; . . . ; xn)
è y = (y1; y2; . . . ; yn)✳

✶✳ Ñóììîé äâóõ âåêòîðîâ x è y íàçûâàåòñÿ âåêòîð

x+ y = (x1 + y1; x2 + y2; . . . ; xn + yn), ✭✷✮

êîòîðûé ïîëó÷àåòñÿ ñóììèðîâàíèåì ñîîòâåòñòâóþùèõ êîîð✲
äèíàò âåêòîðîâ x è y✳

Ïðèìåð ✷✳✶✳ ❮àéòè ñóììó âåêòîðîâ x = (−2; 1; 3; 0; 4) è
y = (0; 4; 5;−3; 7)✳

Ðåøåíèå
x+ y = (−2+0; 1+4; 3+5; 0+(−3); 4+7) = (−2; 5; 8;−3; 11).

Ïðèìåð ✷✳✷✳ ❮àéòè ñóììó âåêòîðîâ x = (−2; 1; 3; 4) è
y = (0; 4; 5)✳

Ðåøåíèå
❰ïåðàöèÿ ñóììû íå èìååò ñìûñëà✱ òàê êàê âåêòîðû ðàç✲

íîé ðàçìåðíîñòè✦

✷✳ Ïðîèçâåäåíèåì âåêòîðà x íà äåéñòâèòåëüíîå ÷èñëî α
íàçûâàåòñÿ âåêòîð✱ êîòîðûé ïîëó÷àåòñÿ óìíîæåíèåì âñåõ
êîîðäèíàò âåêòîðà x íà ÷èñëî α✱ à èìåííî✿

αx = (αx1;αx2; . . . ;αxn). ✭✸✮

✼



➴ñëè α = −1✱ òî ïîëó÷èì âåêòîð✱ ïðîòèâîïîëîæíûé âåê✲
òîðó x❀ åñëè 0 < α < 1✱ òî ïîëó÷àåì ñæàòèå èñõîäíîãî âåê✲
òîðà x❀ åñëè α > 1 ✕ ðàñòÿæåíèå èñõîäíîãî âåêòîðà x â α
ðàç✳

Ïóñòü äàíû âåêòîðû x, y, z ∈ Rn è ïðîèçâîëüíûå ÷èñëà
α, β ∈ R✳ ❐èíåéíûå îïåðàöèè îáëàäàþò ñëåäóþùèìè ñâîé✲
ñòâàìè✿

✶✮ x+ y = y + x ✭êîììóòàòèâíîñòü ñëîæåíèÿ✮❀
✷✮ x+ (y + z) = (x+ y) + z ✭àññîöèàòèâíîñòü ñëîæåíèÿ✮❀
✸✮ α(x± y) = αx± αy;
✹✮ α(βx) = β(αx) = αβx.

➓ ✸✳ Ñêàëÿðíîå ïðîèçâåäåíèå âåêòîðîâ

❰ïðåäåëåíèå ✸✳✶✳ Ñêàëÿðíûì ïðîèçâåäåíèåì âåêòîðîâ
x = (x1; x2; . . . ; xn) è y = (y1; y2; . . . ; yn) íàçûâàåòñÿ ÷èñëî✱
îáîçíà÷àåìîå 〈x, y〉 è âû÷èñëÿåìîå ïî ôîðìóëå

〈x, y〉 = x1y1 + x2y2 + . . . xnyn =
n∑

i=1

xiyi. ✭✹✮

Ïðèìåð ✸✳✶✳ ❮àéòè ñêàëÿðíîå ïðîèçâåäåíèå âåêòîðîâ
x = (−1; 3; 2; 4) è y = (0; 5; 4; 1)✳

Ðåøåíèå

〈x, y〉 = (−1) · 0 + 3 · 5 + 2 · 4 + 4 · 1 = 27.

Ïðèìåð ✸✳✷✳ ❮àéòè ñêàëÿðíîå ïðîèçâåäåíèå âåêòîðîâ
x = (−1; 3; 2; 7) è y = (0; 2; 3)✳

Ðåøåíèå
❈êàëÿðíîå ïðîèçâåäåíèå íå èìååò ñìûñëà✱ òàê êàê âåêòî✲

ðû ðàçíîé ðàçìåðíîñòè✦

✽



Ïóñòü äàíû âåêòîðû x, y, z ∈ Rn è äåéñòâèòåëüíîå ÷èñëî
α ∈ R✳ Ñêàëÿðíîå ïðîèçâåäåíèå îáëàäàåò ñëåäóþùèìè ñâîé✲
ñòâàìè✿
✶✮ 〈x, y〉 = 〈y, x〉 ✭ñèììåòðè÷íîñòü ïðîèçâåäåíèÿ✮❀
✷✮ 〈x, y + z〉 = 〈x, y〉+ 〈x, z〉 ✭ðàñïðåäåëèòåëüíîå ñâîéñòâî✮❀
✸✮ 〈x, αy〉 = 〈αx, y〉 = α〈x, y〉.

➬àìåòèì✱ ÷òî èç ñâîéñòâ ✷✮ è ✸✮ ñëåäóåò ñâîéñòâî ëèíåéíî✲
ñòè ñêàëÿðíîãî ïðîèçâåäåíèÿ ïî êàæäîìó èç ñîìíîæèòåëåé
äëÿ x, y, z ∈ Rn è äåéñòâèòåëüíûõ ÷èñåë α, β ∈ R

〈x, αy + βz〉 = α〈x, y〉+ β〈x, z〉.

➓ ✹✳ Ðàññòîÿíèå ìåæäó òî÷êàìè✱ óãîë ìåæäó
âåêòîðàìè

➘ëèíó âåêòîðà ìîæíî âû÷èñëèòü ÷åðåç ñêàëÿðíîå ïðîèç✲
âåäåíèå✳ ➮ç ôîðìóëû ✭✹✮ èìååì

〈x, x〉 = x2

1 + x2

2 + . . . x2

n = ‖x‖2.

Òîãäà íîðìà ✭äëèíà✮ âåêòîðà

‖x‖ =
√
〈x, x〉. ✭✺✮

➮ç ✭✺✮ ñëåäóåò✱ ÷òî 〈x, x〉 ≥ 0, 〈x, x〉 = 0 ⇔ x = 0 ∈ Rn✳
➚íàëîãè÷íûì îáðàçîì ìîæíî âû÷èñëèòü è ðàññòîÿíèå ìåæ✲
äó âåêòîðàìè ✭òî÷êàìè✮ x, y ∈ Rn✱ åñëè ðàññìîòðåòü åãî êàê
äëèíó âåêòîðà x− y✱ ò✳ å✳

‖x− y‖ =
√
〈x− y, x− y〉. ✭✻✮

✾



Ïðèìåð ✹✳✶✳ ❮àéòè ðàññòîÿíèå ìåæäó âåêòîðàìè
x = (1;−3; 4; 2) è y = (−2; 0; 7; 5)✳

Ðåøåíèå

‖x− y‖ =
√
〈x− y, x− y〉 =

√√√√
3∑

i=1

(xi − yi)2 =

=
√
(1− (−2))2 + (−3− 0)2 + (4− 7)2 + (2− 5)2 =

√
36 = 6.

➬äåñü ìîæíî áûëî ñíà÷àëà íàéòè êîîðäèíàòû âåêòîðà x−y✱
à çàòåì ïî ôîðìóëå ✭✺✮ âû÷èñëèòü åãî äëèíó✳

Ïðèìåð ✹✳✷✳ ❮àéòè ðàññòîÿíèå ìåæäó âåêòîðîì
x = (1;−3; 4; 5) è íà÷àëîì êîîðäèíàò✳

Ðåøåíèå
Òàê êàê âñå âåêòîðû âûõîäÿò èç íà÷àëà êîîðäèíàò✱ íàì

íóæíî íàéòè äëèíó âåêòîðà x✿

‖x‖ =
√

12 + (−3)2 + 42 + 52 =
√
51.

➶ ïðîñòðàíñòâàõ âåêòîðîâ R2 è R3 óãëîì ìåæäó äâóìÿ
âåêòîðàìè ãåîìåòðè÷åñêè ïîíèìàåòñÿ óãîë ìåæäó íàïðàâëå✲
íèÿìè ðàäèóñ✲âåêòîðîâ ñîîòâåòñòâóþùèõ òî÷åê✳ ➮ ñêàëÿð✲
íîå ïðîèçâåäåíèå äâóõ âåêòîðîâ x è y ââîäèòñÿ êàê ñêà✲
ëÿðíàÿ âåëè÷èíà✱ ðàâíàÿ ïðîèçâåäåíèþ ìîäóëåé ✭äëèí✮ ýòèõ
âåêòîðîâ✱ óìíîæåííûõ íà êîñèíóñ óãëà ìåæäó íèìè✿

〈x, y〉 = |x| · |y| · cosϕ,
ò✳ å✳ ñêàëÿðíîå ïðîèçâåäåíèå ââîäèòñÿ ÷åðåç ïîíÿòèå óãëà✳

➶ ïðîñòðàíñòâå Rn óãîë ìåæäó âåêòîðàìè x è y îïðåäå✲
ëÿåòñÿ êàê ÷èñëî ϕ✱ äëÿ êîòîðîãî

cosϕ =
〈x, y〉

‖x‖ · ‖y‖ . ✭✼✮

✶✵



Ïðè n = 2 è n = 3 ôîðìóëà ✭✼✮ ñîâïàäàåò ñ ôîðìóëîé óãëà
ìåæäó âåêòîðàìè✱ èçó÷àåìîé â êóðñå øêîëüíîé ãåîìåòðèè✳

➮ç ôîðìóëû ✭✼✮ ñëåäóåò✱ ÷òî
✶✮ äâà âåêòîðà îðòîãîíàëüíû òîãäà è òîëüêî òîãäà✱ êîãäà èõ
ñêàëÿðíîå ïðîèçâåäåíèå ðàâíî íóëþ✿

x ⊥ y ⇔ 〈x, y〉 = 0;

✷✮ âåêòîðû îáðàçóþò îñòðûé óãîë òîãäà è òîëüêî òîãäà✱ êîãäà
èõ ñêàëÿðíîå ïðîèçâåäåíèå áîëüøå íóëÿ✿

ϕ ∈ (−π

2
;
π

2
) ⇔ 〈x, y〉 > 0;

✸✮ âåêòîðû îáðàçóþò òóïîé óãîë òîãäà è òîëüêî òîãäà✱ êîãäà
èõ ñêàëÿðíîå ïðîèçâåäåíèå ìåíüøå íóëÿ✿

ϕ ∈ (
π

2
;
3π

2
) ⇔ 〈x, y〉 < 0.

Ïðèìåð ✹✳✸✳ ➶û÷èñëèòü óãîë ìåæäó âåêòîðàìè x è y✱ ãäå
x = (1; 1; 1; 1) è y = (2; 6; 0;−3)✳

Ðåøåíèå
❮àéäåì äëèíû âåêòîðîâ✿

‖x‖ =
√
12 + 12 + 12 + 12 = 2,

‖y‖ =
√

22 + 62 + 02 + (−3)2 = 7.

➶û÷èñëèì ñêàëÿðíîå ïðîèçâåäåíèå âåêòîðîâ✿

〈x, y〉 = 1 · 2 + 1 · 6 + 1 · 0 + 1 · (−3) = 5.

Òàêèì îáðàçîì✱ ïî ôîðìóëå ✭✼✮ èìååì

cosϕ =
5

14
, ϕ = arccos

5

14
.

✶✶



Ïðèìåð ✹✳✹✳ ❰ïðåäåëèòü✱ ïðè êàêîì çíà÷åíèè λ âåêòîðû
3a+ λb è a− 2b îðòîãîíàëüíû✱ åñëè äàíû ‖a‖ = 3, ‖b‖ = 2✱
ϕ
â,b

= π
3
✳

Ðåøåíèå
➶åêòîðû îðòîãîíàëüíû✱ åñëè ñêàëÿðíîå ïðîèçâåäåíèå ýòèõ

âåêòîðîâ ðàâíî íóëþ✱ ò✳ å✳

〈3a+ λb, a− 2b〉 = 0.

➮ñïîëüçóÿ ñâîéñòâà ñêàëÿðíîãî ïðîèçâåäåíèÿ✱ ïîëó÷èì

〈3a+ λb, a− 2b〉 = 3〈a, a〉 − 6〈a, b〉+ λ〈b, a〉 − 2λ〈b, b〉 = 0.

Òåïåðü âû÷èñëèì êàæäîå ñëàãàåìîå✿
3〈a, a〉 = 3 · ‖a‖2 = 27,
6〈a, b〉 = 6 · ‖a‖ · ‖b‖ · cos π

3
= 18,

λ〈b, a〉 = λ · ‖a‖ · ‖b‖ · cos π
3
= 3λ,

2λ〈b, b〉 = 2λ · ‖b‖2 = 8λ.

Òåïåðü ðåøèì óðàâíåíèå

27− 18 + 3λ− 8λ = 0,

9− 5λ = 0, λ =
9

5
= 1, 8.

➬íàÿ óãîë ìåæäó âåêòîðàìè è äëèíû âåêòîðîâ✱ ìîæíî
íàéòè àëãåáðàè÷åñêóþ ïðîåêöèþ îäíîãî âåêòîðà ✭íàïðèìåð✱
âåêòîðà a✮ íà íàïðàâëåíèå äðóãîãî âåêòîðà ✭íàïðèìåð✱ âåê✲
òîðà b✮✿

prba = ‖a‖ cosϕ,
çäåñü ϕ ✕ óãîë ìåæäó a è b✳

➮ñïîëüçóÿ ✭✼✮✱ ìîæíî çàïèñàòü

〈a, b〉 = ‖b‖prba = ‖a‖prab.

✶✷



Ïðèìåð ✹✳✺✳ ➶åêòîð a ∈ R3 èìååò äëèíó ✶✷ åä✳ è îáðà✲
çóåò ñ îñüþ OX óãîë 30◦✳ ❮àéòè àëãåáðàè÷åñêóþ ïðîåêöèþ
âåêòîðà a íà îñü OX✳

Ðåøåíèå
Ñîãëàñíî ôîðìóëå äëÿ âû÷èñëåíèÿ ïðîåêöèè èìååì

prOXa = ‖a‖ cosϕ = 12 ·
√
3

2
= 6

√
3.

Ïðèìåð ✹✳✻✳ ❮àéòè àëãåáðàè÷åñêóþ ïðîåêöèþ âåêòîðà a íà
íàïðàâëåíèå âåêòîðà b✱ åñëè a = (1; 2; 0; 4)✱ b = (5;−1; 3; 2)✳

Ðåøåíèå
Ïåðåïèøåì ôîðìóëó äëÿ íàõîæäåíèÿ ïðîåêöèè✿

prba =
〈a, b〉
‖b‖ .

Òîãäà èìååì
‖b‖ =

√
39, 〈a, b〉 = 11,

prba =
11√
39

.

➬àäàíèÿ äëÿ ñàìîñòîÿòåëüíîé ðàáîòû

✶✳ ➘àíû âåêòîðû x = (1; 1)✱ y = (0; 3)✱ z = (4; 5)✱ u = (1; 3; 0)✱
v = (1; 1; 2)✳ ❮àéòè òå èç ñëåäóþùèõ âåêòîðîâ✱ êîòîðûå èìå✲
þò ñìûñë✿ à✮ x+ 3y − z❀ á✮ x+ 3v❀ â✮ 4x− z❀ ã✮ 3u+ 2v❀
ä✮ 2z − 4x+ 3v✳

❰òâåòû✿ à✮ (−3; 5)❀ á✮ íå èìååò ñìûñëà❀ â✮ (0;−1)❀ ã✮ (5; 11; 4)❀
ä✮ íå èìååò ñìûñëà✳

✶✸



✷✳ ➘ëÿ âåêòîðîâ èç çàäàíèÿ ✶ âû÷èñëèòü ñëåäóþùèå ñêàëÿð✲
íûå ïðîèçâåäåíèÿ✿
à✮ 〈x, y〉❀ á✮ 〈x, y+2z〉❀ â✮ 〈4y, z+3u〉❀ ã✮ 〈u+2v, y〉❀ ä✮ 〈5u, v〉✳

❰òâåòû✿ à✮ 3❀ á✮ 21❀ â✮ íå èìååò ñìûñëà❀ ã✮ íå èìååò ñìûñëà❀
ä✮ 22✳

✸✳ ❮àéòè äëèíó ñëåäóþùèõ âåêòîðîâ✿
à✮ x = (3; 4)❀ á✮ y = (1; 1; 1)❀ â✮ z = (1; 2; 3; 4)❀
ã✮ u = (1; 6;−2; 4; 5)✳

❰òâåòû✿ à✮ ‖x‖ = 5❀ á✮ ‖y‖ =
√
3❀ â✮ ‖z‖ =

√
30❀

ã✮ ‖u‖ =
√
82✳

✹✳ ❮àéòè ðàññòîÿíèå ìåæäó òî÷êàìè x è y✿
à✮ x = (1;−1)✱ y = (7; 7)❀
á✮ x = (1; 1;−1)✱ y = (2;−1; 5)❀
â✮ x = (1; 2; 3; 4)✱ y = (1; 0;−1; 0)❀
ã✮ x = (−2; 4; 5; 1; 0)✱ y = (1; 3;−1; 2; 4)✳

❰òâåòû✿ à✮ ‖x − y‖ = 10❀ á✮ ‖x − y‖ =
√
41❀ â✮ ‖x − y‖ = 6❀

ã✮ ‖x− y‖ =
√
63✳

✺✳ ➘ëÿ êàæäîé ïàðû âåêòîðîâ îïðåäåëèòü ñíà÷àëà✱ ÿâëÿåòñÿ
ëè óãîë ìåæäó íèìè îñòðûì✱ òóïûì èëè ïðÿìûì✱ à çàòåì
íàéòè ýòîò óãîë✿
à✮ x = (4; 1)✱ y = (2;−8)❀
á✮ x = (1; 1; 0)✱ y = (1; 2; 1)❀
â✮ x = (1;−1; 0; 2)✱ y = (1; 2; 1; 3)❀
ã✮ x = (1; 0; 0; 0; 0)✱ y = (1; 1; 1; 1; 1)✳

❰òâåòû✿ à✮ ϕ = π/2❀ á✮ ϕ = π/6❀ â✮ ϕ = arccos(5/
√
90)❀

ã✮ ϕ = arccos(1/
√
5)✳

✶✹



➓ ✺✳ ❐èíåéíàÿ íåçàâèñèìîñòü✴çàâèñèìîñòü
âåêòîðîâ

Ðàññìîòðåííûå â ➓ ✷ ëèíåéíûå îïåðàöèè íàä âåêòîðàìè
ïîçâîëÿþò ââåñòè ïîíÿòèå ëèíåéíîé êîìáèíàöèè âåêòîðîâ✳
➘ëÿ íà÷àëà ðàññìîòðèì ëèíåéíóþ êîìáèíàöèþ äâóõ âåêòî✲
ðîâ✳

❰ïðåäåëåíèå ✺✳✶✳ ❐èíåéíîé êîìáèíàöèåé äâóõ âåêòîðîâ
x, y ∈ Rn íàçûâàåòñÿ âåêòîð z ∈ Rn✿

z = αx+ βy,

ãäå ÷èñëà α, β íàçûâàþòñÿ êîýôôèöèåíòàìè ëèíåéíîé êîì✲
áèíàöèè✳

Ïðèìåð ✺✳✶✳ ➘àíû âåêòîðû x = (1; 3; 5; 2), y = (4;−1; 0; 1)✳
❮àéòè ëèíåéíóþ êîìáèíàöèþ z = 2x− 3y✳

Ðåøåíèå

z = 2x− 3y = 2(1; 3; 5; 2)− 3(4;−1; 0; 1) = (−10; 9; 10; 1).

➶âåäåì ïîíÿòèå ëèíåéíîé êîìáèíàöèè â îáùåì ñëó÷àå äëÿ
íàáîðà èç k âåêòîðîâ ïðîñòðàíñòâà Rn✿

x1, x2, . . . xk.

❰ïðåäåëåíèå ✺✳✷✳ ❐èíåéíîé êîìáèíàöèåé ýòèõ âåêòîðîâ
íàçûâàåòñÿ âåêòîð âèäà

p = α1x
1 + α2x

2 + . . . αkx
k,

ãäå ÷èñëà α1, α2, . . . , αk ✕ êîýôôèöèåíòû ëèíåéíîé êîìáèíà✲
öèè ✭èëè ➽âåñà➾ êîìáèíàöèè✮✳

✶✺



❰ïðåäåëåíèå ✺✳✸✳ ❐èíåéíàÿ êîìáèíàöèÿ íàçûâàåòñÿ òðè✲
âèàëüíîé✱ åñëè âñå êîýôôèöèåíòû α1, α2, . . . , αk ðàâíû íó✲
ëþ✿

p = 0 · x1 + 0 · x2 + . . . 0 · xk.

❐èíåéíàÿ êîìáèíàöèÿ íàçûâàåòñÿ íåòðèâèàëüíîé✱ åñëè õî✲
òÿ áû îäèí èç êîýôôèöèåíòîâ αi íå ðàâåí íóëþ✱ ò✳ å✳ åñëè
âûïîëíÿåòñÿ ñëåäóþùåå íåðàâåíñòâî✿

α2

1 + α2

2 + . . .+ α2

k =
k∑

i=1

α2

i > 0.

➶ñþäó äàëåå ïðè âûïîëíåíèè âñåâîçìîæíûõ àëãåáðàè÷å✲
ñêèõ îïåðàöèé ñ âåêòîðàìè âñå âåêòîðû x ∈ Rn áóäóò âîñ✲
ïðèíèìàòüñÿ íàìè êàê âåêòîð✲ñòîëáöû ✭✦✦✦✮✱ ò✳ å✳

x =




x1

x2

✳✳✳
xn


 .

Õîòÿ âî ìíîãèõ ó÷åáíûõ ïîñîáèÿõ ✭äàííîå ïîñîáèå íå èñ✲
êëþ÷åíèå✦✮ äëÿ ýêîíîìèè ìåñòà â òåîðåòè÷åñêèõ âûêëàä✲
êàõ è â ôîðìóëèðîâêàõ ïðàêòè÷åñêèõ çàäàíèé ÷àñòî âåêòîð✲
ñòîëáöû áóäóò çàïèñûâàòüñÿ â ñòðî÷íîé ôîðìå✱ ïðè ýòîì
êîîðäèíàòû âåêòîðà îáÿçàòåëüíî îòäåëÿþòñÿ äðóã îò äðóãà
òî÷êîé ñ çàïÿòîé✳

❮àïðèìåð✱ âåêòîð✲ñòîëáåö

x =




1
2
3
4




â ñòðî÷íîé ôîðìå èìååò âèä x = (1; 2; 3; 4)✳

✶✻



❮àáîð âåêòîð✲ñòîëáöîâ x1, x2, . . . , xk ∈ Rn íàçûâàåòñÿ ñè✲
ñòåìîé âåêòîð✲ñòîëáöîâ ✭èëè ïðîñòî ñèñòåìîé âåêòîðîâ✮✳

❰ïðåäåëåíèå ✺✳✹✳ Ñèñòåìà èç k âåêòîðîâ x1, x2, . . . , xk ∈ Rn

íàçûâàåòñÿ ëèíåéíî çàâèñèìîé✱ åñëè íàéäåòñÿ íåòðèâè✲
àëüíàÿ ëèíåéíàÿ êîìáèíàöèÿ ýòèõ âåêòîðîâ✱ ðàâíàÿ íóëþ✱
ò✳ å✳ åñëè

α1x
1 + α2x

2 + . . . αkx
k = 0 ✭✽✮

ïðè óñëîâèè
k∑

i=1

α2

i > 0.

➬äåñü 0 ñïðàâà â ëèíåéíîé êîìáèíàöèè ✭✽✮ ✕ ýòî íóëåâîé
âåêòîð ïðîñòðàíñòâà Rn✳

➴ñëè æå òàêèõ êîýôôèöèåíòîâ ëèíåéíîé êîìáèíàöèè íå
ñóùåñòâóåò✱ ò✳ å✳ ðàâåíñòâî ✭✽✮ âîçìîæíî òîëüêî ïðè íóëåâûõ
êîýôôèöèåíòàõ✱ òî ñèñòåìà âåêòîðîâ x1, x2, . . . , xk ëèíåéíî
íåçàâèñèìàÿ✳

➬àìå÷àíèÿ ✺✳✶
✶✳ ❰äèí âåêòîð✲ñòîëáåö x1 òàêæå îáðàçóåò ñèñòåìó✿ ïðè

x1 = 0 ✕ ëèíåéíî çàâèñèìóþ ✭òàê êàê α1x
1 = 0 ìîæåò âû✲

ïîëíÿòüñÿ ïðè α1 6= 0✿ ✮✱ à ïðè x1 6= 0 ✕ ëèíåéíî íåçàâèñèìóþ
✭òàê êàê α1x

1 = 0 âûïîëíÿåòñÿ òîëüêî ïðè α1 = 0✮✳
✷✳ ❐þáîå ïîäìíîæåñòâî ñèñòåìû âåêòîðîâ íàçûâàåòñÿ ïîä✲

ñèñòåìîé✳

Ïðèìåð ✺✳✷✳ ➮ñïîëüçóÿ îïðåäåëåíèå✱ óñòàíîâèòü ëèíåéíóþ
çàâèñèìîñòü èëè ëèíåéíóþ íåçàâèñèìîñòü ñëåäóþùèõ ñèñòåì
âåêòîð✲ñòîëáöîâ✿

à✮ x1 =

(
−1
2

)
, x2 =

(
2

−4

)
;

á✮ x1 =




−1
2
0


 , x2 =




1
1
1


 .

✶✼



Ðåøåíèå

à✮ âåêòîðû x1 =

(
−1
2

)
, x2 =

(
2

−4

)
ÿâëÿþòñÿ ëèíåéíî

çàâèñèìûìè✱ òàê êàê ìîæíî ñîñòàâèòü íåòðèâèàëüíóþ ëè✲
íåéíóþ êîìáèíàöèþ✱ íàïðèìåð✱ ñ êîýôôèöèåíòàìè α1 = 2 è
α2 = 1✱ êîòîðàÿ ðàâíà íóëåâîìó âåêòîðó✿

α1x
1+α2x

2 = 2·
(

−1
2

)
+1·

(
2

−4

)
=

(
−2 + 2
4− 4

)
=

(
0
0

)
,

èëè x2 = −2x1❀

á✮ âåêòîðû x1 =




−1
2
0


 , x2 =




1
1
1


 ✕ ëèíåéíî íåçàâè✲

ñèìûå✳ ➘åéñòâèòåëüíî✱ åñëè

α1x
1 + α2x

2 = 0,

α1 ·




−1
2
0


+ α2 ·




1
1
1


 =




0
0
0


 ,

òîãäà 


−α1

2α1

0


+




α2

α2

α2


 =




0
0
0


 .

Ïîëó÷àåì ñëåäóþùóþ ñèñòåìó✿




−α1 + α2 = 0,
2α1 + α2 = 0,
α2 = 0,

îòêóäà α1 ≡ 0, α2 ≡ 0✳ Òî åñòü òîëüêî òðèâèàëüíàÿ ëèíåé✲
íàÿ êîìáèíàöèÿ ýòèõ âåêòîðîâ áóäåò ðàâíà íóëåâîìó âåêòî✲
ðó✳ ➬íà÷èò✱ âåêòîðû ëèíåéíî íåçàâèñèìû✳

✶✽



Ïðèìåð ✺✳✸✳ ❰áðàçóþò ëè âåêòîðû x =

(
2
4

)
,

y =

(
5
1

)
, z =

(
2
1

)
ëèíåéíî íåçàâèñèìóþ ñèñòåìó❄

Ðåøåíèå
Ñîñòàâèì ëèíåéíóþ êîìáèíàöèþ ýòèõ âåêòîðîâ è ïðèðàâ✲

íÿåì åå ê íóëþ✿
αx+ βy + γz = 0,

α ·
(

2
4

)
+ β ·

(
5
1

)
+ γ ·

(
2
1

)
=

(
0
0

)
.

➶ûïèøåì ñèñòåìó✿
{

2α + 5β + 2γ = 0,
4α + β + γ = 0.

Ðåøèì ñèñòåìó✿ äëÿ íà÷àëà ìîæíî èñêëþ÷èòü γ✱ óìíîæèâ
âòîðîå óðàâíåíèå íà (−2) è çàòåì ñëîæèâ ñ ïåðâûì óðàâ✲
íåíèåì✳ Ïîëó÷èì α = β

2
✳ ➚íàëîãè÷íûì îáðàçîì ìîæíî èñ✲

êëþ÷èòü α✱ óìíîæèâ ïåðâîå óðàâíåíèå ñèñòåìû íà (−2) è
ñëîæèâ ñî âòîðûì óðàâíåíèåì✳ Ïîëó÷èì γ = −3β✳

➬äåñü ÷èñëî β èãðàåò ðîëü ïàðàìåòðà✳ Ïðèäàâàÿ åìó ðàç✲
ëè÷íûå çíà÷åíèÿ✱ ìû áóäåì ïîëó÷àòü ðàçëè÷íûå ðåøåíèÿ
ýòîé ñèñòåìû✳ Òàê✱ ïðè ëþáîì β 6= 0 ìû ïîëó÷èì α 6= 0,
γ 6= 0✱ ò✳ å✳ íåòðèâèàëüíûé íàáîð êîýôôèöèåíòîâ✱ ïðè êî✲
òîðûõ ëèíåéíàÿ êîìáèíàöèÿ çàäàííûõ âåêòîðîâ îáðàùàåòñÿ
â íîëü✳ ➬íà÷èò✱ èñõîäíûå âåêòîðû ✭èëè íàáîð âåêòîðîâ✮ ëè✲
íåéíî çàâèñèìû✳

Ïðèìå÷àíèå✳ ➶ ïðèìåðå ✺✳✸✳ íà ñàìîì äåëå ➽ðàáîòàåò➾
îñíîâíàÿ òåîðåìà âåêòîðíûõ ïðîñòðàíñòâ✿ ëþáûå k âåêòîðîâ
ïðîñòðàíñòâà Rn ïðè k > n îáÿçàòåëüíî áóäóò ëèíåéíî
çàâèñèìûìè✳

Òî åñòü åñëè ÷èñëî âåêòîðîâ â íàáîðå áîëüøå ðàçìåðíî✲
ñòè ïðîñòðàíñòâà✱ òî îáÿçàòåëüíî íàéäåòñÿ íåòðèâèàëüíàÿ
ëèíåéíàÿ êîìáèíàöèÿ ýòèõ âåêòîðîâ✱ ðàâíàÿ íóëþ✳

✶✾



Ñâîéñòâà ëèíåéíî çàâèñèìûõ è ëèíåéíî íåçàâèñè✲
ìûõ âåêòîðîâ✿

✶✳ ➴ñëè â ñèñòåìó âåêòîðîâ âõîäèò íóëåâîé âåêòîð✱ òî îíà
ëèíåéíî çàâèñèìà✳

✷✳ ➴ñëè â ñèñòåìå âåêòîðîâ èìååòñÿ äâà îäèíàêîâûõ âåê✲
òîðà✱ òî îíà ëèíåéíî çàâèñèìà✳

✸✳ ➴ñëè â ñèñòåìå âåêòîðîâ èìååòñÿ äâà ïðîïîðöèîíàëü✲
íûõ âåêòîðà ✭x = αy✮✱ òî îíà ëèíåéíî çàâèñèìà✳

✹✳ Ñèñòåìà èç k > 1 âåêòîðîâ ëèíåéíî çàâèñèìà òîãäà è
òîëüêî òîãäà✱ êîãäà õîòÿ áû îäèí èç âåêòîðîâ åñòü ëèíåéíàÿ
êîìáèíàöèÿ îñòàëüíûõ✳

✺✳ ❐þáûå âåêòîðû✱ âõîäÿùèå â ëèíåéíî íåçàâèñèìóþ ñè✲
ñòåìó âåêòîðîâ✱ îáðàçóþò ëèíåéíî íåçàâèñèìóþ ïîäñèñòåìó✳

✻✳ Ñèñòåìà âåêòîðîâ✱ ñîäåðæàùàÿ ëèíåéíî çàâèñèìóþ ïîä✲
ñèñòåìó✱ ÿâëÿåòñÿ ëèíåéíî çàâèñèìîé✳

Ïðèìåð ✺✳✹✳ Ðàññìîòðåòü âñåâîçìîæíûå ñèñòåìû✱ îáðàçî✲
âàííûå èç âåêòîðîâ

x1 =




0
0
0


 , x2 =




1
2
3


 , x3 =




2
4
6


 , x4 =




1
1
1


 ,

x5 =




3
5
7


 . ➮ññëåäîâàòü êàæäóþ ñèñòåìó íà ëèíåéíóþ çà✲

âèñèìîñòü✳

Ðåøåíèå
➘ëÿ íà÷àëà ðàññìîòðèì ïÿòü ñèñòåì✱ ñîäåðæàùèõ ïî îä✲

íîìó âåêòîðó✳ ➶ ñîîòâåòñòâèè ñ ï✳ ✶ çàìå÷àíèé ✺✳✶ ñèñòåìû
{x2}❀ {x3}❀ {x4}❀ {x5} ëèíåéíî íåçàâèñèìû✱ à ñèñòåìà✱ ñîñòî✲
ÿùàÿ èç âåêòîðà {x1} ✭íóëåâîãî âåêòîðà✮✱ ëèíåéíî çàâèñèìà✳

➘àëåå ðàññìîòðèì ñèñòåìû✱ ñîäåðæàùèå ïî äâà âåêòîðà✿
• êàæäàÿ èç ÷åòûðåõ ñèñòåì {x1, x2}❀ {x1, x3}❀ {x1, x4}❀

{x1, x5} ëèíåéíî çàâèñèìà✱ òàê êàê ñîäåðæèò íóëåâîé âåêòîð
x1 ✭ñâîéñòâî ✶✮❀

✷✵



• ñèñòåìà {x2, x3} ëèíåéíî çàâèñèìà✱ òàê êàê âåêòîðû ïðî✲
ïîðöèîíàëüíû✿ x3 = 2x2 ✭ñâîéñòâî ✸✮❀

• êàæäàÿ èç ñèñòåì {x2, x4}❀ {x2, x5}❀ {x3, x4}❀ {x3, x5}❀
{x4, x5} ëèíåéíî íåçàâèñèìà✱ òàê êàê ñòîëáöû íåïðîïîðöèî✲
íàëüíû✳

Òåïåðü ðàññìîòðèì ñèñòåìû✱ ñîñòîÿùèå èç òðåõ âåêòîðîâ✿
• êàæäàÿ èç ñèñòåì {x1, x2, x3}❀ {x1, x2, x4}❀ {x1, x2, x5}❀

{x1, x3, x4}❀ {x1, x3, x5}❀ {x1, x4, x5} ëèíåéíî çàâèñèìà✱ òàê êàê
ñîäåðæèò íóëåâîé âåêòîð x1 ✭ñâîéñòâî ✶✮❀

• ñèñòåìû {x2, x3, x4}❀ {x2, x3, x5} ëèíåéíî çàâèñèìû✱ òàê
êàê ñîäåðæàò ëèíåéíî çàâèñèìóþ ïîäñèñòåìó {x2, x3} ✭ñâîé✲
ñòâî ✻✮❀

• ñèñòåìû {x2, x4, x5}❀ {x3, x4, x5} ëèíåéíî çàâèñèìû✱ òàê
êàê âåêòîð x5 ëèíåéíî âûðàæàåòñÿ ÷åðåç îñòàëüíûå ✭ñâîé✲
ñòâî ✹✮✿ x5 = 2x2 + x4✱ x5 = x3 + x4✳

Ñèñòåìû èç ëþáûõ ÷åòûðåõ âåêòîðîâ èëè ïÿòè âåêòîðîâ
ëèíåéíî çàâèñèìû ✭ñâîéñòâî ✻✮✳

➬àäàíèÿ äëÿ ñàìîñòîÿòåëüíîé ðàáîòû

➮ññëåäîâàòü ñëåäóþùèå ñèñòåìû âåêòîðîâ íà ëèíåéíóþ çà✲
âèñèìîñòü✿
à✮ x = (1;−1; 2; 0)✱ y = (1; 5;−2;

√
2)✱ z = (3;−3; 6; 0)❀

á✮ x = (1; 2)✱ y = (7; 1
3
)✱ z = (0; e2)✱ u = (

√
π; 1)❀

â✮ x = (1; 1; 1)✱ y = (1; 1; 2)✱ z = (1; 2; 3)❀
ã✮ x = (1; 2; 3)✱ y = (4;−2; 1)✱ z = (2; 0; 5)❀
ä✮ x = (1; 3)✱ y = (4;−2)✱ z = (5; 1)❀
å✮ x = (2; 7; 5)✱ y = (0; 1; 3)✱ z = (4; 11; 1)❀
æ✮ x = (−1; 3; 4)✱ y = (0; 0; 0)✱ z = (1; 7; 9)❀
ç✮ x = (−4; 2; 7)✱ y = (3; 1; 5)❀
è✮ x = (3; 3; 2)✱ y = (2; 4; 3)✱ z = (8; 1; 3)❀
ê✮ x = (−2; 3; 1)✱ y = (4;−1; 5)✱ z = (1;−2; 3)❀
ë✮ x = (2;−1; 0)✱ y = (4; 5;−1)❀
ì✮ x = (1; 1; 1; 1)✱ y = (0; 1; 1; 1)✱ z = (0; 0; 1; 1)✱ u = (0; 0; 0; 1)✳

✷✶



❰òâåòû✿ à✮ ëèíåéíî çàâèñèìàÿ❀ á✮ ëèíåéíî çàâèñèìàÿ❀
â✮ ëèíåéíî íåçàâèñèìàÿ❀ ã✮ ëèíåéíî íåçàâèñèìàÿ❀ ä✮ ëèíåéíî
çàâèñèìàÿ❀ å✮ ëèíåéíî çàâèñèìàÿ❀ æ✮ ëèíåéíî çàâèñèìàÿ❀ ç✮
ëèíåéíî íåçàâèñèìàÿ❀ è✮ ëèíåéíî íåçàâèñèìàÿ❀ ê✮ ëèíåéíî
íåçàâèñèìàÿ❀ ë✮ ëèíåéíî íåçàâèñèìàÿ❀ ì✮ ëèíåéíî íåçàâèñè✲
ìàÿ✳

➓ ✻✳ Ñòàíäàðòíûé áàçèñ â ïðîñòðàíñòâå Rn

Ðàññìîòðèì ñëåäóþùèé íàáîð âåêòîðîâ✿

e1 = (1; 0; 0 . . . ; 0), e2 = (0; 1; 0; . . . ; 0), . . . , en = (0; 0; 0; . . . ; 1),
✭✾✮

çäåñü ó âåêòîðà ei i✲ÿ êîîðäèíàòà ðàâíà 1✱ à âñå îñòàëüíûå
ðàâíû 0✳ ➶åêòîðû îáëàäàþò ñëåäóþùèìè ñâîéñòâàìè✿

〈ei, ej〉 =
{

0, i 6= j,
1, i = j,

ò✳ å✳ âåêòîðû ei è ej âçàèìíî îðòîãîíàëüíûå è ÿâëÿþòñÿ åäè✲
íè÷íûìè âåêòîðàìè ✭äëèíà âåêòîðîâ ‖ei‖ = 1, i = 1, n✮✳

Ñèñòåìà âåêòîðîâ ✭✾✮ íàçûâàåòñÿ ñòàíäàðòíûì áàçè✲
ñîì ïðîñòðàíñòâà Rn✳ ❰òìåòèì òàêæå✱ ÷òî íàáîð âåêòîðîâ
✭✾✮ ÿâëÿåòñÿ ëèíåéíî íåçàâèñèìûì ✭ìîæíî ëåãêî ïðîâåðèòü✦✮
è ÷èñëî âåêòîðîâ â íàáîðå n ðàâíî ðàçìåðíîñòè ïðîñòðàíñòâà
Rn✳

➶àæíàÿ ðîëü ñòàíäàðòíîãî áàçèñà
❐þáîé âåêòîð x = (x1, x2, . . . , xn) ∈ Rn ìîæíî ðàçëîæèòü

ïî âåêòîðàì ñòàíäàðòíîãî áàçèñà ✭èëè ðàçëîæèòü ïî ñòàí✲
äàðòíîìó áàçèñó✮✳

✷✷



Ýòî çíà÷èò✱ ÷òî ëþáîé âåêòîð ìîæíî ïðåäñòàâèòü â âèäå
ëèíåéíîé êîìáèíàöèè âåêòðîâ ñòàíäàðòíîãî áàçèñà✱ à èìåí✲
íî

x =




x1

x2

✳✳✳
xn


 = x1




1
0
✳✳✳
0


+x2




0
1
✳✳✳
0


+ . . .+xn




0
0
✳✳✳
1


 . ✭✶✵✮

Ñîîòíîøåíèå ✭✶✵✮ ïîêàçûâàåò✱ ÷òî êîîðäèíàòû âåêòîðà x
ïðåäñòàâëÿþò ñîáîé êîýôôèöèåíòû ëèíåéíîé êîìáèíàöèè
áàçèñíûõ âåêòîðîâ✳

Ïðèìåð ✻✳✶✳ ➬àïèñàòü ðàçëîæåíèå âåêòîðîâ x = (−1; 0; 3)
è y = (1; 2; 5;−3) ïî ñòàíäàðòíîìó áàçèñó ñîîòâåòñòâóþùèõ
ïðîñòðàíñòâ✳

Ðåøåíèå
Ïîíÿòíî✱ ÷òî x ∈ R3✱ y ∈ R4✱ ïîýòîìó èõ ðàçëîæåíèå ïî

ñîîòâåòñòâóþùèì áàçèñàì èìååò âèä

x = (−1) ·




1
0
0


+ 0 ·




0
1
0


+ 3 ·




0
0
1


 = −e1 + 3e3,

àíàëîãè÷íî âåêòîð

y = e1 + 2e2 + 5e3 − 3e4.

Ïðèìåð ✻✳✷✳ ❰áðàòíàÿ çàäà÷à ✕ çàïèñàòü êîîðäèíàòû âåê✲
òîðîâ x, y✱ ðàçëîæåíèå êîòîðûõ â ñòàíäàðòíîì áàçèñå èìååò
âèä

x = e1 + e3, y = 2e1 + e2.

Ðåøåíèå
➬äåñü ìíîãèå ñòóäåíòû✱ âåðîÿòíî✱ ñäåëàþò îøèáêó✱ çàïè✲

ñàâ ñëåäóþùèå êîîðäèíàòû✿ x = (1; 0; 1) è y = (2; 1)✳

✷✸



❮à ñàìîì äåëå çàäà÷à áûëà íåêîððåêòíî ïîñòàâëåíà✱ òàê
êàê â çàäàíèè íå áûëî óêàçàíî✱ âåêòîðàìè êàêèõ ïðîñòðàíñòâ
ÿâëÿþòñÿ âåêòîðû x è y ✭✦✦✦✮✳ Ïîýòîìó ïåðåôîðìóëèðóåì çà✲
äà÷ó✳

Ïðèìåð ✻✳✷✳✶ ➬àïèñàòü êîîðäèíàòû âåêòîðîâ x, y ∈ R4✱
ðàçëîæåíèå êîòîðûõ â ñòàíäàðòíîì áàçèñå èìååò âèä

x = e1 + e3, y = 2e1 + e2.

Ðåøåíèå
❰òâåòîì áóäåò x = (1; 0; 1; 0)✱ y = (2; 1; 0; 0)✳

➓ ✼✳ Ïàðàìåòðè÷åñêèå óðàâíåíèÿ ïðÿìîé✱
ëó÷à✱ îòðåçêà

❰ïðåäåëåíèå ✼✳✶✳ Ïðÿìîé✱ ïðîõîäÿùåé ÷åðåç òî÷êó
x0 ∈ Rn ñ íàïðàâëÿþùèì âåêòîðîì h ∈ Rn✱ íàçûâàåòñÿ ìíî✲
æåñòâî òî÷åê✱ êîîðäèíàòû êîòîðûõ óäîâëåòâîðÿþò âåêòîð✲
íîìó óðàâíåíèþ

x = x0 + th, t ∈ R. ✭✶✶✮

Óðàâíåíèå ✭✶✶✮ íàçûâàåòñÿ ïàðàìåòðè÷åñêèì óðàâíåíèåì
ïðÿìîé ✭t ✕ ïàðàìåòð✮✳ ➶ êîîðäèíàòíîé ôîðìå óðàâíåíèå
✭✶✶✮ èìååò âèä

x1 = x0

1 + th1, x2 = x0

2 + th2, . . . , xn = x0

n + thn, t ∈ R.

✃àê èçâåñòíî èç àíàëèòè÷åñêîé ãåîìåòðèè✱ êàíîíè÷åñêîå óðàâ✲
íåíèå ïðÿìîé✱ ïðîõîäÿùåé ÷åðåç òî÷êó x0 = (x0

1, x
0
2) ñ íà✲

ïðàâëÿþùèì âåêòîðîì h = (h1, h2)✱ èìååò âèä

x1 − x0
1

h1

=
x2 − x0

2

h2

.

✷✹



❰ò êàíîíè÷åñêîãî âèäà ëåãêî ïåðåéòè ê ïàðàìåòðè÷åñêîìó✱
ââåäÿ ïàðàìåòð t✿

x1 − x0
1

h1

=
x2 − x0

2

h2

= t.

❰ïðåäåëåíèå ✼✳✷✳ ❐ó÷îì ñ íà÷àëîì â òî÷êå x0 ∈ Rn â íà✲
ïðàâëåíèè âåêòîðà h ∈ Rn íàçûâàåòñÿ ìíîæåñòâî òî÷åê✱ êî✲
îðäèíàòû êîòîðûõ óäîâëåòâîðÿþò ïàðàìåòðè÷åñêîìó óðàâ✲
íåíèþ

x = x0 + th, t ≥ 0. ✭✶✷✮

❰ïðåäåëåíèå ✼✳✸✳ ❰òðåçêîì✱ ñîåäèíÿþùèì äâå òî÷êè
x1, x2 ∈ Rn✱ íàçûâàåòñÿ ìíîæåñòâî òî÷åê✱ ïðåäñòàâèìûõ â
âèäå

x = x1 + t(x2 − x1), t ∈ [0; 1]. ✭✶✸✮

Ïðè t = 0 ïîëó÷èì òî÷êó x1 ✕ íà÷àëî îòðåçêà✱ ïðè t = 1
ïîëó÷èì òî÷êó x2 ✕ êîíåö îòðåçêà✳ Ïðè 0 < t < 1 ýòîò ïà✲
ðàìåòð äåëèò îòðåçîê [x1; x2] íà îòðåçêè✱ ñîîòíîøåíèå äëèí
êîòîðûõ ðàâíî t

1−t
✳

×àñòî òàêæå èñïîëüçóþò äðóãóþ ôîðìó çàïèñè óðàâíåíèÿ
✭✶✸✮✿

x = (1− t)x1 + tx2, t ∈ [0; 1]. ✭✶✹✮

Ïðèìåð ✼✳✶✳ Ïðîâåðèòü✱ ëåæàò ëè òî÷êè a = (19; 13; 15)✱
b = (4; 8; 5)✱ c = (10; 10; 9) íà îäíîé ïðÿìîé✳ ➬àïèñàòü ïàðà✲
ìåòðè÷åñêîå óðàâíåíèå ýòîé ïðÿìîé✳

Ðåøåíèå
➘ëÿ íà÷àëà çàïèøåì ïàðàìåòðè÷åñêîå óðàâíåíèå ïðÿìîé✱

ïðîõîäÿùåé ÷åðåç ëþáûå äâå òî÷êè èç çàäàííûõ✳ ➶îçüìåì
òî÷êè a è b✱ íàéäåì âåêòîð h = a − b ✭îí è áóäåò íàïðàâëÿ✲
þùèì âåêòîðîì ïðÿìîé✮✿

h = a− b = (19; 13; 15)− (4; 8; 5) = (15; 5; 10).

✷✺



➬àïèøåì ïàðàìåòðè÷åñêîå óðàâíåíèå ïðÿìîé✱ ïðîõîäÿùåé
✭íàïðèìåð✮ ÷åðåç òî÷êó b ñ íàïðàâëÿþùèì âåêòîðîì h✿

x = (4; 8; 5) + t(15; 5; 10) = (4 + 15t; 8 + 5t; 5 + 10t), t ∈ R.

➶ êîîðäèíàòíîé çàïèñè óðàâíåíèå èìååò âèä

x1 = 4 + 15t, x2 = 8 + 5t, x3 = 5 + 10t, t ∈ R.

Òåïåðü ïðîâåðèì✱ ïðèíàäëåæèò ëè òî÷êà c ýòîé ïðÿìîé✳ ➘ëÿ
ýòîãî ïîäñòàâèì êîîðäèíàòû òî÷êè c â ñîîòâåòñòâóþùèå óðàâ✲
íåíèÿ✱ ïîëó÷èì

10 = 4 + 15t,

10 = 8 + 5t,

9 = 5 + 10t.

➶ñå òðè óðàâíåíèÿ èìåþò îäíî è òî æå ðåøåíèå t = 2

5
✳ ➬íà✲

÷èò✱ òî÷êà c òàêæå ïðèíàäëåæèò äàííîé ïðÿìîé✳

Ïðèìåð ✼✳✷✳❮àéòè ïàðàìåòðè÷åñêîå óðàâíåíèå ïðÿìîé✱ ïðî✲
õîäÿùåé ÷åðåç òî÷êè x1 = (1; 3) è x2 = (4; 7)✳ ❰ïðåäåëèòü
êîîðäèíàòû ñåðåäèíû îòðåçêà [x1, x2]✳

Ðåøåíèå
➘ëÿ ïàðàìåòðè÷åñêîãî óðàâíåíèÿ ïðÿìîé íóæíî íàéòè

íàïðàâëÿþùèé âåêòîð h✿

h = x2 − x1 = (4; 7)− (1; 3) = (3; 4).

Óðàâíåíèå ïðÿìîé✱ ïðîõîäÿùåé ÷åðåç òî÷êó x1 â íàïðàâëå✲
íèè âåêòîðà h✿

x = (1; 3) + t(3; 4) = (1 + 3t; 3 + 4t), t ∈ R.

Ïàðàìåòðè÷åñêîå óðàâíåíèå îòðåçêà [x1, x2]✿

x = (1; 3) + t(3; 4) = (1 + 3t; 3 + 4t), t ∈ [0; 1].

✷✻



✃îîðäèíàòû ñåðåäèíû îòðåçêà [x1, x2] ìû íàéäåì✱ ïîäñòàâèâ
â óðàâíåíèå t = 1

2
✿

x = (1 + 3 · 1
2
; 3 + 4 · 1

2
) = (

5

2
; 5).

➬àäàíèÿ äëÿ ñàìîñòîÿòåëüíîé ðàáîòû

✶✳ ➘ëÿ ïàðû òî÷åê x1 = (1; 3;−2; 0) è x2 = (−1; 2; 4; 1) çà✲
ïèñàòü óðàâíåíèå îòðåçêà [x1, x2]✳ ❰ïðåäåëèòü êîîðäèíàòû
ñåðåäèíû îòðåçêà ✭òî÷êà x✮ è êîîðäèíàòû òî÷êè x̃✱ äåëÿùåé
[x1, x2] â îòíîøåíèè 1 : 2✳

❰òâåò✿ x = (1−2t; 3−t;−2+6t; t), t ∈ [0; 1]✱ x = (0; 5/2; 1; 1/2)✱
x̃ = (1/3; 8/3; 0; 1/3)✳

✷✳ ❮àéòè êîîðäèíàòû êîíöîâ îòðåçêà [x1, x2]✱ êîòîðûé òî÷êà✲
ìè c = (7; 0; 3)✱ d = (−5; 0; 0) ðàçäåëåí íà òðè ðàâíûå ÷àñòè✳

❰òâåò✿ x1 = (19; 0; 6)✱ x2 = (−17; 0;−3)✳

✸✳ ➘àíû äâå òî÷êè a = (1; 2; 3) è b = (7; 2; 5)✳ ❮à ïðÿìîé
ab íàéòè òàêóþ òî÷êó d✱ ÷òîáû òî÷êè b è d áûëè ðàñïîëîæå✲
íû ïî ðàçíûå ñòîðîíû îò òî÷êè a è îòðåçîê [a, d] áûë â äâà
ðàçà äëèííåå îòðåçêà [a, b]✳

❰òâåò✿ d = (−11; 2;−1)✳

✹✳ ➘àíû òî÷êè a = (−5; 1; 6) è b = (1; 4; 3)✳ ❮àéòè êîîðäè✲
íàòû òî÷êè d✱ äåëÿùåé îòðåçîê [a, b] â îòíîøåíèè 1 : 3✳

❰òâåò✿ d = (−7/2; 7/4; 21/4)✳

✷✼



✺✳ ❰òðåçîê✱ îáðàçîâàííûé òî÷êàìè a = (−2; 5; 13) è
b = (6; 17;−7)✱ ðàçäåëåí òî÷êàìè c✱ d✱ f íà ÷åòûðå ðàâíûå
÷àñòè✳ ❮àéòè êîîðäèíàòû òî÷åê c✱ d è f ✳

❰òâåò✿ c = (0; 8; 8)✱ d = (2; 1; 3)✱ f = (4; 14;−2)✳

✻✳ ❰òðåçîê✱ îáðàçîâàííûé òî÷êàìè a = (−1; 8;−3) è
b = (9;−7; 2)✱ ðàçäåëåí òî÷êàìè c✱ d✱ f ✱ e íà ïÿòü ðàâíûõ
÷àñòåé✳ ❮àéòè êîîðäèíàòû òî÷åê c è e✳

❰òâåò✿ c = (1; 5;−2)✱ e = (5;−1; 0)✳

✼✳ ❮àéòè êîîðäèíàòû êîíöîâ îòðåçêà [a, b]✱ êîòîðûé òî÷êàìè
c = (2; 0; 2)✱ d = (5;−2; 0) ðàçäåëåí íà òðè ðàâíûå ÷àñòè✳

❰òâåò✿ a = (−1; 2; 4)✱ b = (8;−4;−2)✳

➓ ✽✳ Óðàâíåíèå ïëîñêîñòè ✭ãèïåðïëîñêîñòè✮
â Rn

❰ïðåäåëåíèå ✽✳✶✳ Ïëîñêîñòüþ ✭ãèïåðïëîñêîñòüþ✮ â Rn íà✲
çûâàåòñÿ ìíîæåñòâî òî÷åê x = (x1, x2, . . . , xn)✱ êîîðäèíàòû
êîòîðûõ óäîâëåòâîðÿþò ëèíåéíîìó óðàâíåíèþ

〈c, x〉 = b, ✭✶✺✮

ãäå c = (c1, c2, . . . , cn) ✕ çàäàííûé âåêòîð✱ b ✕ çàäàííîå ÷èñëî✳
Ïðè n = 2 óðàâíåíèå ✭✶✺✮ ïðèíèìàåò âèä

c1x1 + c2x2 = b

è îïèñûâàåò óðàâíåíèå ïðÿìîé íà ïëîñêîñòè R2✳ ➚ ïðè n = 3
óðàâíåíèå ✭✶✺✮ îïèñûâàåò óðàâíåíèå ïëîñêîñòè â òðåõìåðíîì
ïðîñòðàíñòâå✿

c1x1 + c2x2 + c3x3 = b.

✷✽



➶åêòîð c èç óðàâíåíèÿ ✭✶✺✮ íàçûâàåòñÿ íîðìàëüþ ✭èëè
íîðìàëüíûì âåêòîðîì✮ ïëîñêîñòè✳ ➶åêòîð c îðòîãîíàëåí ïëîñ✲
êîñòè ✭ò✳ å✳ îðòîãîíàëåí âñåì âåêòîðàì✱ ëåæàùèì â äàí✲
íîé ïëîñêîñòè✮✳ Ýòî óòâåðæäåíèå íåòðóäíî äîêàçàòü✳ Ïóñòü
ïëîñêîñòü P çàäàíà óðàâíåíèåì ✭✶✺✮✳ ➶îçüìåì ëþáóþ òî÷êó
x0 ∈ P ✱ ò✳ å✳ âûïîëíÿåòñÿ 〈c, x0〉 = b✳ Òîãäà äëÿ ëþáîãî x ∈ P
èìååì

〈c, x〉 = 〈c, x〉+ b− 〈c, x0〉 = 〈c, x− x0〉+ b.

Ïîëó÷èëè ðàâåíñòâî

〈c, x〉 = 〈c, x− x0〉+ b, ∀x ∈ Rn, x0 ∈ P.

➮ç ïîñëåäíåãî ðàâåíñòâà ñëåäóåò✱ ÷òî òî÷êà x ∈ P òîãäà è
òîëüêî òîãäà✱ êîãäà 〈c, x− x0〉 = 0✱ ãäå x0 ∈ P ✳ Ýòî îçíà÷àåò✱
÷òî c îðòîãîíàëåí ïëîñêîñòè P ✭òàê êàê x ∈ P ✕ ïðîèçâîëü✲
íàÿ òî÷êà✱ âåêòîð x− x0 ∈ P ✮✳

Óðàâíåíèå ïðÿìîé✱ ïðîõîäÿùåé ÷åðåç òî÷êó x0 ñ íîðìàëü✲
íûì âåêòîðîì c✿

〈c, x− x0〉 = 0. ✭✶✻✮

Ïðèìåð ✽✳✶✳ Ñîñòàâèòü óðàâíåíèå ïëîñêîñòè✱ ïðîõîäÿùåé
÷åðåç òî÷êó x0 = (1; 2; 1) ñ íîðìàëüíûì âåêòîðîì c = (1; 1; 0)✳

Ðåøåíèå
Ñîãëàñíî ôîðìóëå ✭✶✻✮ èìååì✿

〈(1; 2; 1), (x1 − 1; x2 − 1; x3)〉 = 0.

➘àëåå✱ ðàñêðûâàÿ ñêàëÿðíîå ïðîèçâåäåíèå✱ ïîëó÷àåì

(x1 − 1) + 2(x2 − 1) + x3 = x1 + 2x2 + x3 − 3 = 0,

èëè
x1 + 2x2 + x3 = 3.

✷✾



➮íäèâèäóàëüíûå çàäàíèÿ

➬àäàíèå ✶✳ ➘àíû âåêòîðû a, b, c, u, v✳ ❮àéòè âåêòîðû✱ êîòî✲
ðûå èìåþò ñìûñë✿ à✮ a+ 2b✱ á✮ a− c✱ â✮ u+ 2b✱
ã✮ a− (c+ v)✱ ä✮ 2(b+ u)− a✱ å✮ 3a− 4c✿

✶✳✶✳ a = (6; 0; 8)✱ b = (0; 1)✱ c = (1; 3; 2)✱ u = (4; 3)✱
v = (−1; 3; 0)❀

✶✳✷✳ a = (−3; 5; 1)✱ b = (2; −1; 5)✱ c = (6; −7; 3)✱
u = (−9; 2)✱ v = (3; 6; 0)❀

✶✳✸✳ a = (1; 2; 0)✱ b = (1; 2)✱ c = (0; 1; 1)✱ u = (1; −3)✱
v = (5; 3; −7)❀

✶✳✹✳ a = (3; 2)✱ b = (−1; −1)✱ c = (−3; 0)✱ u = (3; 4)✱
v = (−1; 1; 1)❀

✶✳✺✳ a = (−2; 4; −7)✱ b = (1; 2)✱ c = (5; 3; −2)✱
u = (−2; 3)✱ v = (4; 1; 0)❀

✶✳✻✳ a = (4; 2; 3)✱ b = (5; 7; −2)✱ c = (3; 6; 8)✱
u = (9; −4)✱ v = (5; −6; 9)❀

✶✳✼✳ a = (5; 4; 3)✱ b = (7; −2)✱ c = (6; 2; 2)✱
u = (−4; −3)✱ v = (1; −3; 0)❀

✶✳✽✳ a = (3; 5; 7)✱ b = (2; 4; 1)✱ c = (9; 3; 8)✱
u = (3; −2)✱ v = (0; 5; 1)❀

✶✳✾✳ a = (1; 5; 8)✱ b = (2; −3)✱ c = (−3; 2; 1)✱
u = (−5; 7)✱ v = (2; 4; −1)❀

✶✳✶✵✳ a = (−8; 2; 6)✱ b = (7; −3)✱ c = (5; −1; −1)✱
u = (3; −3)✱ v = (0; 7; −3)❀

✶✳✶✶✳ a = (2; 0; 1)✱ b = (3; 1)✱ c = (2; 6; 4)✱ u = (1; 1)✱
v = (3; −1; 1)❀

✶✳✶✷✳ a = (−2; −5; −1)✱ b = (4; 1; 7)✱ c = (3; 7; −1)✱
u = (5; 2)✱ v = (6; 1; 2)❀

✸✵



✶✳✶✸✳ a = (3; 6; 0)✱ b = (2; 1)✱ c = (2; 0; 2)✱
u = (−1; 4)✱ v = (−5; 2; 4)❀

✶✳✶✹✳ a = (5; 1)✱ b = (1; 4)✱ c = (3; 3)✱ u = (2; 4)✱
v = (1; −1; −1)❀

✶✳✶✺✳ a = (3; 4; 5)✱ b = (1; −2)✱ c = (7; 3; 2)✱
u = (2; 1)✱ v = (−4; −1; 1)❀

✶✳✶✻✳ a = (−4; 1; −3)✱ b = (2; −7; 2)✱ c = (4; −6; 2)✱
u = (1; 6)✱ v = (3; −8; 9)❀

✶✳✶✼✳ a = (0; −4; 2)✱ b = (8; −3)✱ c = (−5; 1; 2)✱
u = (4; 4)✱ v = (1; 3; 3)❀

✶✳✶✽✳ a = (9; 0; 8)✱ b = (−2; −4; −1)✱ c = (3; −3; 4)✱
u = (2; 1)✱ v = (1; 0; −2)❀

✶✳✶✾✳ a = (−1; 7; 2)✱ b = (2; −9)✱ c = (8; 8; 8)✱
u = (−3; 1)✱ v = (0; 1; −1)❀

✶✳✷✵✳ a = (5; 1; 3)✱ b = (−7; 3)✱ c = (−1; 1; 4)✱
u = (2; 3)✱ v = (4; 3; 1)❀

✶✳✷✶✳ a = (1; 2; −3)✱ b = (4; 5✱ c = (3; 2; 0)✱
u = (2; 2)✱ v = (1; 3; −3)❀

✶✳✷✷✳ a = (−2; 1; 2)✱ b = (0; 1)✱ c = (−3; 6; 1)✱
u = (−1; −1)✱ v = (2; 4; 7)❀

✶✳✷✸✳ a = (8; 5; 1)✱ b = (2; −1; 7)✱ c = (4; 5; 6)✱
u = (3; 1)✱ v = (−3; 0; 8)❀

✶✳✷✹✳ a = (4; 3; 2)✱ b = (−3; 2)✱ c = (5; 2; 0)✱
u = (1; 3)✱ v = (3; 3; 2)❀

✶✳✷✺✳ a = (6; 7)✱ b = (−1; −3)✱ c = (2; 9)✱ u = (3; 6)✱
v = (0; 1; 4)❀

✶✳✷✻✳ a = (9; 0; 3)✱ b = (2; 6)✱ c = (8; 0; 1)✱
u = (−2; 3)✱ v = (4; 5; 0)❀

✸✶



✶✳✷✼✳ a = (6; 1; −2)✱ b = (3; −7; 1)✱ c = (3; 6; 2)✱
u = (−1; 6)✱ v = (−3; 8; 2)❀

✶✳✷✽✳ a = (1; 4; 0)✱ b = (7; 3)✱ c = (−2; 1; 5)✱
u = (−4; 4)✱ v = (1; 3; 6)❀

✶✳✷✾✳ a = (7; 0; 3)✱ b = (2; 4; −1)✱ c = (−3; 3; −2)✱
u = (2; 1)✱ v = (1; 0; −3)❀

✶✳✸✵✳ a = (−1; 5; 5)✱ b = (2; 1)✱ c = (3; 5; 4)✱
u = (−3; 1)✱ v = (0; 1; 1)✳

➬àäàíèå ✷✳ ➶û÷èñëèòü äëèíó âåêòîðîâ a, b, c, u, v èç
çàäàíèÿ ✶ è ñëåäóþùèå ñêàëÿðíûå ïðîèçâåäåíèÿ✿

〈a, b〉✱ 〈a, c〉✱ 〈v, a〉✱ 〈a, c + 2v〉✱ 〈4a + 3c, v〉✱ 〈a + v, c − 2a〉✱
〈5a+ 2b, 2b− c− 5a〉✳

➬àäàíèå ✸✳➘àíû êîîðäèíàòû âåðøèí òðåóãîëüíèêàABC✳
❮àéòè✿ à✮ äëèíó ñòîðîíû AB❀ á✮ ïðîåêöèþ ñòîðîíû AB íà
ñòîðîíó BC❀ â✮ âíóòðåííèé óãîë ïðè âåðøèíå A✳

✸✳✶✳ A(4; 6; 3)✱ B(−5; 2; 6)✱ C(4;−4;−3)❀

✸✳✷✳ A(4; 3;−2)✱ B(−3;−1; 4)✱ C(2; 2; 1)❀

✸✳✸✳ A(−2;−2; 4)✱ B(1; 3;−2)✱ C(1; 4; 2)❀

✸✳✹✳ A(2; 4; 3)✱ B(3; 1;−4)✱ C(−1; 2; 2)❀

✸✳✺✳ A(2; 4; 5)✱ B(1;−2; 3)✱ C(−1;−2; 4)❀

✸✳✻✳ A(−1;−2; 4)✱ B(−1; 3; 5)✱ C(1; 4; 2)❀

✸✳✼✳ A(1; 3; 2)✱ B(−2; 4;−1)✱ C(1; 3;−2)❀

✸✳✽✳ A(2;−4; 3)✱ B(−3;−2; 4)✱ C(0; 0;−2)❀

✸✳✾✳ A(3; 4;−4)✱ B(−2; 1; 2)✱ C(2;−3; 1)❀

✸✳✶✵✳ A(0; 2; 5)✱ B(2;−3; 4)✱ C(3; 2;−5)❀

✸✳✶✶✳ A(−2;−3;−4)✱ B(2;−4; 0)✱ C(1; 4; 5)❀

✸✷



✸✳✶✷✳ A(−2;−3;−2)✱ B(1; 4; 2)✱ C(1;−3; 3)❀

✸✳✶✸✳ A(5; 6; 1)✱ B(−2; 4;−1)✱ C(3;−3; 3)❀

✸✳✶✹✳ A(10; 6; 3)✱ B(−2; 4; 5)✱ C(3;−4;−6)❀

✸✳✶✺✳ A(3; 2; 4)✱ B(−2; 1; 3)✱ C(2;−2;−1)❀

✸✳✶✻✳ A(−2; 3;−4)✱ B(3;−1; 2)✱ C(4; 2; 4)❀

✸✳✶✼✳ A(4; 5; 3)✱ B(−4; 2; 3)✱ C(5;−6;−2)❀

✸✳✶✽✳ A(2; 4; 6)✱ B(−3; 5; 1)✱ C(4;−5;−4)❀

✸✳✶✾✳ A(−4;−2;−5)✱ B(3; 7; 2)✱ C(4; 6;−3)❀

✸✳✷✵✳ A(5; 4; 4)✱ B(−5; 2; 3)✱ C(4; 2;−5)❀

✸✳✷✶✳ A(3; 4; 6)✱ B(4; 6; 4)✱ C(5;−2;−3)❀

✸✳✷✷✳ A(−5;−2;−6)✱ B(3; 4; 5)✱ C(2;−5; 4)❀

✸✳✷✸✳ A(3; 4; 1)✱ B(5;−2; 6)✱ C(4; 2;−7)❀

✸✳✷✹✳ A(4; 3; 2)✱ B(−4;−3; 5)✱ C(6; 4;−3)❀

✸✳✷✺✳ A(−5; 4; 3)✱ B(4; 5; 2)✱ C(2; 7;−4)❀

✸✳✷✻✳ A(6; 4; 5)✱ B(−7; 1; 8)✱ C(2;−2;−7)❀

✸✳✷✼✳ A(6; 5;−4)✱ B(−5;−2; 2)✱ C(3; 3; 2)❀

✸✳✷✽✳ A(−3;−5; 6)✱ B(3; 5;−4)✱ C(2; 6; 4)❀

✸✳✷✾✳ A(3; 5; 4)✱ B(4; 2;−3)✱ C(−2; 4; 7)❀

✸✳✸✵✳ A(4; 6; 7)✱ B(2;−4; 1)✱ C(−3;−4; 2)✳

➬àäàíèå ✹✳ ➶ûÿñíèòü✱ ÿâëÿþòñÿ ëè ñëåäóþùèå ñèñòåìû
âåêòîðîâ ëèíåéíî çàâèñèìûìè✿

✹✳✶✳ x1 = (−3; 1; 5)✱
x2 = (6; −2; 15)❀

✹✳✷✳ x1 = (4; −12; 28)✱
x2 = (−7; 21; −49)❀

✸✸



✹✳✸✳ x1 = (1; 2; 3; 0)✱
x2 = (2; 4; 6; 1)❀

✹✳✺✳ x1 = (1; 2; 3)✱
x2 = (3; 6; 7)❀

✹✳✼✳ x1 = (1; 2; 3)✱
x2 = (2; 5; 7)✱
x3 = (3; 7; 10)❀

✹✳✾✳ x1 = (2; −3; 1)✱
x2 = (3; −1; 5)✱
x3 = (1; −4; 3)❀

✹✳✶✶✳ x1 = (−2; 1; 3)✱
x2 = (4; −2; 7)❀

✹✳✶✸✳ x1 = (1; 3; 0; 2)✱
x2 = (2; 6; 1; 4)❀

✹✳✶✺✳ x1 = (1; 2; 4)✱
x2 = (2; 6; 8)❀

✹✳✶✼✳ x1 = (−1; 4; 5)✱
x2 = (0; 2; 7)✱
x3 = (−1; 6; 12)❀

✹✳✶✾✳ x1 = (−2; 4; 7)✱
x2 = (1; 0; 3)❀

✹✳✷✶✳ x1 = (1; −2; 5)✱
x2 = (2; 3; 4)✱
x3 = (4; −1; 14)❀

✹✳✹✳ x1 = (1; 0; 2; 3)✱
x2 = (1; 1; 0; 4)❀

✹✳✻✳ x1 = (4; −2; 6)✱
x2 = (6; −3; 9)❀

✹✳✽✳ x1 = (1; 2; 3)✱
x2 = (2; 5; 7)✱
x3 = (3; 7; 11)❀

✹✳✶✵✳ x1 = (5; 4; 3)✱
x2 = (3; 3; 2)✱
x3 = (8; 1; 3)❀

✹✳✶✷✳ x1 = (3; 6; 11)✱
x2 = (1; 2; 8)❀

✹✳✶✹✳ x1 = (2; 0; 4; 6)✱
x2 = (1; 1; 0; 2)❀

✹✳✶✻✳ x1 = (−2; 8; 10)✱
x2 = (3; −12; −15)❀

✹✳✶✽✳ x1 = (−1; 4; 5)✱
x2 = (1; 1; 7)✱
x3 = (0; 5; 11)❀

✹✳✷✵✳ x1 = (5; 1; 2)✱
x2 = (10; 2; 3)❀

✹✳✷✷✳ x1 = (3; 2; 5)✱
x2 = (1; 0; 3)✱
x3 = (5; 2; 11)❀

✸✹



✹✳✷✸✳ x1 = (2; 3; 0; 1)✱
x2 = (6; 9; 1; 3)❀

✹✳✷✺✳ x1 = (−3; 2; 5)✱
x2 = (9; 1; −15)❀

✹✳✷✼✳ x1 = (4; 1; 3)✱
x2 = (−2; 2; 1)✱
x3 = (0; 5; 5)❀

✹✳✷✾✳ x1 = (3; 2; 1)✱
x2 = (−3; −2; 1)✱
x3 = (12; 8; −2)❀

✹✳✷✹✳ x1 = (1; 0; 2; 5)✱
x2 = (1; 1; 0; 2)❀

✹✳✷✻✳ x1 = (6; 4; 2)✱
x2 = (9; 6; 3)❀

✹✳✷✽✳ x1 = (−1; 3; 4)✱
x2 = (2; 2; 1)✱
x3 = (0; 8; 9)❀

✹✳✸✵✳ x1 = (2; 3; −1)✱
x2 = (0; 1; 4)✱
x3 = (2; 4; 7)✳

➬àäàíèå ✺✳ ➬àïèñàòü ðàçëîæåíèå âåêòîðîâ â ñòàíäàðò✲
íûõ áàçèñàõ ñîîòâåòñòâóþùèõ ïðîñòðàíñòâ✿

✺✳✶✳ x = (2; 0; 1)✱ y = (3; 0; 0)✱ z = (2; 1)✱
a = (2; 0; 0; 5)✱ b = (1; 3; −2; −5)❀

✺✳✷✳ x = (−4; 1)✱ y = (6; 1; −3)✱ z = (4; 5; 7)✱
a = (−2; 9; −1)✱ b = (2; 4; −6; 1)❀

✺✳✸✳ x = (3; −6; 0)✱ y = (−4; 2; 1)✱ z = (5; 1)✱
a = (−8; −3; 1; 4)✱ b = (2; 5; −7; 0)❀

✺✳✹✳ x = (7; 0)✱ y = (1; 5; −5)✱ z = (8; 9; −7)✱
a = (−3; 6; −10)✱ b = (3; 7; −8; 1)❀

✺✳✺✳ x = (−3; 4; 1)✱ y = (8; −2; −1)✱ z = (6; −2)✱
a = (7; −3; 2, 1)✱ b = (9; 10; −7; 2)❀

✺✳✻✳ x = (−2; 4)✱ y = (−1; 3; −4)✱ z = (3; −2; 7)✱
a = (−6; 1; 0)✱ b = (2; −5; 8; 3)❀

✺✳✼✳ x = (5; 1; 0)✱ y = (−7; 3; 1)✱ z = (4; 3)✱
a = (3; 5; −1, 2)✱ b = (10; 0; −5; −3)❀

✸✺



✺✳✽✳ x = (3; 5)✱ y = (1; 0; 4)✱ z = (−3; 2; −5)✱
a = (6; −3; 1)✱ b = (−2; 5; −8; 0)❀

✺✳✾✳ x = (−2; −3; 1)✱ y = (4; −5; 1)✱ z = (−1; 6)✱
a = (−4; 2; 0, 3)✱ b = (6; 3; 4; 3)❀

✺✳✶✵✳ x = (9; 8)✱ y = (3; 2; 1)✱ z = (0; 1; 8)✱
a = (9; −4; 2)✱ b = (0; 0; 5; 0)❀

✺✳✶✶✳ x = (−3; 1; 0)✱ y = (7; 0; 6)✱ z = (−5; 4)✱
a = (1; 0; 3; 2)✱ b = (8; −3; 2; 5)❀

✺✳✶✷✳ x = (14; −1)✱ y = (16; 11; −13)✱ z = (9; 5; 0)✱
a = (−21; 5; −1)✱ b = (0; −3; 6; 0)❀

✺✳✶✸✳ x = (3; −16; 0)✱ y = (−4; 12; 1)✱ z = (0; 1)✱
a = (18; −3; 11; 4)✱ b = (5; 5; 0; 0)❀

✺✳✶✹✳ x = (17; 0)✱ y = (1; 15; −5)✱ z = (4; 9; −17)✱
a = (3; 6; −1)✱ b = (13; 7; −18; 1)❀

✺✳✶✺✳ x = (−5; 4; 11)✱ y = (8; −12; −1)✱ z = (16; −2)✱
a = (7; −3; 2, 11)✱ b = (19; 10; −7; 0)❀

✺✳✶✻✳ x = (−12; 4)✱ y = (8; 7; −4)✱ z = (3; −2; 7)✱
a = (−6; 1; −9)✱ b = (21; −5; 0; 0)❀

✺✳✶✼✳ x = (15; 1; 0)✱ y = (−17; 3; 1)✱ z = (14; 3)✱
a = (3; 5; −1, 2)✱ b = (−9; 0; −5; −13)❀

✺✳✶✽✳ x = (−13; 5)✱ y = (1; 0; 0)✱ z = (3; 12; 7)✱
a = (−4; −3; 1)✱ b = (0; 5; −8; 0)❀

✺✳✶✾✳ x = (−12; −13; 1)✱ y = (−7; −5; 8)✱ z = (−1; 4)✱
a = (−4; 2; 0, 3)✱ b = (6; 3; 4; 0)❀

✺✳✷✵✳ x = (19; 8)✱ y = (3; 21; 1)✱ z = (0; 1; 18)✱
a = (9; −4; 2)✱ b = (0; 2; 5; 0)❀
✺✳✷✶✳ x = (−12; 0; 14)✱ y = (3; 3; 0)✱ z = (2; 1)✱
a = (−2; 0; 0; 8)✱ b = (−7; 3; −2; −5)❀

✺✳✷✷✳ x = (−14; 1)✱ y = (6; 11; 3)✱ z = (4; 5; 17)✱
a = (−2; 9; 0)✱ b = (12; 4; −16; 1)❀

✸✻



✺✳✷✸✳ x = (13; −6; 5)✱ y = (−4; 0; 0)✱ z = (−8; 1)✱
a = (−8; 3; 1; 4)✱ b = (2; 7; −7; 0)❀

✺✳✷✹✳ x = (17; 0)✱ y = (1; 15; −5)✱ z = (8; 19; −7)✱
a = (−3; 6; −10)✱ b = (13; 7; −8; 11)❀

✺✳✷✺✳ x = (19; 4; 1)✱ y = (18; −2; −1)✱ z = (16; −2)✱
a = (7; −3; 2, 11)✱ b = (9; 10; −7; 12)❀

✺✳✷✻✳ x = (4; 4)✱ y = (21; 3; −4)✱ z = (0; −2; 7)✱
a = (−16; 1; 0)✱ b = (2; −5; 8; 0)❀

✺✳✷✼✳ x = (15; 11; 0)✱ y = (−17; 3; 2)✱ z = (4; 3)✱
a = (4; 5; −1, 0)✱ b = (10; 0; 0; −3)❀

✺✳✷✽✳ x = (13; 0)✱ y = (3; 0; 4)✱ z = (5; 2; −5)✱
a = (−7; −3; 1)✱ b = (−2; 0; −8; 0)❀

✺✳✷✾✳ x = (−12; −13; 1)✱ y = (4; 0; 1)✱ z = (−13; 6)✱
a = (−4; 2; 0, 3)✱ b = (16; 3; 4; 0)❀

✺✳✸✵✳ x = (19; 0)✱ y = (−4; 2; 1)✱ z = (1; 1; 8)✱
a = (9; −4; 2)✱ b = (5; 0; 5; 0)✳

➬àäàíèå ✻✳ ➬àïèñàòü êîîðäèíàòû âåêòîðîâ x, y ∈ R3✱ ðàç✲
ëîæåíèå êîòîðûõ â ñòàíäàðòíîì áàçèñå èìååò âèä✿

✻✳✶✳ x = 2e1 + 3e2✱ y = 4e1 + 2e2 + e3❀

✻✳✷✳ x = −3e1 − e3✱ y = 2e1 − 5e2❀

✻✳✸✳ x = e1 + 7e2✱ y = −7e1 + 4e3❀

✻✳✹✳ x = −3e2 + e3✱ y = 3e1 − 2e2❀

✻✳✺✳ x = 8e1 − 5e2✱ y = −4e1 + 7e2 + 9e3❀

✻✳✻✳ x = −2e1 − e3✱ y = 4e1 + 3e2❀

✻✳✼✳ x = 3e2✱ y = 5e1 − 2e2 − 7e3❀

✻✳✽✳ x = e1 − 4e2 + 8e3✱ y = 2e1 − 7e2❀

✸✼



✻✳✾✳ x = 3e1✱ y = 5e1 − 10e3❀

✻✳✶✵✳ x = 7e1 + 8e2 − 2e3✱ y = −3e1❀

✻✳✶✶✳ x = −5e1 + 3e3✱ y = e1 − 2e2 + e3❀

✻✳✶✷✳ x = −3e1 − e2✱ y = 2e1❀

✻✳✶✸✳ x = 8e1 − 5e2✱ y = 7e1 + 9e3❀

✻✳✶✹✳ x = −13e2 + e3✱ y = 3e1 − 12e2❀

✻✳✶✺✳ x = 18e1 − 5e2✱ y = −14e1 + 5e2 + e3❀

✻✳✶✻✳ x = −12e1 + 10e3✱ y = 4e1 − 3e2❀

✻✳✶✼✳ x = 13e2✱ y = 5e1 + 4e2 − e3❀

✻✳✶✽✳ x = 10e1 + 4e2 − 5e3✱ y = 12e1 − 7e2❀

✻✳✶✾✳ x = 13e1✱ y = 5e1 − 8e3❀

✻✳✷✵✳ x = 17e1 + 8e2 + 8e3✱ y = −13e1❀

✻✳✷✶✳ x = 21e1 − 3e2✱ y = 14e1 + 2e2 + 5e3❀

✻✳✷✷✳ x = −13e1 − e3✱ y = 2e1 − 15e2❀

✻✳✷✸✳ x = 11e1 − 8e2✱ y = −7e1 + 14e3❀

✻✳✷✹✳ x = −3e2 + 12e3✱ y = 3e1 + 9e2❀

✻✳✷✺✳ x = 18e1 + 3e2✱ y = −14e1 + 7e2 − e3❀

✻✳✷✻✳ x = −12e1 + 7e3✱ y = 4e1 + 5e2❀

✻✳✷✼✳ x = 5e2✱ y = 17e1 − 2e2 + 13e3❀

✻✳✷✽✳ x = 4e1 − e2 + 8e3✱ y = 21e1 − 7e2❀

✻✳✷✾✳ x = 13e1✱ y = 5e1 + 10e3❀

✻✳✸✵✳ x = 17e1 + 8e2 + 5e3✱ y = 6e1✳

✸✽



➬àäàíèå ✼✳ ➬àïèñàòü ïàðàìåòðè÷åñêèå óðàâíåíèÿ ïðÿ✲
ìûõ✱ ïðîõîäÿùèõ ÷åðåç òî÷êè x è y✳ Ïðîâåðèòü✱ ïðèíàäëå✲
æèò ëè òî÷êà x ïðÿìîé✿

✼✳✶✳ x = (3; −4; 2; 1)✱ y = (1; −2; 4; 0)✱
x = (−3; 2; 8; 2)❀

✼✳✷✳ x = (0; −4; 2; 3)✱ y = (−4; −7; 5; 4)✱
x = (8; 2; −4; 1)❀

✼✳✸✳ x = (−4; 0; 4; 1; −1)✱ y = (−3; 1; 3; 0; 0)✱
x = (1; 5; −1; −4; 4)❀

✼✳✹✳ x = (2; 1; −1; 0; 1)✱ y = (−1; 4; −3; 10; 1)✱
x = (−4; 7; −5; 3; 1)❀

✼✳✺✳ x = (−3; 10; 4; 0; −8)✱ y = (7; 0; −6; 10; 2)✱
x = (5; 2; −4; 8; 0)❀

✼✳✻✳ x = (1; 2; 3; 4)✱ y = (0; 5; 1; 2)✱
x = (1; −1; 5; 6)❀

✼✳✼✳ x = (2; −1; 0; 3)✱ y = (−3; 2; 1; 5)✱
x = (7; −4; −1; 0)❀

✼✳✽✳ x = (3; −2; 4; 1)✱ y = (7; −2; 1; 3)✱
x = (−1; −2; 4; −1)❀

✼✳✾✳ x = (1; −4; 2; 5)✱ y = (0; 7; 3; 1)✱
x = (3; −26; 0; 13)❀

✼✳✶✵✳ x = (3; 0; −4; 2)✱ y = (1; −4; −3; −1)✱
x = (5; 4; −5; 5)❀
✼✳✶✶✳ x = (9; −12; 6; 3)✱ y = (3; −6; 12; 0)✱
x = (−9; 6; 24; 6)❀

✼✳✶✷✳ x = (0; −12; 6; 9)✱ y = (−12; −21; 15; 12)✱
x = (24; 6; −12; 3)❀

✼✳✶✸✳ x = (−12; 0; 12; 3; −3)✱ y = (−9; 3; 9; 0; 0)✱
x = (3; 15; −3; −12; 12)❀

✸✾



✼✳✶✹✳ x = (6; 3; −3; 0; 3)✱ y = (−3; 12; −9; 30; 3)✱
x = (−12; 21; −15; 9; 3)❀

✼✳✶✺✳ x = (−9; 30; 12; 0; −24)✱
y = (21; 0; −18; 30; 6)✱ x = (15; 6; −12; 24; 0)❀

✼✳✶✻✳ x = (3; 6; 9; 12)✱ y = (0; 15; 3; 6)✱
x = (3; −3; 15; 18)❀

✼✳✶✼✳ x = (6; −3; 0; 9)✱ y = (−9; 6; 3; 15)✱
x = (21; −12; −3; 0)❀

✼✳✶✽✳ x = (9; −6; 12; 3)✱ y = (21; −6; 3; 9)✱
x = (−3; −2; 12; −3)❀

✼✳✶✾✳ x = (3; −12; 6; 15)✱ y = (0; 21; 9; 3)✱
x = (9; −78; 0; 39)❀

✼✳✷✵✳ x = (9; 0; −12; 6)✱ y = (3; −12; −9; −3)✱
x = (15; 12; −15; 15)❀

✼✳✷✶✳ x = (6; −8; 4; 2)✱ y = (2; −4; 8; 0)✱
x = (−6; 4; 16; 4)❀

✼✳✷✷✳ x = (0; −8; 4; 6)✱ y = (−8; −14; 10; 8)✱
x = (16; 4; −8; 2)❀

✼✳✷✸✳ x = (−8; 0; 8; 2; −2)✱ y = (−6; 2; 6; 0; 0)✱
x = (2; 10; −2; −8; 8)❀

✼✳✷✹✳ x = (4; 2; −2; 0; 2)✱ y = (−2; 8; −6; 20; 2)✱
x = (−8; 14; −10; 6; 2)❀

✼✳✷✺✳ x = (−6; 20; 8; 0; −16)✱
y = (14; 0; −12; 20; 4)✱ x = (10; 4; −8; 16; 0)❀

✼✳✷✻✳ x = (2; 4; 6; 8)✱ y = (0; 10; 2; 4)✱
x = (2; −2; 10; 12)❀

✼✳✷✼✳ x = (4; −2; 0; 6)✱ y = (−6; 4; 2; 10)✱
x = (14; −8; −2; 0)❀

✹✵



✼✳✷✽✳ x = (6; −4; 8; 2)✱ y = (14; −8; 2; 6)✱
x = (−2; −4; 8; −2)❀

✼✳✷✾✳ x = (2; −8; 4; 10)✱ y = (0; 14; 6; 2)✱
x = (6; −52; 0; 26)❀

✼✳✸✵✳ x = (6; 0; −8; 4)✱ y = (2; −8; −6; −2)✱
x = (10; 8; −10; 10)✳

➬àäàíèå ✽✳ ➬àïèñàòü ïàðàìåòðè÷åñêèå óðàâíåíèÿ ïðÿ✲
ìûõ✱ ïðîõîäÿùèõ ÷åðåç òî÷êó a â íàïðàâëåíèè âåêòîðà h✿

✽✳✶✳ a = (2; −1)✱ h = (1; 3)❀

✽✳✷✳ a = (−3; 0; 2)✱ h = (2; 2; −1)❀

✽✳✸✳ a = (2; −1; 4; 1)✱ h = (1; 2; −2; 3)❀

✽✳✹✳ a = (4; 2; 5)✱ h = (−1; 7; 2)❀

✽✳✺✳ a = (−6; 3; 7)✱ h = (8; 4; −6)❀

✽✳✻✳ a = (5; −3; 2; 1)✱ h = (1; 0; 2; −3)❀

✽✳✼✳ a = (1; −2; 0; 4)✱ h = (3; −5; 7; 1)❀

✽✳✽✳ a = (2; 5; 3; −1)✱ h = (7; −4; 3; −1)❀

✽✳✾✳ a = (−3; 2; 8; 2)✱ h = (0; −4; 3; 2)❀

✽✳✶✵✳ a = (4; 7; 5; −3)✱ h = (7; 0; 6; 1)❀

✽✳✶✶✳ a = (4; −2)✱ h = (2; 6)❀

✽✳✶✷✳ a = (−6; 0; 4)✱ h = (4; 4; −2)❀

✽✳✶✸✳ a = (4; −2; 8; 2)✱ h = (2; 4; −4; 6)❀

✽✳✶✹✳ a = (8; 4; 10)✱ h = (−2; 14; 4)❀

✽✳✶✺✳ a = (−12; 6; 14)✱ h = (16; 8; −12)❀

✽✳✶✻✳ a = (10; −6; 4; 2)✱ h = (2; 0; 4; −6)❀

✽✳✶✼✳ a = (2; −4; 0; 8)✱ h = (6; −10; 14; 2)❀

✹✶



✽✳✶✽✳ a = (4; 10; 6; −2)✱ h = (14; −8; 6; −2)❀

✽✳✶✾✳ a = (−6; 4; 16; 4)✱ h = (0; −8; 6; 4)❀

✽✳✷✵✳ a = (8; 14; 10; −6)✱ h = (14; 0; 12; 2)❀

✽✳✷✶✳ a = (6; −3)✱ h = (3; 9)❀

✽✳✷✷✳ a = (−9; 0; 6)✱ h = (3; 6; −3)❀

✽✳✷✸✳ a = (6; −3; 12; 3)✱ h = (3; 6; −6; 9)❀

✽✳✷✹✳ a = (12; 6; 15)✱ h = (−3; 21; 6)❀

✽✳✷✺✳ a = (−18; 9; 21)✱ h = (24; 12; −18)❀

✽✳✷✻✳ a = (15; −9; 6; 3)✱ h = (3; 0; 6; −9)❀

✽✳✷✼✳ a = (3; −6; 0; 12)✱ h = (9; −15; 21; 3)❀

✽✳✷✽✳ a = (6; 15; 9; −3)✱ h = (21; −12; 9; −3)❀

✽✳✷✾✳ a = (−9; 6; 24; 6)✱ h = (0; −12; 9; 6)❀

✽✳✸✵✳ a = (12; 21; 15; −9)✱ h = (21; 0; 18; 3)✳

➬àäàíèå ✾✳ Ñîñòàâèòü óðàâíåíèå îòðåçêà [x1, x2] ✳ ❰ïðå✲
äåëèòü êîîðäèíàòû òî÷êè x✱ äåëÿùåé äàííûé îòðåçîê â çà✲
äàííîì îòíîøåíèè✿

✾✳✶✳ x1 = (1; 0)✱ x2 = (6; 5)✱ òî÷êà x äåëèò îòðåçîê
[x1, x2] â îòíîøåíèè 4 : 1❀

✾✳✷✳ x1 = (3; 2; 1)✱ x2 = (1; 0; −1)✱ òî÷êà x äåëèò
îòðåçîê [x1, x2] â îòíîøåíèè 1 : 3❀

✾✳✸✳ x1 = (4; −10; 0)✱ x2 = (−1; 0; 5)✱ òî÷êà x äåëèò
îòðåçîê [x1, x2] â îòíîøåíèè 1 : 4❀

✾✳✹✳ x1 = (−2; −1)✱ x2 = (1; 2)✱ òî÷êà x äåëèò îòðåçîê
[x1, x2] â îòíîøåíèè 1 : 2❀

✾✳✺✳ x1 = (2; 1; −3)✱ x2 = (1; 2; 3)✱ òî÷êà x äåëèò
îòðåçîê [x1, x2] â îòíîøåíèè 5 : 1❀

✹✷



✾✳✻✳ x1 = (−1; 0)✱ x2 = (2; 3)✱ òî÷êà x äåëèò îòðåçîê
[x1, x2] â îòíîøåíèè 2 : 1❀

✾✳✼✳ x1 = (−1; 0)✱ x2 = (3; 4)✱ òî÷êà x äåëèò îòðåçîê
[x1, x2] â îòíîøåíèè 1 : 3❀

✾✳✽✳ x1 = (1; 2; 0)✱ x2 = (3; 1; −1)✱ òî÷êà x äåëèò
îòðåçîê [x1, x2] â îòíîøåíèè 2 : 1❀

✾✳✾✳ x1 = (2; −5)✱ x2 = (1; 4)✱ òî÷êà x äåëèò îòðåçîê
[x1, x2] â îòíîøåíèè 3 : 1❀

✾✳✶✵✳ x1 = (−1; 0; 4)✱ x2 = (4; 3; −1)✱ òî÷êà x äåëèò
îòðåçîê [x1, x2] â îòíîøåíèè 1 : 2❀

✾✳✶✶✳ x1 = (2; 0)✱ x2 = (12; 10)✱ òî÷êà x äåëèò îòðåçîê
[x1, x2] â îòíîøåíèè 4 : 1❀

✾✳✶✷✳ x1 = (6; 4; 2)✱ x2 = (2; 0; −2)✱ òî÷êà x äåëèò
îòðåçîê [x1, x2] â îòíîøåíèè 1 : 3❀

✾✳✶✸✳ x1 = (8; −20; 0)✱ x2 = (−2; 0; 10)✱ òî÷êà x äåëèò
îòðåçîê [x1, x2] â îòíîøåíèè 1 : 4❀

✾✳✶✹✳ x1 = (−4; −2)✱ x2 = (2; 4)✱ òî÷êà x äåëèò îòðåçîê
[x1, x2] â îòíîøåíèè 1 : 2❀

✾✳✶✺✳ x1 = (4; 2; −6)✱ x2 = (2; 4; 6)✱ òî÷êà x äåëèò
îòðåçîê [x1, x2] â îòíîøåíèè 5 : 1❀

✾✳✶✻✳ x1 = (−2; 0)✱ x2 = (4; 6)✱ òî÷êà x äåëèò îòðåçîê
[x1, x2] â îòíîøåíèè 2 : 1❀

✾✳✶✼✳ x1 = (−2; 0)✱ x2 = (6; 8)✱ òî÷êà x äåëèò îòðåçîê
[x1, x2] â îòíîøåíèè 1 : 3❀

✾✳✶✽✳ x1 = (2; 4; 0)✱ x2 = (6; 2; −2)✱ òî÷êà x äåëèò
îòðåçîê [x1, x2] â îòíîøåíèè 2 : 1❀

✾✳✶✾✳ x1 = (4; −10)✱ x2 = (2; 8)✱ òî÷êà x äåëèò îòðåçîê
[x1, x2] â îòíîøåíèè 3 : 1❀

✹✸



✾✳✷✵✳ x1 = (−2; 0; 8)✱ x2 = (8; 6; −2)✱ òî÷êà x äåëèò
îòðåçîê [x1, x2] â îòíîøåíèè 1 : 2❀

✾✳✷✶✳ x1 = (3; 0)✱ x2 = (18; 15)✱ òî÷êà x äåëèò îòðåçîê
[x1, x2] â îòíîøåíèè 4 : 1❀

✾✳✷✷✳ x1 = (9; 6; 3)✱ x2 = (3; 0; −3)✱ òî÷êà x äåëèò
îòðåçîê [x1, x2] â îòíîøåíèè 1 : 3❀

✾✳✷✸✳ x1 = (12; −30; 0)✱ x2 = (−3; 0; 15)✱ òî÷êà x
äåëèò îòðåçîê [x1, x2] â îòíîøåíèè 1 : 4❀

✾✳✷✹✳ x1 = (−6; −3)✱ x2 = (3; 6)✱ òî÷êà x äåëèò îòðåçîê
[x1, x2] â îòíîøåíèè 1 : 2❀

✾✳✷✺✳ x1 = (6; 3; −9)✱ x2 = (3; 6; 9)✱ òî÷êà x äåëèò
îòðåçîê [x1, x2] â îòíîøåíèè 5 : 1❀

✾✳✷✻✳ x1 = (−3; 0)✱ x2 = (6; 9)✱ òî÷êà x äåëèò îòðåçîê
[x1, x2] â îòíîøåíèè 2 : 1❀

✾✳✷✼✳ x1 = (−3; 0)✱ x2 = (9; 12)✱ òî÷êà x äåëèò îòðåçîê
[x1, x2] â îòíîøåíèè 1 : 3❀

✾✳✷✽✳ x1 = (3; 6; 0)✱ x2 = (9; 3; −3)✱ òî÷êà x äåëèò
îòðåçîê [x1, x2] â îòíîøåíèè 2 : 1❀

✾✳✷✾✳ x1 = (6; −15)✱ x2 = (3; 12)✱ òî÷êà x äåëèò îòðåçîê
[x1, x2] â îòíîøåíèè 3 : 1❀

✾✳✸✵✳ x1 = (−3; 0; 12)✱ x2 = (12; 9; −3)✱ òî÷êà x äåëèò
îòðåçîê [x1, x2] â îòíîøåíèè 1 : 2✳

➬àäàíèå ✶✵✳ Ñîñòàâèòü óðàâíåíèå ïëîñêîñòè✱ êîòîðàÿ
ïðîõîäèò ÷åðåç òî÷êó a è èìååò íîðìàëüíûé âåêòîð n✿

✶✵✳✶✳ a = (2; 1; −1)✱ n = (1; −2; 3)❀
✶✵✳✷✳ a = (2; −5; 1)✱ n = (7; 4; −3)❀
✶✵✳✸✳ a = (−3; 4; 6)✱ n = (1; 2; 3)❀
✶✵✳✹✳ a = (1; 2; 1)✱ n = (1; 1; 0)❀
✶✵✳✺✳ a = (−1; 1; 2)✱ n = (1; 3; −1)❀

✹✹



✶✵✳✻✳ a = (3; 2; 5)✱ n = (2; −2; 1)❀
✶✵✳✼✳ a = (4; 5; 3)✱ n = (1; 3; 2)❀
✶✵✳✽✳ a = (6; 3; 1)✱ n = (4; −2; −3)❀
✶✵✳✾✳ a = (−5; 1; 0)✱ n = (3; 0; 1)❀
✶✵✳✶✵✳ a = (2; 3; −1)✱ n = (−2; 4; 0)❀
✶✵✳✶✶✳ a = (7; 8; 3)✱ n = (2; 1; −3)❀
✶✵✳✶✷✳ a = (−2; 6; 4)✱ n = (8; 1; 4)❀
✶✵✳✶✸✳ a = (8; −4; −6)✱ n = (1; −2; 5)❀
✶✵✳✶✹✳ a = (1; 2; 3)✱ n = (−1; 5; 7)❀
✶✵✳✶✺✳ a = (−4; 3; 2)✱ n = (6; 3; 2)✳

Ñîñòàâèòü óðàâíåíèå ïëîñêîñòè✱ êîòîðàÿ ïðîõîäèò ÷åðåç
íà÷àëî êîîðäèíàò è èìååò íîðìàëüíûé âåêòîð n✿

✶✵✳✶✻✳ n = (5; 0; −3)❀
✶✵✳✶✼✳ n = (−2; 3; 7)❀
✶✵✳✶✽✳ n = (4; −1; 0)❀
✶✵✳✶✾✳ n = (1; 1; −1)❀
✶✵✳✷✵✳ n = (2; 8; 4)❀
✶✵✳✷✶✳ n = (7; 2; 3)❀
✶✵✳✷✷✳ n = (−2; 4; 1)❀
✶✵✳✷✸✳ n = (−4; 1; 0)❀
✶✵✳✷✹✳ n = (5; −1; 2)❀
✶✵✳✷✺✳ n = (7; 3; −4)❀
✶✵✳✷✻✳ n = (−5; 4; 3)❀
✶✵✳✷✼✳ n = (2; −3; 7)❀
✶✵✳✷✽✳ n = (4; 5; 1)❀
✶✵✳✷✾✳ n = (−1; 3; −1)❀
✶✵✳✸✵✳ n = (−2; 5; 4)✳

➬àäàíèå ✶✶✳ Óïðàæíåíèÿ íà äîêàçàòåëüñòâî
✶✶✳✶✳ ➘îêàçàòü✱ ÷òî åñëè ñðåäè âåêòîðîâ x, y, . . . , z èìååò✲

ñÿ íóëåâîé âåêòîð✱ òî ýòè âåêòîðû ëèíåéíî çàâèñèìû✳

✹✺



✶✶✳✷✳ ➘îêàçàòü✱ ÷òî ñèñòåìà âåêòîðîâ✱ ñîñòîÿùàÿ èç îä✲
íîãî íåíóëåâîãî âåêòîðà✱ ëèíåéíî íåçàâèñèìà✳

✶✶✳✸✳ ➘îêàçàòü✱ ÷òî âåêòîðû ëèíåéíî çàâèñèìû òîãäà è
òîëüêî òîãäà✱ êîãäà õîòÿ áû îäèí èç íèõ ÿâëÿåòñÿ ëèíåéíîé
êîìáèíàöèåé îñòàëüíûõ✳

✶✶✳✹✳ ➘îêàçàòü ñëåäóþùèå ñâîéñòâà ñëîæåíèÿ✱ óìíîæå✲
íèÿ âåêòîðîâ✿

à✮ (x+ y) + z = x+ (y + z)❀

á✮ x− y = x+ (−y)❀

â✮ α(x± y) = αx± αy❀

ã✮ α(βx) = β · (αx) = αβx❀

ä✮ 1 · x = x❀

å✮ x+ (−x) = 0❀

æ✮ 〈x, y〉 = 〈y, x〉❀
ç✮ 〈αx, y〉 = 〈x, αy〉 = α〈x, y〉❀
è✮ 〈x, y + z〉 = 〈x, y〉+ 〈x, z〉❀
ê✮ 〈x, αy + βz〉 = α〈x, y〉+ β〈x, z〉✳

✶✶✳✺✳ ➘îêàçàòü íåðàâåíñòâî ✃îøè ✖ ➪óíÿêîâñêîãî

|〈x, y〉| ≤ ‖x‖ · ‖y‖.

✶✶✳✻✳ ➘îêàçàòü íåðàâåíñòâî òðåóãîëüíèêà

‖x+ y‖ ≤ ‖x‖+ ‖y‖, ∀x, y ∈ Rn.

✶✶✳✼✳ ➘îêàçàòü íåðàâåíñòâî

|‖x‖ − ‖y‖| ≤ ‖x− y‖.

✹✻



➹ëàâà ✷

❒àòðèöû è ìàòðè÷íûå îïåðàöèè

➓ ✶✳ ❒àòðèöû✳ ❰ñíîâíûå ïîíÿòèÿ

❰ïðåäåëåíèå ✶✳✶✳❒àòðèöåé ïîðÿäêàm×n íàçûâàåòñÿ ïðÿ✲
ìîóãîëüíàÿ òàáëèöà ÷èñåë✱ ñîñòîÿùàÿ èç m ñòðîê è n ñòîëá✲
öîâ✿




a11 . . . a1n
✳✳✳

✳ ✳ ✳
✳✳✳

am1 . . . amn


 .

➘ëÿ îáîçíà÷åíèÿ ìàòðèö èñïîëüçóþòñÿ ëèáî áóêâû ëàòèí✲
ñêîãî àëôàâèòà A✱ B✱ C✱ ëèáî ñèìâîëû {aij}✱ {bij}✱ {cij}✿

A = {aij} =




a11 . . . a1n
✳✳✳

✳ ✳ ✳
✳✳✳

am1 . . . amn


 , i = 1,m, j = 1, n.

➬àïèñü i = 1,m, j = 1, n îçíà÷àåò✱ ÷òî i = 1, 2, . . . ,m❀
j = 1, 2, . . . , n✳ ❮àðÿäó ñ êðóãëûìè ñêîáêàìè ïðè çàïèñè ìàò✲
ðèöû èíîãäà èñïîëüçóþò êâàäðàòíûå ñêîáêè [. . .]✳

✹✼



×èñëà aij íàçûâàþòñÿ ýëåìåíòàìè ìàòðèöû✳ ➶ çàïèñè aij
ïåðâûé èíäåêñ i îáîçíà÷àåò íîìåð ñòðîêè✱ à âòîðîé èíäåêñ
j ✕ íîìåð ñòîëáöà✱ íà ïåðåñå÷åíèè êîòîðûõ íàõîäèòñÿ ýëå✲
ìåíò aij✳

Ïðîèçâîëüíàÿ i✲ÿ ñòðîêà ìàòðèöû A ✕ (ai1ai2 . . . ain),

j✲é ñòîëáåö ìàòðèöû A ✕




a1j
✳✳✳

amj


 .

❮àïðèìåð✱ ìàòðèöà A =




0 1
2 3
4 5


 èìååò ïîðÿäîê 3 × 2✱

ýëåìåíòû a11 = 0✱ a12 = 1✱ a21 = 2 è ò✳ ä✳

❒àòðèöà B =

(
1 0 1
1 5 3

)
èìååò ïîðÿäîê 2× 3✳

D = (3) ✕ ìàòðèöà ðàçìåðíîñòè 1×1 ✭ìàòðèöà✱ ñîñòîÿùàÿ
èç îäíîãî ýëåìåíòà✮✳

➴ñëè ÷èñëî ñòðîê ðàâíî ÷èñëó ñòîëáöîâ (m = n)✱ ìàòðèöà
íàçûâàåòñÿ êâàäðàòíîé✳ Ýëåìåíòû a11, a22, . . . ann îáðàçóþò
ãëàâíóþ äèàãîíàëü ìàòðèöû✳

❮àïðèìåð✱ ìàòðèöà C =




5 1 2 9
2 3 2 0
4 5 1 7
6 8 4 5


 ✕ êâàäðàòíàÿ

ìàòðèöà ÷åòâåðòîãî ïîðÿäêà ñ äèàãîíàëüíûìè ýëåìåíòàìè
a11 = 5✱ a22 = 3✱ a33 = 1✱ a44 = 5✳

❒àòðèöåé ïîðÿäêà 1× n ÿâëÿåòñÿ ñòðîêà
A = (a11 a12 . . . a1n)✱ åå íàçûâàþò âåêòîð✲ñòðîêîé✳

❒àòðèöåé ïîðÿäêà m×1 ÿâëÿåòñÿ ñòîëáåö A =




a11
✳✳✳

am1


 ,

èíà÷å åå íàçûâàþò òàêæå âåêòîð✲ñòîëáöîì✳

✹✽



Ñïåöèàëüíûå âèäû ìàòðèö
❮óëåâàÿ ✖ ìàòðèöà✱ âñå ýëåìåíòû êîòîðîé ðàâíû íóëþ✿

O =




0 0 . . . 0
0 0 . . . 0
. . . . . . . . . . . .
0 0 . . . 0


 .

❮óëåâîé ìîæåò áûòü ìàòðèöà ëþáîãî ïîðÿäêà✳
➶åðõíÿÿ òðåóãîëüíàÿ ✖ êâàäðàòíàÿ ìàòðèöà✱ âñå ýëå✲

ìåíòû êîòîðîé✱ ðàñïîëîæåííûå ïîä ãëàâíîé äèàãîíàëüþ✱ ðàâ✲
íû íóëþ (aij = 0, i > j)✿

A =




a11 a12 . . . a1n
0 a22 . . . a2n
. . . . . . . . . . . .
0 0 . . . ann


 .

❮àïðèìåð✱ ìàòðèöû




1 2 3
0 5 7
0 0 8


 è

(
−1 2
0 0

)
ÿâëÿþòñÿ âåðõ✲

íèìè òðåóãîëüíûìè✳
❮èæíÿÿ òðåóãîëüíàÿ ✕ êâàäðàòíàÿ ìàòðèöà✱ âñå ýëå✲

ìåíòû êîòîðîé✱ ðàñïîëîæåííûå íàä ãëàâíîé äèàãîíàëüþ✱ ðàâ✲
íû íóëþ (aij = 0✱ i < j)✿

A =




a11 0 . . . 0
a21 a22 . . . 0
. . . . . . . . . . . .
an1 an2 . . . ann


 .

➘èàãîíàëüíàÿ ✕ êâàäðàòíàÿ ìàòðèöà✱ âñå íåäèàãîíàëü✲
íûå ýëåìåíòû êîòîðîé ðàâíû íóëþ✿

A =




a11 0 . . . 0
0 a22 . . . 0
. . . . . . . . . . . .
0 0 . . . ann


 .

✹✾



➴äèíè÷íàÿ ✕ äèàãîíàëüíàÿ ìàòðèöà✱ âñå äèàãîíàëüíûå
ýëåìåíòû êîòîðîé ðàâíû 1✳ ❰áîçíà÷àåòñÿ áóêâîé E✿

E =




1 0 . . . 0
0 1 . . . 0
. . . . . . . . . . . .
0 0 . . . 1


 .

➶ àíãëîÿçû÷íîé ëèòåðàòóðå åäèíè÷íàÿ ìàòðèöà îáîçíà÷àåò✲
ñÿ áóêâîé I ✭t❤❡ ✐❞❡♥t✐t② ♠❛tr✐①✮✳

❒àòðèöû A è B íàçûâàþòñÿ ðàâíûìè✱ åñëè îíè èìåþò îä✲
íó è òó æå ðàçìåðíîñòü ✭èëè îäèíàêîâûé ïîðÿäîê✮ è èõ ñî✲
îòâåòñòâóþùèå ýëåìåíòû ✭ýëåìåíòû✱ èìåþùèå îäèíàêîâûå
èíäåêñû✮ ñîâïàäàþò✿ aij = bij, i = 1,m, j = 1, n✳

➓ ✷✳ ❰ïåðàöèè íàä ìàòðèöàìè

✶✳ Óìíîæåíèå ìàòðèöû íà ÷èñëî✳ Ïðîèçâåäåíèåì ìàò✲
ðèöû A íà ÷èñëî α íàçûâàåòñÿ ìàòðèöà B✱ ýëåìåíòû êîòîðîé
ðàâíû ïðîèçâåäåíèÿì ñîîòâåòñòâóþùèõ ýëåìåíòîâ ìàòðèöû
A íà ÷èñëî α✿

B = α · A = {bij} = {α · aij}, i = 1,m, j = 1, n, α ∈ R.

Ïðèìåð ✷✳✶✳

2A = 2 ·
(

1 2
3 4

)
=

(
2 4
6 8

)
,

−10A = −10 ·
(

1 2
3 4

)
=

(
−10 −20
−30 −40

)
.

✷✳ Ñóììîé ✭ðàçíîñòüþ✮ ìàòðèö A è B ïîðÿäêà m × n
ÿâëÿåòñÿ ìàòðèöà C ðàçìåðíîñòè m × n✱ ýëåìåíòû êîòîðîé

✺✵



ðàâíû ñóììå ✭ðàçíîñòè✮ ñîîòâåòñòâóþùèõ ýëåìåíòîâ✿

cij = aij + bij (cij = aij − bij).

❰áîçíà÷åíèå✿ C = A + B (C = A − B)✳ Ïîä÷åðêíåì✱ ÷òî
ñëîæåíèå è âû÷èòàíèå ââîäèòñÿ òîëüêî äëÿ ìàòðèö îäèíà✲
êîâîé ðàçìåðíîñòè ✭ïîðÿäêà✮✿

Cm×n = Am×n +Bm×n.

Ïðèìåð ✷✳✷✳
(

1 2
3 4

)
+

(
−1 2
3 0

)
=

(
0 4
6 4

)
;




1 2 3
4 5 6
7 8 9


−




−1 0 2
0 3 3
2 8 0


 =




2 2 1
4 2 3
5 0 9


 .

➬àìåòèì✱ ÷òî íà ðàçíîñòü A − B ìîæíî ñìîòðåòü êàê íà
ñóììó A+ (−1) · B✳

➶âåäåííûå äåéñòâèÿ ✭óìíîæåíèå ìàòðèöû íà ÷èñëî✱ ñëî✲
æåíèå è âû÷èòàíèå ìàòðèö✮ íàçûâàþòñÿ ëèíåéíûìè îïå✲
ðàöèÿìè íàä ìàòðèöàìè✳ ➘ëÿ ëþáûõ ìàòðèö A✱ B✱ C ðàç✲
ìåðíîñòèm×n è ëþáûõ ÷èñåë α è β ñïðàâåäëèâû ñëåäóþùèå
ñâîéñòâà✿

✶✮ A+B = B + A ✭êîììóòàòèâíîñòü ñëîæåíèÿ✮❀

✷✮ A+(B+C) = (A+B)+C ✭àññîöèàòèâíîñòü ñëîæåíèÿ✮❀

✸✮ α(A + B) = αA + αB ✭ðàñïðåäåëèòåëüíîå ñâîéñòâî îò✲
íîñèòåëüíî ÷èñëîâîãî ìíîæèòåëÿ✮❀

✹✮ (α + β)A = αA + βA ✭ðàñïðåäåëèòåëüíîå ñâîéñòâî îò✲
íîñèòåëüíî ìàòðè÷íîãî ñîìíîæèòåëÿ✮❀

✺✮ α(βA) = (αβ)A.

✺✶



✸✳ Óìíîæåíèå ìàòðèö✳ Ïðîèçâåäåíèåì ìàòðèö Am×n è
Bn×p íàçûâàåòñÿ ìàòðèöà Cm×p✿

Cm×p = Am×n · Bn×p,

ó êîòîðîé ýëåìåíò cij✱ ñòîÿùèé íà ïåðåñå÷åíèè i✲é ñòðîêè
è j✲ãî ñòîëáöà✱ ðàâåí ñêàëÿðíîìó ïðîèçâåäåíèþ i✲é ñòðîêè
ìàòðèöû A íà j✲é ñòîëáåö ìàòðèöû B✿

cij = ai1b1j+ai2b2j+. . .+ainbnj =
n∑

k=1

aikbkj, i = 1,m, j = 1, p.

➬àìåòèì✱ ÷òî ïðîèçâåäåíèå AB îïðåäåëåíî òîëüêî äëÿ òà✲
êèõ ìàòðèö✱ ó êîòîðûõ êîëè÷åñòâî ñòîëáöîâ ïåðâîãî ñîìíî✲
æèòåëÿ A ñîâïàäàåò ñ êîëè÷åñòâîì ñòðîê ìàòðèöû B ✭âòî✲
ðîãî ñîìíîæèòåëÿ✮✳ Ïðè ýòîì ÷èñëî ñòðîê ìàòðèöû C ðàâíî
÷èñëó ñòðîê ìàòðèöû A✱ à ÷èñëî ñòîëáöîâ ìàòðèöû C ðàâíî
÷èñëó ñòîëáöîâ ìàòðèöû B✳

Ïðèìåð ✷✳✸✳ ➘àíû ìàòðèöû A =




0 1
2 3
4 5


 ,

B =

(
1 0 1
1 1 1

)
, ❈❂

(
−1
2

)
, E =

(
1 0
0 1

)
.

❮àéòè AB, AC, AE✳

Ðåøåíèå
❮àéäåì ðàçìåðíîñòè ìàòðèö ïðîèçâåäåíèé✿

A3×2 ·B2×3 = D3×3, A3×2 ·C2×1 = K3×1, A3×2 ·E2×2 = M3×2.

➶û÷èñëèì ýëåìåíòû ìàòðèöûD✱ óìíîæàÿ ýëåìåíòû êàæäîé
ñòðîêè ìàòðèöû A íà ñîîòâåòñòâóþùèå ýëåìåíòû ñòîëáöîâ
ìàòðèöû B è ñêëàäûâàÿ ýòè ïðîèçâåäåíèÿ✳ Ïîëó÷èì

AB = D =




0 · 1 + 1 · 1 0 · 0 + 1 · 1 0 · 1 + 1 · 1
2 · 1 + 3 · 1 2 · 0 + 3 · 1 2 · 1 + 3 · 1
4 · 1 + 5 · 1 4 · 0 + 5 · 1 4 · 1 + 5 · 1


 =

✺✷



=




1 1 1
5 3 5
9 5 9


 .

➚íàëîãè÷íî âû÷èñëèì ìàòðèöû K è M ✿

AC = K =




0 · (−1) + 1 · 2
2 · (−1) + 3 · 2
4 · (−1) + 5 · 2


 =




2
4
6


 ,

AE = M =




0 · 1 + 1 · 0 0 · 0 + 1 · 1
2 · 1 + 3 · 0 2 · 0 + 3 · 1
4 · 1 + 5 · 0 4 · 0 + 5 · 1


 =




0 1
2 3
4 5


 = A.

❰÷åâèäíî✱ AE = EA = A✱ ò✳ å✳ ðåçóëüòàò óìíîæåíèÿ ìàòðè✲
öû íà åäèíè÷íóþ ìàòðèöó E ñîâïàäàåò ñ èñõîäíîé✳ ➬àìåòèì✱
÷òî â ìàòðè÷íîì èñ÷èñëåíèè åäèíè÷íàÿ ìàòðèöà èãðàåò òà✲
êóþ æå ðîëü✱ êàê è ÷èñëî 1 â ýëåìåíòàðíîé àëãåáðå✳

➘ëÿ ëþáûõ ìàòðèö A✱ B✱ C ✭ïðåäïîëàãàåòñÿ✱ ÷òî ìàòðèöû
èìåþò òàêèå ðàçìåðíîñòè✱ ÷òî îïåðàöèè óìíîæåíèÿ ìàòðèö
îïðåäåëåíû✮ è ëþáîãî ÷èñëà α ñïðàâåäëèâû ñâîéñòâà✿

✶✮ A(BC) = (AB)C ✭àññîöèàòèâíîñòü ïî óìíîæåíèþ✮❀

✷✮ A(B + C) = AB + AC ✭ðàñïðåäåëèòåëüíîå ñâîéñòâî✮❀

✸✮ (A+B)C = AC +BC ✭ðàñïðåäåëèòåëüíîå ñâîéñòâî✮❀

✹✮ α(AB) = (αA)B = A(αB)✳

➶ îáùåì ñëó÷àå ïðîèçâåäåíèå ìàòðèö íåêîììóòàòèâíî

AB 6= BA,

äàæå åñëè îáà ïðîèçâåäåíèÿ èìåþò ñìûñë✳

✺✸



✹✳ ➶îçâåäåíèå â ñòåïåíü ✭îïðåäåëåíî äëÿ êâàäðàòíûõ
ìàòðèö è öåëîãî ïîëîæèòåëüíîãî m✮✳ m✲é ñòåïåíüþ Am ìàò✲
ðèöû íàçûâàåòñÿ óìíîæåíèå êâàäðàòíîé ìàòðèöû A ñàìó íà
ñåáÿ m ðàç✳

➬àìåòèì✱ ÷òî A0 = E, A1 = A, A2 = A · A, . . .

Ïðèìåð ✷✳✹✳ ❮àéòè A2✱ ãäå A =

(
1 2
3 4

)
.

Ðåøåíèå

A2 =

(
1 2
3 4

)
·
(

1 2
3 4

)
=

(
7 10
15 22

)
.

Ïðèìåð ✷✳✺✳ ➶û÷èñëèòü çíà÷åíèå ìíîãî÷ëåíà

f(x) = 2x2 − x+ 3 îò ìàòðèöû A =




1 1 0
2 0 1
1 1 0


 .

Ðåøåíèå
➶ìåñòî x ïîäñòàâëÿåì â ôóíêöèþ f(x) ìàòðèöó A✱ âìåñòî

÷èñëà ✸ èñïîëüçóåì ìàòðèöó 3E✱ ãäå E ✕ åäèíè÷íàÿ ìàòðèöà
òîãî æå ïîðÿäêà✱ ÷òî è A✳

❮àéäåì 2A2✿

2 · A · A = 2 ·




1 1 0
2 0 1
1 1 0


 ·




1 1 0
2 0 1
1 1 0


 =

= 2 ·




3 1 1
3 3 0
3 1 1


 =




6 2 2
6 6 0
6 2 2


 .

Òåïåðü ïîäñòàâèì âìåñòî ïåðåìåííîé x ìàòðèöó A è âû✲
÷èñëèì f(A)✿

f(A) = 2A2 − A+ 3E =

=




6 2 2
6 6 0
6 2 2


−




1 1 0
2 0 1
1 1 0


+




3 0 0
0 3 0
0 0 3


 =

✺✹



=




8 1 2
4 9 −1
5 1 5


 .

✺✳ Òðàíñïîíèðîâàíèå ìàòðèöû ✕ ïðîöåññ çàìåíû ìå✲
ñòàìè ñòðîê è ñòîëáöîâ â ìàòðèöå✳

Ðàññìîòðèì ìàòðèöó A ïîðÿäêà m × n✳ Ðàñïîëîæèì åå
ñòðîêè â âèäå ñòîëáöîâ✱ íå ìåíÿÿ èõ ïîðÿäêà✳ Ïîëó÷èì ìàò✲
ðèöó ðàçìåðíîñòè n×m

AT =




a11 a21 . . . am1

a12 a22 . . . am1

. . . . . . . . . . . .
a1n a2n . . . ann


 ,

êîòîðàÿ íàçûâàåòñÿ òðàíñïîíèðîâàííîé ïî îòíîøåíèþ ê ìàò✲
ðèöå A✳

Ïðèìå÷àíèå✳ Ñêàëÿðíîå ïðîèçâåäåíèå âåêòîðîâ x, y ∈ Rn

ðàâíî ìàòðè÷íîìó ïðîèçâåäåíèþ ýòèõ âåêòîðîâ✱ â êîòîðîì
ïåðâûé èç íèõ òðàíñïîíèðóåòñÿ✱ ò✳ å✳

〈x, y〉 = xTy = yTx.

Ïðèìåð ✷✳✻✳ Ïóñòü çàäàíû ìàòðèöû

A =




1 2
3 4
5 6


 , B =

(
1 5

)
, F =




0
1
2


 , K =

(
−1 2
3 4

)
.

Òîãäà AT =

(
1 3 5
2 4 6

)
, BT =

(
1
5

)
, F T =

(
0 1 2

)
,

KT =

(
−1 3
2 4

)
.

✺✺



Ñâîéñòâà îïåðàöèè òðàíñïîíèðîâàíèÿ
➘ëÿ ëþáûõ ìàòðèö A è B ✭❝÷èòàåì✱ ÷òî îïåðàöèè ñëî✲

æåíèÿ è ïðîèçâåäåíèÿ ýòèõ ìàòðèö îïðåäåëåíû✮ è ÷èñëà α
ñïðàâåäëèâû ðàâåíñòâà✿

✶✮ (A+B)T = AT +BT ❀

✷✮ (AT )T = A❀

✸✮ (αA)T = αAT ❀

✹✮ (A · B)T = BT · AT .

Ñðåäè êâàäðàòíûõ ìàòðèö ñóùåñòâóþò ìàòðèöû✱ îáëàäà✲
þùèå ñëåäóþùèìè ñâîéñòâàìè✿ åñëè ìàòðèöà A ñîâïàäàåò
ñ òðàíñïîíèðîâàííîé AT ✭ò✳ å✳ A = AT ✮✱ òî îíà íàçûâàåò✲
ñÿ ñèììåòðè÷íîé✳ Ýëåìåíòû ñèììåòðè÷íîé ìàòðèöû✱ ðàñ✲
ïîëîæåííûå ñèììåòðè÷íî îòíîñèòåëüíî ãëàâíîé äèàãîíàëè✱
ðàâíû ìåæäó ñîáîé✿ aik = aki✳

❮àïðèìåð✱ A =




1 2 3
2 5 6
3 6 7


 ✕ ñèììåòðè÷íàÿ ìàòðèöà✳

➴ñëè ìàòðèöà A ïðîòèâîïîëîæíà ✭ñóììà ïðîòèâîïîëîæ✲
íûõ ìàòðèö ðàâíà íóëåâîé ìàòðèöå✮ òðàíñïîíèðîâàííîé ✭ò✳
å✳ A = −AT ✮✱ òî îíà íàçûâàåòñÿ àíòèñèììåòðè÷íîé ✭êîñî✲
ñèììåòðè÷íîé✮✳ Ó òàêîé ìàòðèöû ýëåìåíòû✱ ðàñïîëîæåí✲
íûå ñèììåòðè÷íî îòíîñèòåëüíî ãëàâíîé äèàãîíàëè✱ ïðîòèâî✲
ïîëîæíû✿ aik = −aki✱ à ýëåìåíòû ãëàâíîé äèàãîíàëè ðàâíû
íóëþ✿ aii = 0✳

❮àïðèìåð✱ A =




0 1 2
−1 0 3
−2 −3 0


 ✕ êîñîñèììåòðè÷íàÿ✱ òàê

êàê

A = −AT = (−1) ·




0 −1 −2
1 0 −3
2 3 0


 =




0 1 2
−1 0 3
−2 −3 0


 .

✺✻



Ñëåä ìàòðèöû ✕ ýòî ñóììà åå äèàãîíàëüíûõ ýëåìåíòîâ✳
Ñëåä ìàòðèöû A îáîçíà÷àåòñÿ ÷åðåç trA✳

Ñâîéñòâà ñëåäà ìàòðèöû✿

✶✮ trA = trAT ❀

✷✮ tr(A+B) = trA+ trB❀

✸✮ tr(A · B · C) = tr(B · C · A) = tr(C · A · B)❀

✹✮ tr(AT · B) = tr(BT · A) = tr(A · BT ) = tr(B · AT )❀

✺✮ tr(A · x · xT ) = xT · A · x❀

✻✮ tr(x · yT ) = xT · y❀

✼✮
k∑

i=1

k∑
j=1

aijbij = tr(A · BT ).

Ïðèìåð ✷✳✼✳ Ïðîäåìîíñòðèðîâàòü ñïðàâåäëèâîñòü ñâîéñòâ✱
åñëè

A =

(
1 3
4 1

)
, B =

(
2 4
5 0

)
, C =

(
3 2
1 1

)
, x =

(
2
1

)
,

y =

(
1
3

)
.

Ðåøåíèå

✶✮ trA = 2, trAT = tr

(
1 4
3 1

)
= 2;

✷✮ trA = 2, trB = 2, trA+ trB = 4,

tr(A+B) = tr

(
3 7
9 1

)
= 4;

✸✮ tr(A · B · C) = tr

((
1 3
4 1

)
·
(

2 4
5 0

)
·
(

3 2
1 1

))
=

✺✼



= tr

((
17 4
13 16

)
·
(

3 2
1 1

))
= tr

(
55 38
55 42

)
= 97,

tr(B · C · A) = tr

((
2 4
5 0

)
·
(

3 2
1 1

)
·
(

1 3
4 1

))
=

= tr

((
10 8
15 10

)
·
(

1 3
4 1

))
= tr

(
42 38
55 55

)
= 97,

tr(C · A · B) = tr

((
3 2
1 1

)
·
(

1 3
4 1

)
·
(

2 4
5 0

))
=

= tr

((
11 11
5 4

)
·
(

2 4
5 0

))
= tr

(
77 44
30 20

)
= 97;

✹✮ tr(AT · B) = tr

((
1 4
3 1

)
·
(

2 4
5 0

))
=

= tr

(
22 4
11 12

)
= 34,

tr(BT · A) = tr

((
2 5
4 0

)
·
(

1 3
4 1

))
=

= tr

(
22 11
4 12

)
= 34,

tr(A · BT ) = tr

((
1 3
4 1

)
·
(

2 5
4 0

))
=

= tr

(
14 5
12 20

)
= 34,

tr(B · AT ) = tr

((
2 4
5 0

)
·
(

1 4
3 1

))
=

= tr

(
14 12
5 20

)
= 34;

✺✮ tr(A · x · xT ) = tr

((
1 3
4 1

)
·
(

2
1

)
·
(
2 1

))
=

✺✽



= tr

((
5
9

)
·
(
2 1

))
= tr

(
10 5
18 9

)
= 19,

xT · A · x =
(
2 1

)
·
(

1 3
4 1

)
·
(

2
1

)
=

=

((
6 7

)
·
(

2
1

))
= 12 + 7 = 19;

✻✮ tr(x · yT ) = tr

((
2
1

)
·
(
1 3

))
= tr

(
2 6
1 3

)
= 5,

xT · y =
(
2 1

)
·
(

1
3

)
= 5;

✼✮
k∑

i=1

k∑
j=1

aijbij = 1 · 2 + 3 · 4 + 4 · 5 + 1 · 0 = 34 = tr(A ·BT ).

➬àäàíèÿ äëÿ ñàìîñòîÿòåëüíîé ðàáîòû

✶✳ ➘àíû ìàòðèöû A =

(
1 0 2

−2 1 3

)
✱ B =

(
0 1 −1
3 1 2

)
✳

❮àéòè✿ à✮ A+B❀ á✮ 2B❀ â✮ BT ✳

❰òâåòû✿ à✮ A+B =

(
1 1 1
1 2 5

)
❀ á✮ 2B =

(
0 2 −2
6 2 4

)
❀

â✮ BT =




0 3
1 1

−1 2


✳

✷✳ ➘àíû ìàòðèöû A =

(
3 1 −2
1 3 0

)
✱ B =

(
0 2 4
1 −1 0

)
✳

❮àéòè✿ à✮ AT ❀ á✮ 2AT +BT ❀ â✮ 3AT − 2BT ✳

✺✾



❰òâåòû✿ à✮ AT =




3 1
1 3

−2 0


❀ á✮ 2AT +BT =




6 3
4 5
0 0


❀

â✮ 3AT − 2BT =




9 1
−1 11
−14 0


✳

✸✳ ➘àíû ìàòðèöû A =

(
2 3 1
0 −1 2

)
✱

B =

(
0 1 −1
4 −1 2

)
✱ C =

(
1 2
3 −1

)
✱ D =

(
2 1
1 1

)
✱

F =

(
1

−1

)
✳

❮àéòè✿ à✮ A−D❀ á✮ D · C❀ â✮ AT · CT ❀ ã✮ A · B✱ ä✮ C · F ✳
❰òâåòû✿ à✮ íå èìååò ñìûñëà❀ á✮ D · C =

(
5 3
4 1

)
❀

â✮ AT · CT =




2 6
1 10
5 1


❀ ã✮ íå èìååò ñìûñëà❀

ä✮ C · F =

(
−1
4

)
✳

➓ ✸✳ Ýëåìåíòàðíûå ïðåîáðàçîâàíèÿ ìàòðèö

Ïðè ðåøåíèè ìíîãèõ çàäà÷ ÷àñòî èñïîëüçóþò ïðåîáðàçî✲
âàíèÿ ìàòðèö✱ íàçûâàåìûå ýëåìåíòàðíûìè✳ ✃ ýëåìåíòàð✲
íûì ïðåîáðàçîâàíèÿì îòíîñÿòñÿ✿
✕ ïåðåñòàíîâêà ìåñòàìè äâóõ ïàðàëëåëüíûõ ðÿäîâ ✭ñòðîê
èëè ñòîëáöîâ✮ ìàòðèöû❀
✕ óìíîæåíèå âñåõ ýëåìåíòîâ îäíîãî ðÿäà íà ÷èñëî✱ îòëè÷íîå
îò íóëÿ❀

✻✵



✕ ïðèáàâëåíèå êî âñåì ýëåìåíòàì ðÿäà ìàòðèöû ñîîòâåòñòâó✲
þùèõ ýëåìåíòîâ ïàðàëëåëüíîãî ðÿäà✱ óìíîæåííûõ íà ÷èñëî✱
îòëè÷íîå îò íóëÿ✳

❰ïðåäåëåíèå ✸✳✶✳❒àòðèöû A è B íàçûâàþòñÿ ýêâèâàëåíò✲
íûìè✱ åñëè îäíà èç íèõ ïîëó÷àåòñÿ èç äðóãîé ñ ïîìîùüþ
ýëåìåíòàðíûõ ïðåîáðàçîâàíèé✳

❮àïðèìåð✱ ìàòðèöû

A =

(
1 2 3
4 5 6

)
, B =

(
9 12 15
4 5 6

)

ýêâèâàëåíòíû✱ òàê êàê ìàòðèöà B ïîëó÷åíà èç ìàòðèöû A
ñ ïîìîùüþ ñëåäóþùåãî ýëåìåíòàðíîãî ïðåîáðàçîâàíèÿ✿ ïåð✲
âàÿ ñòðîêà ìàòðèöû B ïîëó÷åíà èç ïåðâîé ñòðîêè ìàòðèöû
A ïðèáàâëåíèåì ê íåé âòîðîé ñòðîêè ìàòðèöû A✱ óìíîæåí✲
íîé íà 2✿

A =

(
1 2 3
4 5 6

)
∼

(
1 + 4 · 2 2 + 5 · 2 3 + 6 · 2

4 5 6

)
= B.

Ñ ïîìîùüþ ýëåìåíòàðíûõ ïðåîáðàçîâàíèé ëþáóþ ìàòðè✲
öó ìîæíî ïðèâåñòè ê ñòóïåí÷àòîìó âèäó✿




0 a ∗ ∗ . . . ∗ ∗ . . . ∗ ∗ . . . ∗
0 0 b ∗ . . . ∗ ∗ . . . ∗ ∗ . . . ∗
0 0 0 0 . . . 0 c . . . ∗ ∗ . . . ∗
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳
✳✳✳ . . .

✳✳✳
✳✳✳ . . .

✳✳✳
0 0 0 0 . . . 0 0 . . . 0 d . . . ∗
0 0 0 0 . . . 0 0 . . . 0 0 . . . 0




,

çäåñü a, b, c, . . . , d ✕ âåäóùèå ýëåìåíòû✱ íåðàâíûå íóëþ✱
ñèìâîëîì ∗ îáîçíà÷åíû ýëåìåíòû ñ ïðîèçâîëüíûìè çíà÷åíè✲
ÿìè✳ ➬àìåòèì✱ ÷òî âûñîòà êàæäîé ➽ñòóïåíüêè➾ ñîñòàâëÿåò
îäíó ñòðîêó✳

✻✶



Ïðîäîëæàÿ âûïîëíÿòü ýëåìåíòàðíûå ïðåîáðàçîâàíèÿ íàä
ñòðîêàìè ìàòðèöû✱ ìîæíî åå ïðèâåñòè ê óïðîùåííîìó âè✲
äó✿ 



0 1 0 ∗ . . . ∗ 0 . . . ∗ 0 . . . ∗
0 0 1 ∗ . . . ∗ 0 . . . ∗ 0 . . . ∗
0 0 0 0 . . . 0 1 . . . ∗ 0 . . . ∗
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳
✳✳✳ . . .

✳✳✳
✳✳✳ . . .

✳✳✳
0 0 0 0 . . . 0 0 . . . 0 1 . . . ∗
0 0 0 0 . . . 0 0 . . . 0 0 . . . 0




.

➬äåñü çàìåòèì✱ ÷òî â ñòîëáöàõ✱ ãäå íà ìåñòå âåäóùèõ ýëå✲
ìåíòîâ ñòîÿò åäèíèöû✱ âñå îñòàëüíûå ýëåìåíòû ðàâíû íóëþ✳

Ïðè ïîìîùè ýëåìåíòàðíûõ ïðåîáðàçîâàíèé ñòðîê è ñòîëá✲
öîâ ëþáóþ ìàòðèöó ìîæíî ïðèâåñòè ê ïðîñòåéøåìó âèäó✿




1 0 . . . 0 0 . . . 0
0 1 . . . 0 0 . . . 0
. . . . . . . . . . . . . . . . . .
0 0 . . . 1 0 . . . 0
0 0 . . . 0 0 . . . 0
0 0 . . . 0 0 . . . 0




.

❐åâûé âåðõíèé óãîë ïðåäñòàâëÿåò ñîáîé åäèíè÷íóþ ìàòðèöó
ïîðÿäêà r✱ ãäå r ≤ min{m,n}✳

➚ëãîðèòì ïðèâåäåíèÿ ìàòðèöû ê ñòóïåí÷àòîìó
âèäó ýëåìåíòàðíûìè ïðåîáðàçîâàíèÿìè

❰áùàÿ èäåÿ✿ ýëåìåíòàðíûìè ïðåîáðàçîâàíèÿìè ïðèâåñòè
ìàòðèöó ê ñòóïåí÷àòîìó âèäó✱ ➽çàíóëÿÿ➾ ýëåìåíòû✱ ñòîÿùèå
íèæå ãëàâíîé äèàãîíàëè✳

➚ëãîðèòì
✶✳ ➶ ïåðâîì ñòîëáöå âûáðàòü ýëåìåíò✱ îòëè÷íûé îò íóëÿ✱ âå✲
äóùèé ýëåìåíò✳ ❐ó÷øèé âàðèàíò ✖ åäèíèöà✳ Ýòî ìîæíî ñäå✲
ëàòü✱ ïåðåñòàâëÿÿ ñòðîêè✱ âûâîäÿ ñòðîêó ñ âåäóùèì ýëåìåí✲
òîì êàê ïåðâóþ✳ ➬àìåòèì✱ ÷òî ïîëó÷èòü óäîáíûé ïî âåëè✲
÷èíå âåäóùèé ýëåìåíò ìîæíî ïðèáàâëåíèåì ê îäíîé ñòðîêå

✻✷



äðóãîé✱ óìíîæåííîé íà íåíóëåâîå ÷èñëî ✭â òîì ÷èñëå ðàçíî✲
ñòüþ äâóõ ñòðîê✮✳
✷✳ ✃ êàæäîé ñòðîêå✱ ðàñïîëîæåííîé íèæå âåäóùåé✱ ïðèáà✲
âèòü âåäóùóþ ñòðîêó✱ óìíîæåííóþ íà òàêîå ÷èñëî✱ ÷òîáû
âñå ýëåìåíòû íèæå âåäóùåãî áûëè ðàâíû íóëþ✳
✸✳ ➮ñêëþ÷èâ èç ðàññìîòðåíèÿ ñòðîêó è ñòîëáåö✱ íà ïåðåñå÷å✲
íèè êîòîðûõ ñòîèò âåäóùèé ýëåìåíò✱ âîçâðàùàåìñÿ ê øàãó
✶ è ïîâòîðÿåì ïðîöåäóðó íà ìàòðèöå ðàçìåðíîñòè íà ✶ ìåíü✲
øå✳
✹✳ Ïðåîáðàçîâàíèÿ çàêàí÷èâàþòñÿ✱ êîãäà èñêëþ÷åíû âñå ñòîëá✲
öû èëè â îñòàâøåéñÿ ÷àñòè ìàòðèöû âñå ýëåìåíòû ðàâíû
íóëþ✳

❮àïðèìåð✱ ïðèâåäåì ìàòðèöó A =




3 1 0
1 2 −1
2 5 4


 ê ñòó✲

ïåí÷àòîìó âèäó✳

✶✳ ❮à ïåðâîì øàãå íåîáõîäèìî ➽çàíóëèòü➾ ýëåìåíòû ïåðâî✲
ãî ñòîëáöà✱ ñòîÿùèå íèæå ãëàâíîé äèàãîíàëè✳ Ýòî óäîáíåå
ñäåëàòü✱ åñëè ïåðâàÿ ñòðîêà áóäåò íà÷èíàòüñÿ ñ 1✳ ➘ëÿ ýòîãî
ïåðåñòàâèì ìåñòàìè ïåðâóþ è âòîðóþ ñòðîêè✿

A =




3 1 0
1 2 −1
2 5 4


 ∼




✶ 2 −1
3 1 0
2 5 4


 .

Ýëåìåíò a11 = ✶ ✱ ñ ïîìîùüþ êîòîðîãî áóäåì ➽çàíóëÿòü➾
ïåðâûé ñòîëáåö✱ íàçûâàåòñÿ âåäóùèì ýëåìåíòîì ïåðâîãî øà✲
ãà✳

Ïåðâóþ ñòðîêó ïåðåïèñûâàåì áåç èçìåíåíèÿ✳ ×òîáû íà
ìåñòå ýëåìåíòà a21 = 3 îêàçàëñÿ 0✱ íåîáõîäèìî ê 3 ïðè✲
áàâèòü (−3)✳ Ñëåäîâàòåëüíî✱ íåîáõîäèìî êî âòîðîé ñòðîêå
ïðèáàâèòü ïåðâóþ✱ óìíîæåííóþ íà (−3)✳

✻✸



×òîáû íà ìåñòå ýëåìåíòà a31 = 2 îêàçàëñÿ 0✱ íåîáõîäèìî ê
íåìó ïðèáàâèòü (−2)✳ Ñëåäîâàòåëüíî✱ íåîáõîäèìî êî âòîðîé
ñòðîêå ïðèáàâèòü ïåðâóþ✱ óìíîæåííóþ íà (−2)✿




1 2 −1
3 1 0
2 5 4


 ∼

∼




1 2 −1
3 + 1 · (−3) 1 + 2 · (−3) 0 + (−1) · (−3)
2 + 1 · (−2) 5 + 2 · (−2) 4− (−1) · 2


 ∼

∼




1 2 −1
0 −5 3
0 1 6


 .

✷✳ ❮à âòîðîì øàãå ïåðâàÿ è âòîðàÿ ñòðîêè îñòàþòñÿ áåç èç✲
ìåíåíèÿ è ➽çàíóëÿþòñÿ➾ ýëåìåíòû âòîðîãî ñòîëáöà✱ ñòîÿùèå
íèæå ãëàâíîé äèàãîíàëè✳ ➶ ýòîì ñëó÷àå â êà÷åñòâå âåäóùåãî
ýëåìåíòà áóäåò ýëåìåíò a22 = −5✳ ❮î óäîáíåå✱ ÷òîáû âåäó✲
ùèé ýëåìåíò áûë ðàâåí 1✳ ➘ëÿ ýòîãî ïåðåñòàâèì ìåñòàìè
âòîðóþ è òðåòüþ ñòðîêè✿




1 2 −1
0 −5 3
0 1 6


 ∼




1 2 −1

0 ✶ 6
0 −5 3


 .

❰ñòàâèâ áåç èçìåíåíèÿ ïåðâóþ è âòîðóþ ñòðîêè✱ ïðèáàâèì
ê òðåòüåé ñòðîêå âòîðóþ✱ óìíîæåííóþ íà 5✿




1 2 −1

0 ✶ 6
0 −5 3


 ∼




1 2 −1
0 1 6
0 −5 + 1 · 5 3 + 6 · 5


 ∼

∼




1 2 −1
0 1 6
0 0 33


 .

✻✹



Òàêèì îáðàçîì✱ ìàòðèöà A ñ ïîìîùüþ ýëåìåíòàðíûõ ïðå✲
îáðàçîâàíèé áûëà ïðèâåäåíà ê òðåóãîëüíîìó âèäó ✭÷àñòíûé
ñëó÷àé ñòóïåí÷àòîãî âèäà✮✳

✸✳ Ïðîäîëæèì ïðåîáðàçîâàíèÿ è ïðèâåäåì ìàòðèöó ê ïðî✲
ñòåéøåìó âèäó✳ ➘ëÿ ýòîãî íåîáõîäèìî ➽çàíóëèòü➾ ýëåìåíòû✱
ñòîÿùèå âûøå ãëàâíîé äèàãîíàëè✳ Ïîëó÷èì íóëè â ïåðâîé
ñòðîêå✳ ➚íàëîãè÷íî øàãàì ✶ è ✷✱ ïðîâîäèìûì ñ ïåðâîé è âòî✲
ðîé ñòðîêàìè✱ áóäåì ðàáîòàòü ñ ïåðâûì ñòîëáöîì✳ Óìíîæèâ
åãî íà (−2)✱ ïðèáàâèì åãî êî âòîðîìó ñòîëáöó✳ ✃ òðåòüåìó
ñòîëáöó ïðèáàâèì ïåðâûé ñòîëáåö✿




1 2 −1
0 1 6
0 0 33


 ∼




1 0 0
0 1 6
0 0 33


 .

✹✳ Ïðèáàâèì âòîðîé ñòîëáåö✱ óìíîæåííûé íà (−6)✱ ê òðåòüå✲
ìó✿ 


1 0 0

0 ✶ 6
0 0 33


 ∼




1 0 0

0 ✶ 0
0 0 33


 .

Ðàçäåëèâ òðåòèé ñòîëáåö íà 33✱ ïîëó÷èì ïðîñòåéøèé âèä
ìàòðèöû

A ∼




1 0 0
0 1 0
0 0 1


 .

➬àìåòèì✱ ÷òî â ðàññìîòðåííîì ïðèìåðå ïîëó÷èòü ✶ â êà✲
÷åñòâå âåäóùåãî ýëåìåíòà íà ïåðâîì øàãå ìîæíî áûëî è íå
ïåðåñòàíîâêîé ñòðîê✱ à✱ íàïðèìåð✱ ïîñòàâèâ âìåñòî ïåðâîé
ñòðîêè ðàçíîñòü ïåðâîé è òðåòüåé✱ âòîðóþ è òðåòüþ ñòðî✲
êè îñòàâèâ áåç èçìåíåíèÿ✳ ➮íîãäà âîîáùå íå ðàöèîíàëüíî
äîáèâàòüñÿ ïîëó÷åíèÿ ✶ â êà÷åñòâå âåäóùåãî ýëåìåíòà✳

✻✺



➮íäèâèäóàëüíûå çàäàíèÿ

➬àäàíèå ✶✳ ➘àíû ìàòðèöû A è B✳ ❮àéòè✿ à✮ A + B❀ á✮ 2A❀
â✮ A− 3B❀ ã✮ AT ❀ ä✮ A · BT ✳

✶✳✶✳ A =

(
1 2 3
4 5 6

)
, B =

(
0 1 0
1 0 1

)
;

✶✳✷✳ A =




−3 6 2
7 −5 1
2 1 3


 , B =




3 4 9
2 −1 0

−4 2 7


 ;

✶✳✸✳ A =

(
4 1 2
0 5 3

)
, B =

(
−3 5 2
2 3 7

)
;

✶✳✹✳ A =




8 7 −2
1 −5 −3

−2 0 1


 , B =




1 2 4
−2 −1 3
5 2 4


 ;

✶✳✺✳ A =

(
−5 6 −2
7 0 1

)
, B =

(
−1 4 3
6 7 2

)
;

✶✳✻✳ A =




9 4 −5
−2 3 0
8 −1 1


 , B =




5 −4 9
3 −3 2
0 1 4


 ;

✶✳✼✳ A =

(
2 −6 3
1 −2 1

)
, B =

(
8 5 −9
2 2 −4

)
;

✶✳✽✳ A =




1 −6 −3
2 1 2

−5 3 4


 , B =




7 −5 9
2 7 −3

−3 4 6


 ;

✶✳✾✳ A =

(
3 5 7
4 6 8

)
, B =

(
1 2 4

−6 −1 2

)
;

✶✳✶✵✳ A =




7 6 5
4 3 2

−2 3 3


 , B =




2 −4 −9
−2 0 1
7 3 1


 ;

✶✳✶✶✳ A =

(
−3 −5 2
4 −7 2

)
, B =

(
1 6 9
5 2 1

)
;

✻✻



✶✳✶✷✳ A =




−4 5 3
9 −5 6
2 0 3


 , B =




7 6 9
−3 −1 2
1 3 4


 ;

✶✳✶✸✳ A =

(
2 −8 1

−3 4 3

)
, B =

(
−1 3 2
5 −1 6

)
;

✶✳✶✹✳ A =




5 −3 −2
2 5 −1
8 6 2


 , B =




1 1 0
2 3 −5
3 5 2


 ;

✶✳✶✺✳ A =

(
−5 2 2
3 −4 1

)
, B =

(
2 −3 7
1 0 2

)
;

✶✳✶✻✳ A =




1 −2 0
1 4 −3
0 1 1


 , B =




3 2 −3
−1 7 3
2 3 4


 ;

✶✳✶✼✳ A =

(
2 0 1
1 −5 0

)
, B =

(
4 5 9
1 3 5

)
;

✶✳✶✽✳ A =




−3 1 2
5 −5 1
7 1 −1


 , B =




−3 4 6
−2 1 0
1 −2 −3


 ;

✶✳✶✾✳ A =

(
1 0 −1
3 −4 2

)
, B =

(
2 4 5
3 2 1

)
;

✶✳✷✵✳ A =




0 1 2
−3 5 4
4 −1 1


 , B =




2 8 3
4 1 1
3 0 3


 ;

✶✳✷✶✳ A =

(
5 2 1
0 1 2

)
, B =

(
7 3 0
1 0 2

)
;

✶✳✷✷✳ A =




−1 5 2
3 −5 1
2 1 3


 , B =




1 4 7
2 −1 0

−3 2 5


 ;

✶✳✷✸✳ A =

(
5 2 2
3 5 7

)
, B =

(
1 3 1
1 2 8

)
;

✶✳✷✹✳ A =




4 2 −3
1 5 −3
2 0 −1


 , B =




1 2 4
2 −1 3
4 2 5


 ;

✻✼



✶✳✷✺✳ A =

(
3 2 −6
1 0 7

)
, B =

(
1 −4 3

−6 7 2

)
;

✶✳✷✻✳ A =




7 3 5
2 −3 0

−8 1 1


 , B =




−5 −4 1
−3 3 2
0 −1 4


 ;

✶✳✷✼✳ A =

(
3 6 2

−1 −2 1

)
, B =

(
−8 5 −9
2 −2 −4

)
;

✶✳✷✽✳ A =




−1 6 −3
−2 1 2
5 −3 4


 , B =




7 5 2
2 7 −3

−1 4 2


 ;

✶✳✷✾✳ A =

(
2 −5 7
4 6 −8

)
, B =

(
1 −2 4
6 −1 2

)
;

✶✳✸✵✳ A =




5 4 −3
−4 1 2
1 3 3


 , B =




−2 −4 9
2 0 1
3 −2 1


 .

➬àäàíèå ✷✳ ❮àéòè ìíîãî÷ëåí f(A)✱ åñëè

✷✳✶✳ f(x) = x2 − 5x+ 3✱ A =




22 −13 2
31 20 −3
15 17 −24


 ;

✷✳✷✳ f(x) = x2 + 2x+ 3✱ A =




−26 −18 −27
21 15 21
12 8 13


 ;

✷✳✸✳ f(x) = 2x2 − 5x+ 1✱ A =




9 15 13
4 7 10
11 −4 6


 ;

✷✳✹✳ f(x) = x2 + 2x+ 3✱ A =




−53 −36 −54
42 29 42
24 16 25


 ;

✷✳✺✳ f(x) = 3x2 − 4x✱ A =




11 12 −13
19 0 43

−12 75 14


 ;

✻✽



✷✳✻✳ f(x) = x2 + 2x+ 3✱ A =




0 1 0
0 0 1
0 0 0


 ;

✷✳✼✳ f(x) = −x2 − x+ 11✱ A =




25 23 −27
42 17 −3
67 32 27


 ;

✷✳✽✳ f(x) = x2 + 4x− 2✱ A =




13 −18 17
20 14 35

−15 7 21


 ;

✷✳✾✳ f(x) = 2x2 − 7x+ 1✱ A =




−12 8 24
22 −15 7
16 0 10


 ;

✷✳✶✵✳ f(x) = 3x2 − 2x+ 5✱ A =




1 −2 3
2 −4 1
3 −5 2


 ;

✷✳✶✶✳ f(x) = x2 − 3x+ 1✱ A =




20 −11 2
13 21 −3
12 17 −14


 ;

✷✳✶✷✳ f(x) = x2 + x+ 4✱ A =




−16 18 −27
22 10 21
12 5 13


 ;

✷✳✶✸✳ f(x) = 2x2 − 3x+ 2✱ A =




8 13 15
4 9 10

−11 4 6


 ;

✷✳✶✹✳ f(x) = x2 − 2x− 3✱ A =




−33 36 −54
40 24 42

−24 16 25


 ;

✷✳✶✺✳ f(x) = 3x2 − 2x✱ A =




14 12 −13
15 0 43

−12 35 14


 ;

✷✳✶✻✳ f(x) = x2 + 4x− 3✱ A =




12 1 16
7 0 1
9 4 18


 ;

✻✾



✷✳✶✼✳ f(x) = −x2 − x+ 10✱ A =




15 3 −27
22 17 −3
7 32 27


 ;

✷✳✶✽✳ f(x) = x2 + 5x− 2✱ A =




−13 18 17
21 14 −33

−15 7 21


 ;

✷✳✶✾✳ f(x) = 2x2 − 2x+ 1✱ A =




12 −4 24
−21 15 7
12 0 11


 ;

✷✳✷✵✳ f(x) = 3x2 − 3x+ 3✱ A =




11 −2 3
2 −14 1
23 −5 12


 ;

✷✳✷✶✳ f(x) = 3x2 − 5x+ 5✱ A =




12 23 2
−1 20 −3
15 17 4


 ;

✷✳✷✷✳ f(x) = 2x2 + 2x+ 3✱ A =




16 −18 −27
−21 15 21
12 9 10


 ;

✷✳✷✸✳ f(x) = x2 − 2x+ 1✱ A =




19 15 13
4 17 10
11 14 6


 ;

✷✳✷✹✳ f(x) = x2 + x+ 3✱ A =




−33 −36 −54
22 19 42
14 16 15


 ;

✷✳✷✺✳ f(x) = 3x2 − 5x✱ A =




10 12 −13
17 0 43

−12 −15 14


 ;

✷✳✷✻✳ f(x) = x2 + 4x+ 3✱ A =




16 8 0
−9 5 1
15 11 13


 ;

✷✳✷✼✳ f(x) = −x2 − 3x+ 10✱ A =




15 13 −27
32 17 −3
47 22 17


 ;

✼✵



✷✳✷✽✳ f(x) = x2 + 4x− 1✱ A =




13 −8 17
30 10 15

−15 7 21


 ;

✷✳✷✾✳ f(x) = 2x2 − 5x+ 1✱ A =




−12 8 24
12 −15 7

−16 0 9


 ;

✷✳✸✵✳ f(x) = 3x2 − 2x+ 4✱ A =




13 −2 3
21 −4 11
23 −5 12


 .

➬àäàíèå ✸✳ ❮àéòè An✱ ãäå

✸✳✶✳ n = 3✱ A =

(
3 1
1 2

)
;

✸✳✷✳ n = 2✱ A =




2 5 6
4 9 3

−5 6 9


 ;

✸✳✸✳ n = 3✱ A =




1 0 1
−1 1 0
0 −1 1


 ;

✸✳✹✳ n = 2✱ A =




−3 7 4
2 5 1
7 0 1


 ;

✸✳✺✳ n = 3✱ A =

(
−4 1
3 5

)
;

✸✳✻✳ n = 2✱ A =




11 0 3
−4 2 5
3 1 0


 ;

✸✳✼✳ n = 3✱ A =




1 2 3
2 4 6
1 3 5


 ;

✼✶



✸✳✽✳ n = 2✱ A =




−1 2 4
3 2 0
0 1 2


 ;

✸✳✾✳ n = 2✱ A =

(
12 13
9 8

)
;

✸✳✶✵✳ n = 3✱ A =

(
−7 3
5 −4

)
;

✸✳✶✶✳ n = 3✱ A =

(
13 1
1 12

)
;

✸✳✶✷✳ n = 2✱ A =




2 5 6
4 1 3

−5 6 3


 ;

✸✳✶✸✳ n = 3✱ A =




2 0 2
−1 1 0
0 −2 1


 ;

✸✳✶✹✳ n = 2✱ A =




−3 2 4
2 3 1
7 0 1


 ;

✸✳✶✺✳ n = 3✱ A =

(
−14 1

3 15

)
;

✸✳✶✻✳ n = 2✱ A =




9 0 3
−4 2 4
3 1 0


 ;

✸✳✶✼✳ n = 3✱ A =




1 2 3
1 4 0
2 3 5


 ;

✸✳✶✽✳ n = 2✱ A =




−1 2 3
4 2 0
0 1 2


 ;

✸✳✶✾✳ n = 2✱ A =

(
12 13
9 18

)
;

✸✳✷✵✳ n = 3✱ A =

(
−17 13

5 −4

)
;

✼✷



✸✳✷✶✳ n = 3✱ A =

(
14 2
5 13

)
;

✸✳✷✷✳ n = 2✱ A =




2 5 6
1 3 3

−5 4 9


 ;

✸✳✷✸✳ n = 3✱ A =




6 0 1
−1 7 0
0 −8 11


 ;

✸✳✷✹✳ n = 2✱ A =




−3 8 4
2 2 1
6 0 1


 ;

✸✳✷✺✳ n = 3✱ A =

(
−15 1
13 5

)
;

✸✳✷✻✳ n = 2✱ A =




1 0 3
−14 2 5

3 1 0


 ;

✸✳✷✼✳ n = 3✱ A =




4 2 3
2 5 6
1 3 5


 ;

✸✳✷✽✳ n = 2✱ A =




−11 2 4
3 2 0
0 1 12


 ;

✸✳✷✾✳ n = 3✱ A =

(
10 13
4 9

)
;

✸✳✸✵✳ n = 3✱ A =

(
−11 3

5 −4

)
.

➬àäàíèå ✹✳ Ñ ïîìîùüþ ýëåìåíòàðíûõ ïðåîáðàçîâàíèé
ñòðîê ïðèâåñòè ìàòðèöó ê ñòóïåí÷àòîìó âèäó✿

✹✳✶✳




37 259 481 407
19 133 247 209
25 175 325 275


 ;

✼✸



✹✳✷✳




2 −1 3 −2 4
4 −2 5 1 7
2 −1 1 8 2


 ;

✹✳✸✳




2 5 −1 4 3
4 1 6 −1 −1

−2 3 0 4 −9


 ;

✹✳✹✳




1 3 5 −1
2 −1 −3 4
5 1 −1 7
7 7 9 1


 ;

✹✳✺✳




−3 2 0 1 4
−1 5 2 3 5
6 −12 3 −7 −8

−3 7 9 4 15


 ;

✹✳✻✳




3 −1 3 2 5
5 −3 2 3 4
1 −3 −5 0 −7
7 −5 1 4 1


 ;

✹✳✼✳




−5 3 −4 0 3 −4
4 0 0 −1 3 0

−3 1 0 2 0 0
2 0 0 −3 0 4

−1 0 2 4 0 0




;

✹✳✽✳




4 3 −5 2 3
8 6 −7 4 2
4 3 −8 2 7
4 3 1 2 −5
8 6 −1 4 −6




;

✹✳✾✳




9 −12 3 −4 12 −16
−15 21 −5 7 −20 28
18 −24 6 −8 16 −20

−30 42 −10 14 −25 35


 ;

✼✹



✹✳✶✵✳




25 31 17 43
75 94 53 132
75 94 54 134
25 32 20 48


 ;

✹✳✶✶✳




24 19 36 72 −38
49 40 73 147 −80
73 59 98 219 −118
47 36 71 141 −72


 ;

✹✳✶✷✳




47 −67 35 201 155
26 98 23 −294 86
16 −428 1 1284 52


 ;

✹✳✶✸✳




17 −28 45 11 39
24 −37 61 13 50
25 −7 32 −18 −11
31 12 19 −43 −55
42 13 29 −55 −68




;

✹✳✶✹✳




1 0 4 −1
2 1 11 2
11 4 56 5
2 −1 5 −6


 ;

✹✳✶✺✳




0 2 −4
−1 −4 5
3 1 7
0 5 −10
2 3 0




;

✹✳✶✻✳




36 252 468 396
18 126 234 198
24 168 312 264


 ;

✹✳✶✼✳




4 −2 6 −4 8
4 −2 5 1 7
2 −1 1 8 2


 ;

✹✳✶✽✳




4 10 −2 8 6
8 2 12 −2 −2

−2 3 0 4 −9


 ;

✼✺



✹✳✶✾✳




2 6 10 −2
4 −2 −6 8
5 1 −1 7
7 7 9 1


 ;

✹✳✷✵✳




−6 4 0 2 8
−1 5 2 3 5
6 −12 3 −7 −8

−3 7 9 4 15


 ;

✹✳✷✶✳




6 −2 6 4 10
5 −3 2 3 4
1 −3 −5 0 −7
7 −5 1 4 1


 ;

✹✳✷✷✳




−10 6 −8 0 6 −8
4 0 0 −1 3 0

−3 1 0 2 0 0
4 0 0 −6 0 8

−1 0 2 4 0 0




;

✹✳✷✸✳




4 3 −5 2 3
8 6 −7 4 2
4 3 −8 2 7
4 3 1 2 −5
8 6 −1 4 −6




;

✹✳✷✹✳




27 −36 9 −12 36 −48
−15 21 −5 7 −20 28
18 −24 6 −8 16 −20

−30 42 −10 14 −25 35


 ;

✹✳✷✺✳




50 62 34 86
75 94 53 132
75 94 54 134
25 32 20 48


 ;

✹✳✷✻✳




48 38 72 144 −76
49 40 73 147 −80
73 59 98 219 −118
47 36 71 141 −72


 ;

✼✻



✹✳✷✼✳




47 −67 35 201 155
52 196 46 −588 172
16 −428 1 1284 52


 ;

✹✳✷✽✳




34 −56 90 22 78
24 −37 61 13 50
25 −7 32 −18 −11
31 12 19 −43 −55
42 13 29 −55 −68




;

✹✳✷✾✳




2 0 8 −2
2 1 11 2
11 4 56 5
2 −1 5 −6


 ;

✹✳✸✵✳




0 4 −8
−1 −4 5
3 1 7
0 5 −10
2 3 0




.

➬àäàíèå ✺✳ Óïðàæíåíèÿ íà äîêàçàòåëüñòâî

✺✳✶✳ ➘îêàçàòü✱ ÷òî

(
2 −1
3 −2

)n

❂





(
1 0
0 1

)
, n − ÷åòíîå✱

(
2 −1
3 −2

)
, n − íå÷åòíîå.

✺✳✷✳ ❮àéòè âñå ìàòðèöû âòîðîãî ïîðÿäêà

(
a b
c d

)
, êâàä✲

ðàò êîòîðûõ ðàâåí íóëåâîé ìàòðèöå✳

✺✳✸✳ ❮àéòè

(
1 1
0 1

)n

, èñïîëüçóÿ ìåòîä èíäóêöèè✳

✺✳✹✳ ❮àéòè âñå ìàòðèöû âòîðîãî ïîðÿäêà

(
a b
c d

)
, êâàä✲

ðàò êîòîðûõ ðàâåí åäèíè÷íîé ìàòðèöå✳

✼✼



✺✳✺✳ ➘îêàçàòü✱ ÷òî åñëè äëÿ ìàòðèö A è B îáà ïðîèçâåäå✲
íèÿ AB è BA ñóùåñòâóþò✱ ïðè÷åì AB = BA✱ òî ìàòðèöû A
è B ✕ êâàäðàòíûå è èìåþò îäèíàêîâûé ïîðÿäîê✳

✺✳✻✳ Ñëåäîì êâàäðàòíîé ìàòðèöû íàçûâàåòñÿ ñóììà ýëå✲
ìåíòîâ✱ ñòîÿùèõ íà ãëàâíîé äèàãîíàëè✳ ➘îêàçàòü✱ ÷òî ñëåä
ìàòðèöû AB ðàâåí ñëåäó BA✳

✺✳✼✳ ✃àê èçìåíèòñÿ ïðîèçâåäåíèå AB ìàòðèö A è B✱ åñëè

à✮ ïåðåñòàâèòü i✲þ è j✲þ ñòðîêè ìàòðèöû A❀

á✮ ê i✲é ñòðîêå ìàòðèöû A ïðèáàâèòü j✲þ ñòðîêó✱ óìíî✲
æåííóþ íà ÷èñëî c❀

â✮ ïåðåñòàâèòü i✲é è j✲é ñòîëáöû ìàòðèöû B❀

ã✮ ê i✲ìó ñòîëáöó ìàòðèöû B ïðèáàâèòü j✲é ñòîëáåö✱
óìíîæåííûé íà ÷èñëî c❄

✺✳✽✳ ❒àòðèöû A è B íàçûâàþòñÿ ïåðåñòàíîâî÷íûìè✱ åñëè
AB = BA✳ ✃âàäðàòíàÿ ìàòðèöà A íàçûâàåòñÿ ñêàëÿðíîé✱
åñëè âñå åå ýëåìåíòû✱ ñòîÿùèå âíå ãëàâíîé äèàãîíàëè✱ ðàâíû
íóëþ✱ à ýëåìåíòû ãëàâíîé äèàãîíàëè ðàâíû ìåæäó ñîáîé✱
ò✳ å✳ åñëè A = cE✱ ãäå c ✕ ÷èñëî✱ à E ✕ åäèíè÷íàÿ ìàòðèöà✳
➘îêàçàòü óòâåðæäåíèå✿ äëÿ òîãî ÷òîáû êâàäðàòíàÿ ìàòðèöà
A áûëà ïåðåñòàíîâî÷íîé ñî âñåìè êâàäðàòíûìè ìàòðèöàìè
òîãî æå ïîðÿäêà✱ íåîáõîäèìî è äîñòàòî÷íî✱ ÷òîáû ìàòðèöà
A áûëà ñêàëÿðíîé✳

✺✳✾✳ ✃âàäðàòíàÿ ìàòðèöà íàçûâàåòñÿ äèàãîíàëüíîé✱ åñ✲
ëè âñå åå ýëåìåíòû✱ ñòîÿùèå âíå ãëàâíîé äèàãîíàëè✱ ðàâíû
íóëþ✳ ➘îêàçàòü óòâåðæäåíèå✿ äëÿ òîãî ÷òîáû êâàäðàòíàÿ
ìàòðèöà A áûëà ïåðåñòàíîâî÷íîé ñî âñåìè äèàãîíàëüíûìè
ìàòðèöàìè✱ íåîáõîäèìî è äîñòàòî÷íî✱ ÷òîáû ìàòðèöàA ñàìà
áûëà äèàãîíàëüíà✳
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✺✳✶✵✳ ➘îêàçàòü✱ ÷òî åñëè A ✕ äèàãîíàëüíàÿ ìàòðèöà è âñå
ýëåìåíòû åå ãëàâíîé äèàãîíàëè ðàçëè÷íû ìåæäó ñîáîé✱ òî
ëþáàÿ ìàòðèöà✱ ïåðåñòàíîâî÷íàÿ ñ A✱ òàêæå äèàãîíàëüíà✳

✺✳✶✶✳ ➘îêàçàòü✱ ÷òî óìíîæåíèå ìàòðèöû A ñëåâà íà äèà✲
ãîíàëüíóþ ìàòðèöó B = {λ1, λ2, · · · , λn} âûçûâàåò óìíîæå✲
íèå ñòðîê A ñîîòâåòñòâåííî íà λ1, λ2, · · · , λn✱ óìíîæåíèå æå
A íà B ñïðàâà âûçûâàåò àíàëîãè÷íîå èçìåíåíèå ñòîëáöîâ✳

✺✳✶✷✳ Ïîêàçàòü✱ ÷òî îïåðàöèÿ òðàíñïîíèðîâàíèÿ ìàòðè✲
öû îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè✿

à✮ (A+B)T = AT +BT ❀

á✮ (AB)T = BTAT ❀

â✮ (cA)T = cAT ✱ ãäå c ✕ äåéñòâèòåëüíîå ÷èñëî✳

✺✳✶✸✳ Ïóñòü A ✕ ìàòðèöà ðàçìåðíîñòè m × n✱ ýëåìåíòû
êîòîðîé ÿâëÿþòñÿ êîìïëåêñíûìè ÷èñëàìè aij = αij + iβij

✭êîìïëåêñíàÿ ìàòðèöà✮✳ Ñîïðÿæåííîé ìàòðèöåé A∗ íàçûâà✲
åòñÿ ìàòðèöà ðàçìåðíîñòè n×m✱ ïîëó÷àåìàÿ èç ìàòðèöû A
â ðåçóëüòàòå òðàíñïîíèðîâàíèÿ è çàìåíû êàæäîãî ýëåìåí✲
òà òðàíñïîíèðîâàííîé ìàòðèöû AT êîìïëåêñíûì ñîïðÿæåí✲
íûì✳ ➘îêàçàòü ñëåäóþùèå ñâîéñòâà îïåðàöèè ñîïðÿæåíèÿ
ìàòðèö✿

à✮ (λA)∗ = λA∗❀

á✮ (A+B)∗ = A∗ +B∗❀

â✮ (AB)∗ = B∗ · A∗❀

ã✮ (A∗)∗ = A✱
ãäå A,B ✕ ïðîèçâîëüíûå ìàòðèöû✱ äëÿ êîòîðûõ îïðåäåëåíû
ñîîòâåòñòâóþùèå îïåðàöèè✱ λ = α+ iβ ✕ ëþáîå êîìïëåêñíîå
÷èñëî✱ λ = α− iβ ✕ ñîïðÿæåííîå ê λ ÷èñëî✳
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➹ëàâà ✸

❰ïðåäåëèòåëè

➓ ✶✳ Ïîíÿòèå è íàõîæäåíèå îïðåäåëèòåëÿ

❐þáîé êâàäðàòíîé ìàòðèöå A ìîæíî ïîñòàâèòü â ñîîòâåò✲
ñòâèå ÷èñëî✱ íàçûâàåìîå îïðåäåëèòåëåì ìàòðèöû✳ ❰ïðåäå✲
ëèòåëü ìàòðèöû A îáîçíà÷àåòñÿ detA✱ |A|✳

❰ïðåäåëèòåëåì êâàäðàòíîé ìàòðèöû A ïîðÿäêà n ✭èëè
îïðåäåëèòåëåì ïîðÿäêà n✮ íàçûâàåòñÿ àëãåáðàè÷åñêàÿ ñóì✲
ìà âñåâîçìîæíûõ ïðîèçâåäåíèé ✭ïîëíîå ÷èñëî òàêèõ ïðîèç✲
âåäåíèé ðàâíî n!✮ ýëåìåíòîâ ìàòðèöû✱ âçÿòûõ ïî îäíîìó èç
êàæäîé ñòðîêè è êàæäîãî ñòîëáöà è ñíàáæåííûõ çíàêàìè
➽ïëþñ➾ è ➽ìèíóñ➾ ïî íåêîòîðîìó îïðåäåëåííîìó ïðàâèëó✳

×àñòíûå ñëó÷àè íàõîæäåíèÿ îïðåäåëèòåëÿ
✶✳ ❰ïðåäåëèòåëåì ìàòðèöû A = (aij) ïîðÿäêà n = 1 íàçû✲

âàåòñÿ åäèíñòâåííûé ýëåìåíò ýòîé ìàòðèöû✿ det(a11) = a11✳
❮àïðèìåð✱ A = (1)✱ detA = 1✳

✷✳ ❰ïðåäåëèòåëåì ìàòðèöû A =

(
a11 a12
a21 a22

)
ïîðÿäêà

n = 2 íàçûâàåòñÿ ðàçíîñòü ïðîèçâåäåíèÿ ýëåìåíòîâ ãëàâíîé
è ïîáî÷íîé äèàãîíàëåé ìàòðèöû✿

detA = a11a22 − a12a21.

✽✵



Ïðèìåð ✶✳✶✳ detA =

∣∣∣∣
1 2
3 5

∣∣∣∣ = 1 · 5− 2 · 3 = −1.

✸✳ ❰ïðåäåëèòåëåì ìàòðèöû A =




a11 a12 a13
a21 a22 a23
a31 a32 a33


 ïîðÿä✲

êà n = 3 íàçûâàåòñÿ âûðàæåíèå âèäà

detA = a11a22a33 + a12a23a31 + a13a21a32 − a13a22a31−

−a11a23a32 − a12a21a33.

➘àííûé îïðåäåëèòåëü ìîæíî ëåãêî ïîñ÷èòàòü✱ ïîëüçóÿñü ñõå✲
ìîé✱ êîòîðàÿ íàçûâàåòñÿ ïðàâèëîì òðåóãîëüíèêîâ èëè
ïðàâèëîì Ñàððþñà✿

∣∣∣∣∣∣

• • •
• • •
• • •

∣∣∣∣∣∣
=

∣∣∣∣∣∣

• ◦ ◦
◦ • ◦
◦ ◦ •

∣∣∣∣∣∣
+

∣∣∣∣∣∣

◦ • ◦
◦ ◦ •
• ◦ ◦

∣∣∣∣∣∣
+

∣∣∣∣∣∣

◦ ◦ •
• ◦ ◦
◦ • ◦

∣∣∣∣∣∣
−

−

∣∣∣∣∣∣

◦ ◦ •
◦ • ◦
• ◦ ◦

∣∣∣∣∣∣
−

∣∣∣∣∣∣

• ◦ ◦
◦ ◦ •
◦ • ◦

∣∣∣∣∣∣
−

∣∣∣∣∣∣

◦ • ◦
• ◦ ◦
◦ ◦ •

∣∣∣∣∣∣
.

Ïðè ïîðÿäêå ìàòðèöû n ≥ 3 èñïîëüçóþò ðàçëîæåíèå ïî
ñòðîêå èëè ñòîëáöó ìàòðèöû✳
❒èíîðîì Mij ýëåìåíòà aij íàçûâàåòñÿ îïðåäåëèòåëü✱ êî✲

òîðûé ïîëó÷àåòñÿ èç îñíîâíîãî îïðåäåëèòåëÿ âû÷åðêèâàíè✲
åì i✲é ñòðîêè è j✲ãî ñòîëáöà✳
➚ëãåáðàè÷åñêèì äîïîëíåíèåì Aij ýëåìåíòà aij íàçû✲

âàåòñÿ ÷èñëî✱ âû÷èñëÿåìîå ïî ôîðìóëå

Aij = (−1)i+j ·Mij.

Ñóììà àëãåáðàè÷åñêèõ äîïîëíåíèé îäíîé ñòðîêè èëè îäíî✲
ãî ñòîëáöà✱ ñîîòâåòñòâåííî óìíîæåííûõ íà êîýôôèöèåíòû
ýòîé ñòðîêè èëè ñòîëáöà✱ ðàâíà îïðåäåëèòåëþ ìàòðèöû✿

detA =
n∑

k=1

(−1)i+kaik ·Mik =
n∑

k=1

aik · Aik.
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➘àííûé ñïîñîá âû÷èñëåíèÿ îïðåäåëèòåëÿ íàçûâàåòñÿ ðàç✲
ëîæåíèåì ïî i✲é ñòðîêå✳

➚íàëîãè÷íî ìîæíî âû÷èñëèòü îïðåäåëèòåëü✱ ðàçëîæèâ
ïî j✲ìó ñòîëáöó✿

detA =
n∑

k=1

(−1)k+jakj ·Mkj =
n∑

k=1

akj · Akj.

Òàê êàê ìîæíî èñïîëüçîâàòü ëþáûå ñòðîêó èëè ñòîëáåö ïðè
ðàçëîæåíèè✱ ëó÷øå âñåãî ðàñêëàäûâàòü ïî ñòðîêå èëè ñòîëá✲
öó✱ ãäå ìåíüøå âñåãî íåíóëåâûõ ýëåìåíòîâ✱ òåì ñàìûì óïðî✲
ñòèâ ñåáå çàäà÷ó✳

Ïðèìåð ✶✳✷✳ ➶û÷èñëèòü îïðåäåëèòåëü ðàçëîæåíèåì ïî âòî✲
ðîé ñòðîêå✿

detA =

∣∣∣∣∣∣∣∣

1 2 3 4
−1 0 2 0
1 1 3 −1
2 4 0 2

∣∣∣∣∣∣∣∣
= −1 · (−1)2+1 ·

∣∣∣∣∣∣

2 3 4
1 3 −1
4 0 2

∣∣∣∣∣∣
+

+2 · (−1)2+3 ·

∣∣∣∣∣∣

1 2 4
1 1 −1
2 4 2

∣∣∣∣∣∣
= −54 + 2 · (−1) · 6 = −66.

Òåïåðü âû÷èñëèì ýòîò æå îïðåäåëèòåëü✱ íî ðàçëîæåíèåì
ïî âòîðîìó ñòîëáöó✿

detA =

∣∣∣∣∣∣∣∣

1 2 3 4
−1 0 2 0
1 1 3 −1
2 4 0 2

∣∣∣∣∣∣∣∣
= −2 · (−1)1+2 ·

∣∣∣∣∣∣

−1 2 0
1 3 −1
2 0 2

∣∣∣∣∣∣
+

+1 · (−1)3+2 ·

∣∣∣∣∣∣

1 3 4
−1 2 0
2 0 2

∣∣∣∣∣∣
+ 4 · (−1)4+2 ·

∣∣∣∣∣∣

1 3 4
−1 2 0
1 3 −1

∣∣∣∣∣∣
=

= −2 · (−14)− 1 · (−6) + 4 · (−25) = 28 + 6− 100 = −66.

✽✷



➬àäàíèÿ äëÿ ñàìîñòîÿòåëüíîé ðàáîòû

✶✳ ➘ëÿ äàííîãî îïðåäåëèòåëÿ íàéòè ìèíîðû è àëãåáðàè✲
÷åñêèå äîïîëíåíèÿ ýëåìåíòîâ ai3 è a2j✳ ➶û÷èñëèòü îïðåäå✲
ëèòåëü ðàçëîæåíèåì ïî i✲é ñòðîêå✱ ïî j✲ìó ñòîëáöó✿

à✮ detA =

∣∣∣∣∣∣∣∣

2 0 −1 3
6 3 −9 0
0 2 −1 3
4 2 0 6

∣∣∣∣∣∣∣∣
, i = 1, j = 3;

á✮ detB =

∣∣∣∣∣∣∣∣

2 7 2 1
1 1 −1 0
3 4 0 2
0 5 −1 −3

∣∣∣∣∣∣∣∣
, i = 4, j = 3;

â✮ detC =

∣∣∣∣∣∣∣∣

3 2 0 −5
4 3 −5 0
1 0 −2 3
0 1 −3 4

∣∣∣∣∣∣∣∣
, i = 2 j = 1.

❰òâåòû✿
à✮ M13 = 72✱ A13 = 72✱ M23 = −12✱ A23 = 12✱ detA = −216❀
á✮ M43 = −9✱ A43 = 9✱ M23 = 34✱ A23 = −34✱ detB = −1❀
â✮ M23 = −22✱ A23 = 22✱ M21 = −8✱ A21 = 8✱ detC = −24✳

✷✳ Ñ ïîìîùüþ ïðàâèëà òðåóãîëüíèêîâ ✭ïðàâèëà Ñàððþñà✮
âû÷èñëèòü îïðåäåëèòåëè✿

à✮ detA =

∣∣∣∣∣∣

1 −2 1
3 1 −5
4 2 5

∣∣∣∣∣∣
; á✮ detB =

∣∣∣∣∣∣

−1 3 2
2 8 1
1 1 2

∣∣∣∣∣∣
;

â✮ detC =

∣∣∣∣∣∣

3 4 −5
8 7 −2
2 −1 8

∣∣∣∣∣∣
.

❰òâåòû✿ à✮ detA = 87❀ á✮ detB = −36❀ â✮ detC = 0✳
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➓ ✷✳ Ñâîéñòâà îïðåäåëèòåëåé

✶✳ ❰ïðåäåëèòåëü ïðè òðàíñïîíèðîâàíèè ìàòðèöû íå èç✲
ìåíÿåòñÿ✿

detA = detAT .

Ïðèìåð ✷✳✶✳ ❮àéòè îïðåäåëèòåëü ìàòðèöû A✿

detA =

∣∣∣∣∣∣

1 1 2
0 2 3
2 0 4

∣∣∣∣∣∣
= 1 · 8− 1 · (−6) + 2 · (−4) = 6.

❮àéäåì îïðåäåëèòåëü óæå òðàíñïîíèðîâàííîé ìàòðèöû

detAT =

∣∣∣∣∣∣

1 0 2
1 2 0
2 3 4

∣∣∣∣∣∣
= 1 · 8 + 2 · (−1) = 6.

➶àæíî✦ Ñëåäóþùèå ñâîéñòâà ðàñïðîñòðàíÿþòñÿ êàê íà ñòðî✲
êè✱ òàê è íà ñòîëáöû ìàòðèöû â ñèëó ñâîéñòâà ✶✳

✷✳ ➴ñëè êàêàÿ✲ëèáî ñòðîêà èëè ñòîëáåö ìàòðèöû ñîñòîèò
èç îäíèõ íóëåé✱ òî åå îïðåäåëèòåëü ðàâåí íóëþ✿

det(. . . 0 . . .) = 0.

Ïðèìåð ✷✳✷✳ detA =

∣∣∣∣
3 5
0 0

∣∣∣∣ = 3 · 0− 0 · 5 = 0.

✸✳ ➴ñëè ìàòðèöà ñîäåðæèò äâå îäèíàêîâûå ñòðîêè èëè äâà
îäèíàêîâûõ ñòîëáöà✱ à òàêæå åñëè ýëåìåíòû äâóõ ñòðîê èëè
ñòîëáöîâ ïðîïîðöèîíàëüíû✱ òî åå îïðåäåëèòåëü ðàâåí íóëþ✿

det(. . . aj . . . ak . . .) = 0 ïðè aj = ak èëè aj = λak✳

Ïðèìåð ✷✳✸✳ ❮àéòè îïðåäåëèòåëü ìàòðèöû A✱ ó êîòîðîé
äâå îäèíàêîâûå ñòðîêè✿

detA =

∣∣∣∣∣∣

1 0 1
1 0 1
3 5 7

∣∣∣∣∣∣
= 1 · (−5) + 1 · 5 = 0.
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❮àéòè îïðåäåëèòåëü ìàòðèöû B✱ ãäå äâå ñòðîêè ✕ ïðîïîð✲
öèîíàëüíûå✿

detB =

∣∣∣∣∣∣

1 1 0
1 2 3
2 4 6

∣∣∣∣∣∣
= 1 · (2 · 6− 4 · 3)− 1 · (1 · 6− 2 · 3) = 0.

✹✳ Ïðè ïåðåñòàíîâêå äâóõ ñòðîê èëè ñòîëáöîâ ìàòðèöû åå
îïðåäåëèòåëü ìåíÿåò çíàê íà ïðîòèâîïîëîæíûé✿

det(. . . aj . . . ak . . .) = − det(. . . ak . . . aj . . .).

Ïðèìåð ✷✳✹✳ ❮àéòè îïðåäåëèòåëü ìàòðèöû ✷✲ãî ïîðÿäêà✿
∣∣∣∣
1 2
3 5

∣∣∣∣ = −1.

❮àéòè îïðåäåëèòåëü ýòîé æå ìàòðèöû✱ ïîìåíÿâ â íåé ñòðî✲
êè ìåñòàìè✿ ∣∣∣∣

3 5
1 2

∣∣∣∣ = 1.

✺✳ ➴ñëè âñå ýëåìåíòû êàêîé✲ëèáî ñòðîêè èëè ñòîëáöà ìàò✲
ðèöû óìíîæèòü íà ÷èñëî λ✱ òî å➻ îïðåäåëèòåëü óìíîæèòñÿ
íà ýòî ÷èñëî λ✿

det(. . . λaj . . . ak . . .) = λ · det(. . . aj . . . ak . . .).

Ïðèìåð ✷✳✺✳ ❮àéòè îïðåäåëèòåëü ìàòðèöû A✿
∣∣∣∣
1 2
3 5

∣∣∣∣ = −1.

Óìíîæèì ïåðâóþ ñòðîêó íà 2✱ ñíîâà íàéäåì îïðåäåëèòåëü✿
∣∣∣∣
2 4
3 5

∣∣∣∣ = −2.

✻✳ ➴ñëè j✲é ñòîëáåö ìàòðèöû ïðåäñòàâëÿåòñÿ â âèäå ñóììû
äâóõ ñòîëáöîâ aj + bj✱ òî îïðåäåëèòåëü ðàâåí ñóììå äâóõ

✽✺



îïðåäåëèòåëåé✱ ó êîòîðûõ j✲ìè ñòîëáöàìè ÿâëÿþòñÿ aj è bj

ñîîòâåòñòâåííî✱ à îñòàëüíûå ñòîëáöû îäèíàêîâû✿

det(. . . aj + bj . . .) = det(. . . aj . . .) + det(. . . bj . . .).

Ïðèìåð ✷✳✻✳ ❮àéòè îïðåäåëèòåëü ìàòðèöû A✱ ó êîòîðîé
âòîðîé ñòîëáåö ÿâëÿåòñÿ ñóììîé äâóõ äðóãèõ✿

detA =

∣∣∣∣∣∣

1 2 0
0 5 3
1 4 6

∣∣∣∣∣∣
= 18 + 6 = 24.

❮àéäåì îïðåäåëèòåëè ìàòðèö B è C✱ ó êîòîðûõ âñå ñòîëáöû✱
çà èñêëþ÷åíèåì âòîðîãî✱ îäèíàêîâû✱ à ñóììà âòîðûõ ñòîëá✲
öîâ ìàòðèö B è C äàåò âòîðîé ñòîëáåö ìàòðèöû A✿

detB =

∣∣∣∣∣∣

1 1 0
0 1 3
1 1 6

∣∣∣∣∣∣
= 3 + 3 = 6.

detC =

∣∣∣∣∣∣

1 1 0
0 4 3
1 3 6

∣∣∣∣∣∣
= 15 + 3 = 18.

detA = detB + detC.

✼✳ ❰ïðåäåëèòåëü ëèíååí ïî ëþáîé ñòðîêå èëè ñòîëáöó✿

det(. . . α · aj + β · bj . . .) = α det(. . . aj . . .) + β · det(. . . bj . . .).
Ïðèìåð ✷✳✼✳ ❰áðàòèìñÿ ê ïðèìåðó ✷✳✻✱ óìíîæèì â ìàò✲
ðèöå A âòîðîé ñòîëáåö íà ✻✱ òîãäà

det Ã =

∣∣∣∣∣∣

1 12 0
0 30 3
1 24 6

∣∣∣∣∣∣
= 24 · 6 = 144.

➬àìåòèì✱ ÷òî âòîðîé ñòîëáåö ìàòðèöû Ã ìîæíî ïðåäñòàâèòü
êàê ✻ ñòîëáöîâ ìàòðèöû B è ✻ ñòîëáöîâ ìàòðèöû




12
30
24


 = 6 ·




1
1
1


+ 6 ·




1
4
3


 =




6
6
6


+




6
24
18


 .

✽✻



Òîãäà îïðåäåëèòåëü ìàòðèöû Ã ìîæíî ïðåäñòàâèòü êàê

det Ã = detB + 6 · detC = 6 · 6 + 6 · 18 = 144.

✽✳ ❰ïðåäåëèòåëü ìàòðèöû íå èçìåíèòñÿ✱ åñëè ê ýëåìåíòàì
êàêîé✲ëèáî ñòðîêè èëè ñòîëáöà ìàòðèöû ïðèáàâèòü ýëåìåí✲
òû äðóãîé ñòðîêè èëè ñòîëáöà✱ ïðåäâàðèòåëüíî óìíîæåííûå
íà îäíî è òî æå ÷èñëî✿

det(. . . aj + λ · ak . . . ak . . .) = det(. . . aj . . . ak . . .).

Ïðèìåð ✷✳✽✳ ❮àéòè îïðåäåëèòåëü ìàòðèöû A✿

detA =

∣∣∣∣∣∣

1 2 0
0 5 3
1 4 6

∣∣∣∣∣∣
= 18 + 6 = 24.

Ïðèáàâèì ê òðåòüåé ñòðîêå ìàòðèöû ïåðâóþ✱ óìíîæèâ åå íà
(−1)✿



1 2 0
0 5 3
1 4 6


 ∼




1 2 0
0 5 3

1− 1 4− 2 6− 0


 ∼




1 2 0
0 5 3
0 2 6


 .

Ïîñ÷èòàåì îïðåäåëèòåëü ïîëó÷èâøåéñÿ ìàòðèöû✿
∣∣∣∣∣∣

1 2 0
0 5 3
0 2 6

∣∣∣∣∣∣
= 30− 6 = 24.

✾✳ Ïóñòü A è B ✕ êâàäðàòíûå ìàòðèöû îäíîãî è òîãî æå
ïîðÿäêà✳ Òîãäà

det(AB) = detA · detB,

ò✳ å✳ îïðåäåëèòåëü ïðîèçâåäåíèÿ ìàòðèö ðàâåí ïðîèçâåäåíèþ
èõ îïðåäåëèòåëåé✳

Ïðèìåð ✷✳✾✳ ❮àéòè îïðåäåëèòåëü ïðîèçâåäåíèÿ ìàòðèö

A =

(
1 2
3 4

)
, B =

(
5 6
7 8

)
,

✽✼



detA = 1 · 4− 2 · 3 = −2,

detB = 5 · 8− 6 · 7 = −2,

detA · detB = 4.

Òåïåðü ïðîâåðèì✿

AB =

(
1 2
3 4

)
·
(

5 6
7 8

)
=

(
19 22
43 50

)
,

det(AB) = 19 · 50− 22 · 43 = 4.

➬àäàíèÿ äëÿ ñàìîñòîÿòåëüíîé ðàáîòû

❮å ðàñêðûâàÿ îïðåäåëèòåëåé✱ äîêàçàòü ñïðàâåäëèâîñòü
òîæäåñòâ✿

✶✳

∣∣∣∣∣∣

3 2 1
−2 3 2
4 5 3

∣∣∣∣∣∣
=

∣∣∣∣∣∣

3 2 7
−2 3 −2
4 5 11

∣∣∣∣∣∣
;

✷✳

∣∣∣∣∣∣

1 −2 3
−2 1 −5
3 2 7

∣∣∣∣∣∣
=

∣∣∣∣∣∣

1 0 0
−2 −3 1
3 8 −2

∣∣∣∣∣∣
;

✸✳

∣∣∣∣∣∣

sin2 α cos2 α cos 2α
sin2 β cos2 β cos 2β
sin2 γ cos2 γ cos 2γ

∣∣∣∣∣∣
= 0.

➓ ✸✳ ❒åòîäû âû÷èñëåíèÿ îïðåäåëèòåëåé

Ïðè âû÷èñëåíèè îïðåäåëèòåëåé áîëåå âûñîêîãî ïîðÿäêà
✭íàïðèìåð✱ n ≥ 4✮ ôîðìóëàìè ðàçëîæåíèÿ ïî ñòðîêå✴ñòîëáöó
â îáùåì ñëó÷àå íå ïîëüçóþòñÿ✱ òàê êàê ýòî ïðèâîäèò ê ãðî✲
ìîçäêèì âû÷èñëåíèÿì✳

✽✽



Ñîêðàòèòü âû÷èñëåíèÿ ïðè ïîäñ÷åòå îïðåäåëèòåëÿ ìîæ✲
íî✱ ïðèìåíÿÿ ýëåìåíòàðíûå ïðåîáðàçîâàíèÿ íàä ñòðîêàìè✴
ñòîëáöàìè ìàòðèöû✳

Ðàññìîòðèì îïðåäåëèòåëè íåêîòîðûõ ìàòðèö✳

❰ïðåäåëèòåëü òðåóãîëüíîé ìàòðèöû
❰ïðåäåëèòåëåì âåðõíåé ✭íèæíåé✮ òðåóãîëüíîé ìàòðèöû

ÿâëÿåòñÿ ïðîèçâåäåíèå ýëåìåíòîâ✱ ñòîÿùèõ íà ãëàâíîé äèà✲
ãîíàëè✿

∣∣∣∣∣∣

1 1 2
0 2 2
0 0 3

∣∣∣∣∣∣
= 1 ·

∣∣∣∣
2 2
0 3

∣∣∣∣− 1 ·
∣∣∣∣
0 2
0 3

∣∣∣∣+ 2 ·
∣∣∣∣
0 2
0 0

∣∣∣∣ =

= 1 · 2 · 3− 2 · 0− 0 + 0 = 6.

Ñîãëàñíî ñâîéñòâó ✽ ✭ñì✳ ñâîéñòâà îïðåäåëèòåëåé✮ ëþ✲
áóþ êâàäðàòíóþ ìàòðèöó ìîæíî ïðèâåñòè ê òðåóãîëüíîìó
âèäó ✭ìåòîä ➹àóññà✮✱ ÷òîáû óïðîñòèòü ïîäñ÷åò åå îïðåäåëè✲
òåëÿ✳

❰ïðåäåëèòåëü äèàãîíàëüíîé ìàòðèöû
❰ïðåäåëèòåëåì äèàãîíàëüíîé ìàòðèöû ÿâëÿåòñÿ ïðîèçâå✲

äåíèå ýëåìåíòîâ✱ ñòîÿùèõ íà ãëàâíîé äèàãîíàëè✿
∣∣∣∣∣∣

1 0 0
0 2 0
0 0 3

∣∣∣∣∣∣
= 1 · 2 · 3 = 6.

Ýëåìåíòàðíûìè ïðåîáðàçîâàíèÿìè íàä ñòðîêàìè✴
ñòîëáöàìè ìàòðèö íàçûâàþòñÿ ñëåäóþùèå ïðåîáðàçîâàíèÿ✿
✶✳ Óìíîæåíèå ñòðîêè✴ñòîëáöà íà íåíóëåâîå ÷èñëî ✖ îïðåäå✲
ëèòåëü óìíîæàåòñÿ íà ýòî æå ÷èñëî ñîãëàñíî ñâîéñòâó ✺✳
✷✳ Ïåðåñòàíîâêà äâóõ ñòðîê✴ñòîëáöîâ ✖ îïðåäåëèòåëü ìåíÿ✲
åò çíàê íà ïðîòèâîïîëîæíûé ñîãëàñíî ñâîéñòâó ✹✳
✸✳ Ïðèáàâëåíèå ê îäíîé ñòðîêå✴ñòîëáöó ìàòðèöû äðóãîé åå
ñòðîêè✴ñòîëáöà✱ óìíîæåííîé✴óìíîæåííîãî íà íåêîòîðîå íåíó✲
ëåâîå ÷èñëî✱ îïðåäåëèòåëü íå èçìåíÿåòñÿ✳

✽✾



➶ ãëàâå ✷ ìû ðàññìàòðèâàëè àëãîðèòì ïðèâåäåíèÿ ìàò✲
ðèöû ê ñòóïåí÷àòîìó âèäó ýëåìåíòàðíûìè ïðåîáðàçîâàíè✲
ÿìè ✭ìåòîä ➹àóññà✮✳

Ïðèìåð ✸✳✶✳ ➶û÷èñëèòü îïðåäåëèòåëü ïðè ïîìîùè ýëåìåí✲
òàðíûõ ïðåîáðàçîâàíèé è ñâîéñòâà òðåóãîëüíîé ìàòðèöû✳
➘ëÿ ýòîãî íàéäåì â ïåðâîì ñòîëáöå âåäóùèé ýëåìåíò✳ Òàê
êàê åäèíèöà íå íàøëàñü✱ ïîìåíÿåì ìåñòàìè ïåðâóþ è òðå✲
òüþ ñòðîêè✱ íå çàáûâàÿ ïðî ñìåíó çíàêà îïðåäåëèòåëÿ✱
è îòíèìåì îò ïåðâîé ñòðîêè âòîðóþ✿

∣∣∣∣∣∣

4 6 3
2 5 2
3 7 4

∣∣∣∣∣∣
= (−1) ·

∣∣∣∣∣∣

3 7 4
2 5 2
4 6 3

∣∣∣∣∣∣
= (−1) ·

∣∣∣∣∣∣

1 2 2
2 5 2
4 6 3

∣∣∣∣∣∣
.

Ïåðåõîäèì êî âòîðîìó øàãó✿ óìíîæàåì ïåðâóþ ñòðîêó íà
íåêîòîðîå ÷èñëî è ïðèáàâëÿåì åå ê íèæåñòîÿùèì ñòðîêàì
òàê✱ ÷òîáû â ïåðâîì ñòîëáöå âñå ýëåìåíòû íèæå âåäóùå✲
ãî áûëè ðàâíû íóëþ✱ äëÿ ýòîãî óìíîæàåì ïåðâóþ ñòðîêó
íà (−2) è ïðèáàâëÿåì êî âòîðîé✱ à çàòåì óìíîæàåì ïåðâóþ
ñòðîêó íà (−4) è ïðèáàâëÿåì ê òðåòüåé✿

(−1) ·

∣∣∣∣∣∣

1 2 2
2 5 2
4 6 3

∣∣∣∣∣∣
= (−1) ·

∣∣∣∣∣∣

1 2 2
0 1 −2
4 6 3

∣∣∣∣∣∣
= (−1) ·

∣∣∣∣∣∣

1 2 2
0 1 −2
0 −2 −5

∣∣∣∣∣∣
.

Ïåðåõîäèì ê òðåòüåìó øàãó✿ èñêëþ÷àåì èç ðàññìîòðåíèÿ
ïåðâóþ ñòðîêó è ïåðâûé ñòîëáåö✱ èùåì âåäóùèé ýëåìåíò äëÿ
âòîðîãî ñòîëáöà✳ Ïîâòîðÿåì ïðîöåäóðó äëÿ âòîðîãî ñòîëáöà✱
òåïåðü óìíîæàåì âòîðóþ ñòðîêó íà ✷ è ïðèáàâëÿåì ê òðå✲
òüåé ñòðîêå✿

(−1) ·

∣∣∣∣∣∣

1 2 2
0 1 −2
0 −2 −5

∣∣∣∣∣∣
= (−1) ·

∣∣∣∣∣∣

1 2 2
0 1 −2
0 0 −9

∣∣∣∣∣∣
.

✾✵



❒àòðèöà ïðèâåäåíà ê òðåóãîëüíîìó âèäó ïðè ïîìîùè ýëå✲
ìåíòàðíûõ ïðåîáðàçîâàíèé✳ Òåïåðü ïîñ÷èòàåì îïðåäåëèòåëü✿

(−1) ·

∣∣∣∣∣∣

1 2 2
0 1 −2
0 0 −9

∣∣∣∣∣∣
= (−1) · 1 · 1 · 9 = 9.

Ïðîâåðèì✱ ïîñ÷èòàâ îïðåäåëèòåëü äðóãèì ñïîñîáîì✿
∣∣∣∣∣∣

4 6 3
2 5 2
3 7 4

∣∣∣∣∣∣
= 4 · 6− 6 · 2 + 3 · (−1) = 9.

❒åòîä íàõîæäåíèÿ îïðåäåëèòåëÿ ýëåìåíòàðíûìè ïðåîá✲
ðàçîâàíèÿìè óäîáíî èñïîëüçîâàòü íà ìàòðèöàõ ðàçìåðíîñòè
n ≥ 4✳

Òåïåðü ïðèâåäåì ôîðìóëó✱ îáîáùàþùóþ ðàçëîæåíèå îïðå✲
äåëèòåëÿ ïî êàêîé✲ëèáî ñòðîêå✴ñòîëáöó✱ ôîðìóëó ❐àïëà✲
ñà✳

Ïóñòü äàíà êâàäðàòíàÿ ìàòðèöà A ïîðÿäêà n✳ ➶ûáåðåì
â ìàòðèöå k ñòðîê ✭k < n✮ ñ íîìåðàìè i1, i2, . . . , ik✱ òàêèìè✱
÷òî 1 ≤ i1 < i2 < . . . < ik ≤ n✱ è k ñòîëáöîâ ñ íîìåðàìè
j1, j2, . . . , jk✱ òàêèìè✱ ÷òî 1 ≤ j1 < j2 < . . . < jk ≤ n✳

❒èíîðîì ïåðâîãî òèïà M i1i2...ik
j1j2...jk

íàçûâàåòñÿ îïðåäåëè✲
òåëü ìàòðèöû k✲ãî ïîðÿäêà✱ îáðàçîâàííîé ýëåìåíòàìè✱ ñòî✲
ÿùèìè íà ïåðåñå÷åíèè âûáðàííûõ k ñòðîê è k ñòîëáöîâ✳

❒èíîðîì âòîðîãî òèïà M
i1i2...ik
j1j2...jk

✱ èëè äîïîëíèòåëüíûì
ìèíîðîì✱ íàçûâàåòñÿ îïðåäåëèòåëü ìàòðèöû ïîðÿäêà n− k✱
ïîëó÷àþùåéñÿ âû÷åðêèâàíèåì èç ìàòðèöû k ñòðîê ñ íîìå✲
ðàìè i1, i2, . . . ik è k ñòîëáöîâ ñ íîìåðàìè j1, j2, . . . jk✳

Òåîðåìà ❐àïëàñà✳ Ïðè ëþáîì íîìåðå k < n è ïðè ëþ✲
áûõ ôèêñèðîâàííûõ íîìåðàõ ñòðîê i1, i2, . . . , ik✱ òàêèõ✱ ÷òî
1 ≤ i1 < i2 < . . . < ik ≤ n✱ äëÿ îïðåäåëèòåëÿ ïîðÿäêà n
ñïðàâåäëèâà ôîðìóëà

detA =
∑

j1,j2,...jk

(−1)i1+i2+...+ik+j1+j2+...+jk ·M i1i2...ik
j1j2...jk

·M i1i2...ik
j1j2...jk

,

✾✶



íàçûâàåìàÿ ðàçëîæåíèåì îïðåäåëèòåëÿ ïî i1, i2, . . . ik ñòðî✲
êàì✳ Ñóììèðîâàíèå â ýòîé ôîðìóëå èäåò ïî âñåì âîçìîæ✲
íûì çíà÷åíèÿì èíäåêñîâ j1, j2, . . . , jk✱ òàêèõ✱ ÷òî 1 ≤ j1 <
j2 < . . . < jk ≤ n✳

Ïðèìåð ✸✳✷✳ ➶û÷èñëèòü îïðåäåëèòåëü ïî ôîðìóëå ❐àïëà✲
ñà✿

|A| =

∣∣∣∣∣∣∣∣

2 −1 0 0
−1 2 −1 0
0 −1 2 −1
0 0 −1 2

∣∣∣∣∣∣∣∣
.

Ôîðìóëà ❐àïëàñà ïîçâîëÿåò ðàçëîæèòü îïðåäåëèòåëü ñðàçó
ïî äâóì è áîëåå ñòðîêàì✴ñòîëáöàì✳ ➶ûáåðåì òðåòüþ è ÷åò✲
âåðòóþ ñòðîêè✳ Ñîãëàñíî ôîðìóëå✱ èìååì

|A| = (−1)3+4+1+2 ·M34

12 ·M34

12 + (−1)3+4+1+3 ·M34

13 ·M34

13+

+(−1)3+4+1+4 ·M34

14 ·M34

14 + (−1)3+4+2+3 ·M34

23 ·M34

23+

+(−1)3+4+2+4 ·M34

24 ·M34

24 + (−1)3+4+3+4 ·M34

34 ·M34

34.

Òàê êàê

M34

12 = 0, M34

13 = 0, M34

14 = 0, M
34

23 = 0,

íàì îñòàåòñÿ âû÷èñëèòü

M34

24 =

∣∣∣∣
−1 −1
0 2

∣∣∣∣ = −2, M
34

24 =

∣∣∣∣
2 0

−1 −1

∣∣∣∣ = −2,

M34

34 =

∣∣∣∣
2 −1

−1 2

∣∣∣∣ = 3, M
34

34 =

∣∣∣∣
2 −1

−1 2

∣∣∣∣ = 3.

➶ èòîãå ïîëó÷àåì

|A| = (−1) · (−2) · (−2) + 1 · 3 · 3 = −4 + 9 = 5.

✾✷



Ïðèìåð ✸✳✸✳ ➶û÷èñëèòü îïðåäåëèòåëü ïî ôîðìóëå ❐àïëà✲
ñà✿

|A| =

∣∣∣∣∣∣∣∣

1 −3 −1 2
0 1 3 0
3 −3 −1 4
0 2 −1 0

∣∣∣∣∣∣∣∣
.

➴ñëè ïîñìîòðåòü íà îïðåäåëèòåëü✱ òî ìîæíî óâèäåòü✱ ÷òî
ñ íàèìåíüøèìè âû÷èñëèòåëüíûìè çàòðàòàìè áóäåò ðàçëî✲
æåíèå ïî âòîðîé è ÷åòâåðòîé ñòðîêàì ✭óäà÷íî ðàñïîëîæåíû
íóëè✮✳ Ïðè òàêîì âûáîðå ñòðîê íàì íåîáõîäèìî ïîñ÷èòàòü

âñåãî äâà ìèíîðà ✕ M24
23 è äîïîëíèòåëüíûé M

24

23 ✭îñòàëüíûå
ñëàãàåìûå â ôîðìóëå ❐àïëàñà áóäóò íóëåâûìè✱ òàê êàê ìè✲
íîðû áóäóò ñîäåðæàòü íóëåâîé ñòîëáåö✮✿

M24

23 =

∣∣∣∣
1 3
2 −1

∣∣∣∣ = −7, M
24

23

∣∣∣∣
1 2
3 4

∣∣∣∣ = −2.

Òîãäà

|A| = (−1)2+4+2+3 ·M24

23 ·M24

23 = (−1) · (−7) · (−2) = −14.

Òàêèì îáðàçîì✱ ìîæåì âûäåëèòü îñíîâíûå ìåòîäû âû÷èñ✲
ëåíèÿ îïðåäåëèòåëåé✿

✶✳ ❒åòîä ïðèâåäåíèÿ ê òðåóãîëüíîìó âèäó ✭ñ ïîìîùüþ
ýëåìåíòàðíûõ ïðåîáðàçîâàíèé✮✳

✷✳ ❒åòîä ïîíèæåíèÿ ïîðÿäêà✳ Ñ ïîìîùüþ ýëåìåíòàðíûõ
ïðåîáðàçîâàíèé ñî ñòðîêàìè✴ñòîëáöàìè ìîæíî óïðîñòèòü ìàò✲
ðèöó✱ ñäåëàâ ðàâíûìè íóëþ ïðàêòè÷åñêè âñå ýëåìåíòû â êàêîé✲
ëèáî ñòðîêå✴ñòîëáöå✳ ➮ äàëåå ðàçëîæèòü îïðåäåëèòåëü ïî
ýòîé ñòðîêå✴ñòîëáöó ñ íàèìåíüøèìè âû÷èñëåíèÿìè✳

✸✳ Ôîðìóëà ❐àïëàñà ✭ðàçëîæåíèå îïðåäåëèòåëÿ ïî k < n
ñòðîêàì✴ñòîëáöàì✮✳

✾✸



➬àäàíèÿ äëÿ ñàìîñòîÿòåëüíîé ðàáîòû

✶✳ ➶û÷èñëèòü îïðåäåëèòåëè ìåòîäîì ïîíèæåíèÿ ïîðÿäêà✿

à✮

∣∣∣∣∣∣

1 2 −3
−2 5 4
0 7 −1

∣∣∣∣∣∣
; á✮

∣∣∣∣∣∣∣∣

2 3 −1 4
1 0 −7 5

−1 6 −3 2
4 8 −6 1

∣∣∣∣∣∣∣∣
; â✮

∣∣∣∣∣∣∣∣

1 1 1 2
1 3 4 5
1 1 6 7
1 1 1 8

∣∣∣∣∣∣∣∣
;

ã✮

∣∣∣∣∣∣∣∣∣∣

−2 5 0 −1 3
1 0 3 7 −2
3 −1 0 5 −5
0 6 −4 1 2
0 −3 −1 2 3

∣∣∣∣∣∣∣∣∣∣

.

❰òâåòû✿ à✮ ✺❀ á✮ −1046❀ â✮ ✻✵❀ ã✮ ✺✻✳

✷✳ ➶û÷èñëèòü îïðåäåëèòåëè ïðèâåäåíèåì ê òðåóãîëüíîìó
âèäó✿

à✮

∣∣∣∣∣∣∣∣

1 1 2 3
1 2 3 1
2 3 6 4
3 5 9 4

∣∣∣∣∣∣∣∣
; á✮

∣∣∣∣∣∣∣∣

1 1 1 1
1 −1 1 1
1 1 −1 1
1 1 1 −1

∣∣∣∣∣∣∣∣
.

❰òâåòû✿ à✮ −1❀ á✮ −8✳

✸✳ ➶û÷èñëèòü îïðåäåëèòåëè ïî ôîðìóëå ❐àïëàñà✿

à✮

∣∣∣∣∣∣∣∣∣∣

1 2 0 0 0
3 2 3 0 0
0 4 3 4 0
0 0 5 4 5
0 0 0 6 5

∣∣∣∣∣∣∣∣∣∣

; á✮

∣∣∣∣∣∣∣∣∣∣

−2 5 0 −1 3
1 0 3 7 −2
3 −1 0 5 −5
0 6 −4 1 2
0 −3 −1 2 3

∣∣∣∣∣∣∣∣∣∣

.

❰òâåòû✿ à✮ ✻✹✵❀ á✮ ✺✻✳

✾✹



➓ ✹✳ Ðîëü îïðåäåëèòåëÿ ïðè íàõîæäåíèè
îáðàòíîé ìàòðèöû

❒àòðèöà A−1 íàçûâàåòñÿ îáðàòíîé ïî îòíîøåíèþ ê êâàä✲
ðàòíîé ìàòðèöå A✱ åñëè ïðè óìíîæåíèè ýòîé ìàòðèöû íà
äàííóþ êàê ñïðàâà✱ òàê è ñëåâà ïîëó÷àåòñÿ åäèíè÷íàÿ ìàò✲
ðèöà✿

A−1 · A = A · A−1 = E.

Óñëîâèå ñóùåñòâîâàíèÿ îáðàòíîé ìàòðèöû ✕ îïðåäåëèòåëü
ìàòðèöû A íå ðàâåí íóëþ✿

|A| 6= 0.

➴ñëè îïðåäåëèòåëü ìàòðèöû îòëè÷åí îò íóëÿ✱ òî òàêàÿ
êâàäðàòíàÿ ìàòðèöà íàçûâàåòñÿ íåâûðîæäåííîé❀ â ïðîòèâ✲
íîì ñëó÷àå ✖ âûðîæäåííîé✳

Òåîðåìà ✭íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå ñóùå✲
ñòâîâàíèÿ îáðàòíîé ìàòðèöû✮✳ ❰áðàòíàÿ ìàòðèöà ñóùå✲
ñòâóåò ✭è åäèíñòâåííà✮ òîãäà è òîëüêî òîãäà✱ êîãäà èñõîäíàÿ
ìàòðèöà íåâûðîæäåííàÿ ✭|A| 6= 0✮✳

Ðàññìîòðèì âñïîìîãàòåëüíóþ ìàòðèöó C✱ ñîñòàâëåííóþ
èç àëãåáðàè÷åñêèõ äîïîëíåíèé ýëåìåíòîâ ìàòðèöû A✿

C =




A11 A12 . . . A1n

A21 A22 . . . A2n

. . . . . . . . . . . .
An1 An2 . . . Ann


 .

➚ëãîðèòì âû÷èñëåíèÿ îáðàòíîé ìàòðèöû
✶✳ ❮àõîäèì îïðåäåëèòåëü èñõîäíîé ìàòðèöû |A|✳ ➴ñëè

|A| = 0✱ òî A−1 íå ñóùåñòâóåò✳
✷✳ ➴ñëè |A| 6= 0✱ íàõîäèì àëãåáðàè÷åñêèå äîïîëíåíèÿ Aij

ýëåìåíòîâ ìàòðèöû A (i = 1, n, j = 1, n) è ñîñòàâëÿåì èç íèõ
ìàòðèöó C = (Aij)✱ i = 1, n, j = 1, n✳

✾✺



✸✳ ❒àòðèöà A+ = CT íàçûâàåòñÿ ïðèñîåäèíåííîé ìàòðè✲
öåé ✕ ýòî òðàíñïîíèðîâàííàÿ ìàòðèöà ê ìàòðèöå✱ ñîñòàâëåí✲
íîé èç àëãåáðàè÷åñêèõ äîïîëíåíèé ýëåìåíòîâ aij ìàòðè✲
öû A✳

✹✳ ➶û÷èñëÿåì îáðàòíóþ ìàòðèöó ïî ôîðìóëå

A−1 =
1

|A| · A
+ =

1

|A| ·




A11 A12 . . . A1n

A21 A22 . . . A2n

. . . . . . . . . . . .
An1 An2 . . . Ann




T

.

Ñâîéñòâà✿

✶✮ (A−1)−1 = A❀

✷✮ (AB)−1 = B−1A−1❀

✸✮ (AT )−1 = (A−1)T ❀

✹✮ |A−1| = 1

|A|
❀

✺✮ E−1 = E✳

❮àõîæäåíèå îáðàòíîé ìàòðèöû ïðè ïîìîùè ýëå✲
ìåíòàðíûõ ïðåîáðàçîâàíèé

Ýëåìåíòàðíûå ïðåîáðàçîâàíèÿ äîïóñêàþò✿
✕ ïåðåñòàíîâêó ìåñòàìè äâóõ ñòðîê ìàòðèöû❀
✕ óìíîæåíèå âñåõ ýëåìåíòîâ îäíîé ñòðîêè íà ÷èñëî✱ îòëè÷✲
íîå îò íóëÿ❀
✕ ïðèáàâëåíèå êî âñåì ýëåìåíòàì ñòðîêè ìàòðèöû ñîîòâåò✲
ñòâóþùèõ ýëåìåíòîâ äðóãîé ñòðîêè✱ óìíîæåííûõ íà ÷èñëî✱
îòëè÷íîå îò íóëÿ✳

✃àæäóþ ìàòðèöó ìîæíî ïðèâåñòè ê åäèíè÷íîìó âèäó ìå✲
òîäîì ➹àóññà✳

✾✻



➘ëÿ òîãî ÷òîáû íàéòè îáðàòíóþ ìàòðèöó✱ âîçüìåì äâå
ìàòðèöû ✕ ñàìó A è åäèíè÷íóþ E✱ ò✳ å✳ ñîñòàâèì ðàñøèðåí✲
íóþ ìàòðèöó âèäà (A|E)✳ Ïîñëå ýòîãî ñ ïîìîùüþ ýëåìåíòàð✲
íûõ ïðåîáðàçîâàíèé✱ âûïîëíÿåìûõ ñî ñòðîêàìè ðàñøèðåí✲
íîé ìàòðèöû✱ äîáüåìñÿ òîãî✱ ÷òîáû ìàòðèöà ñëåâà îò ÷åðòû
ñòàëà åäèíè÷íîé✱ ïðè÷åì ðàñøèðåííàÿ ìàòðèöà ïðèìåò âèä
(E|A−1)✳

Ïðèìåð ✹✳✶✳ ➘àíà ìàòðèöà

A =




7 4 6
2 5 −4
1 −1 3


 .

❮àéòè îáðàòíóþ ê íåé✳
Ñîñòàâèì ðàñøèðåííóþ ìàòðèöó✿

(A|E) =




7 4 6
2 5 −4
1 −1 3

∣∣∣∣∣∣

1 0 0
0 1 0
0 0 1


 .

Ïîìåíÿåì ìåñòàìè ïåðâóþ è òðåòüþ ñòðîêè✿




1 −1 3
2 5 −4
7 4 6

∣∣∣∣∣∣

0 0 1
0 1 0
1 0 0


 .

Ñ ïîìîùüþ ïåðâîé ñòðîêè ➽çàíóëÿåì➾ ýëåìåíòû ïåðâî✲
ãî ñòîëáöà✱ ðàñïîëîæåííûå ïîä ïåðâîé ñòðîêîé✿ îò ýëåìåí✲
òîâ âòîðîé ñòðîêè âû÷òåì ñîîòâåòñòâóþùèå ýëåìåíòû ïåð✲
âîé ñòðîêè✱ ïðåäâàðèòåëüíî óìíîæåííûå íà ✷❀ îò ýëåìåíòîâ
òðåòüåé ñòðîêè âû÷òåì ñîîòâåòñòâóþùèå ýëåìåíòû ïåðâîé
ñòðîêè✱ ïðåäâàðèòåëüíî óìíîæåííûå íà ✼✿




1 −1 3
2 5 −4
7 4 6

∣∣∣∣∣∣

0 0 1
0 1 0
1 0 0


 ∼




1 −1 3
0 7 −10
0 11 −15

∣∣∣∣∣∣

0 0 1
0 1 −2
1 0 −7


 .

✾✼



Ñ ïîìîùüþ âòîðîé ñòðîêè ➽çàíóëÿåì➾ ýëåìåíò âòîðîãî
ñòîëáöà✱ ðàñïîëîæåííûé ïîä âòîðîé ñòðîêîé✿ òðåòüþ ñòðîêó
óìíîæàåì íà ✼ è âû÷åòàåì èç íåå âòîðóþ ñòðîêó✱ óìíîæåí✲
íóþ íà ✶✶✿




1 −1 3
0 7 −10
0 11 −15

∣∣∣∣∣∣

0 0 1
0 1 −2
1 0 −7


 ∼

∼




1 −1 3
0 7 −10
0 0 5

∣∣∣∣∣∣

0 0 1
0 1 −2
7 −11 −27


 .

Ðàçäåëèì òðåòüþ ñòðîêó íà ✺✿



1 −1 3
0 7 −10
0 0 5

∣∣∣∣∣∣

0 0 1
0 1 −2
7 −11 −27


 ∼

∼




1 −1 3
0 7 −10
0 0 1

∣∣∣∣∣∣

0 0 1
0 1 −2
7

5
−11

5
−27

5


 .

Ïðÿìîé õîä îêîí÷åí✳ ➶ñå ýëåìåíòû✱ ðàñïîëîæåííûå ïîä
ãëàâíîé äèàãîíàëüþ ìàòðèöû äî ÷åðòû✱ ➽çàíóëèëèñü➾✳ ❮à÷✲
íåì îáðàòíûé õîä✳ Ñ ïîìîùüþ òðåòüåé ñòðîêè ➽çàíóëÿåì➾
ýëåìåíòû òðåòüåãî ñòîëáöà✱ ðàñïîëîæåííûå íàä òðåòüåé ñòðî✲
êîé✿ èç ïåðâîé ñòðîêè âû÷òåì òðåòüþ ñòðîêó✱ óìíîæåííóþ
íà ✸✱ êî âòîðîé ñòðîêå ïðèáàâèì òðåòüþ✱ óìíîæåííóþ íà ✶✵✿




1 −1 3
0 7 −10
0 0 1

∣∣∣∣∣∣

0 0 1
0 1 −2
7

5
−11

5
−27

5


 ∼

∼




1 −1 0
0 7 0
0 0 1

∣∣∣∣∣∣

−21

5

33

5

86

5

14 −21 −56
7

5
−11

5
−27

5


 .

✾✽



Ïåðåä ïåðåõîäîì ê ñëåäóþùåìó øàãó ðàçäåëèì âòîðóþ
ñòðîêó íà ✼✿




1 −1 0
0 7 0
0 0 1

∣∣∣∣∣∣

−21

5

33

5

86

5

14 −21 −56
7

5
−11

5
−27

5


 ∼

∼




1 −1 0
0 1 0
0 0 1

∣∣∣∣∣∣

−21

5

33

5

86

5

2 −3 −8
7

5
−11

5
−27

5


 .

Ñ ïîìîùüþ âòîðîé ñòðîêè ➽çàíóëÿåì➾ ýëåìåíòû âòîðîãî ñòîëá✲
öà✱ ðàñïîëîæåííûå íàä âòîðîé ñòðîêîé✿ ê ïåðâîé ñòðîêå ïðè✲
áàâëÿåì âòîðóþ ñòðîêó✿




1 −1 0
0 1 0
0 0 1

∣∣∣∣∣∣

−21

5

33

5

86

5

2 −3 −8
7

5
−11

5
−27

5


 ∼

∼




1 0 0
0 1 0
0 0 1

∣∣∣∣∣∣

−11

5

18

5

46

5

2 −3 −8
7

5
−11

5
−27

5


 .

Ïðåîáðàçîâàíèÿ çàêîí÷åíû✱ îáðàòíàÿ ìàòðèöà ìåòîäîì
➹àóññà íàéäåíà✿

A−1 =




−11

5

18

5

46

5

2 −3 −8
7

5
−11

5
−27

5


 .

Ïðèìåð ✹✳✷✳ ➘àíà ìàòðèöà

A =




1 2 1
−1 1 1
1 1 2


 .

|A| 6= 0✳ ❮àõîäèì àëãåáðàè÷åñêèå äîïîëíåíèÿ ýëåìåíòîâ ìàò✲
ðèöû A è ñîñòàâëÿåì èç íèõ ìàòðèöó C✿

C =




1 −3 1
3 1 −2

−2 1 3


 .

✾✾



➘àëåå ñîñòàâëÿåì ïðèñîåäèíåííóþ ìàòðèöó A+ = CT è âû✲
÷èñëÿåì îáðàòíóþ ìàòðèöó ïî ôîðìóëå

A−1 =
1

|A|A
+ =

1

5




1 3 −2
−3 1 1
1 −2 3


 =




1

5

3

5
−2

5

−3

5

1

5

1

5
1

5
−2

5

3

5


 .

➬àìå÷àíèÿ✳ ✶✳ ➴ñëè äàíà íåâûðîæäåííàÿ äèàãîíàëüíàÿ
ìàòðèöà✱ òî îáðàòíàÿ ê íåé ìàòðèöà òàêæå áóäåò äèàãîíàëü✲
íîé✱ ïðè÷åì

(diag{a11, a22, . . . , ann})−1 = diag{ 1

a11
,
1

a22
, . . . ,

1

ann
}.

✷✳ ❒àòðèöà✱ îáðàòíàÿ ê íåâûðîæäåííîé íèæíåé ✭âåðõíåé✮
òðåóãîëüíîé ìàòðèöå✱ òàêæå áóäåò íèæíåé ✭âåðõíåé✮ òðå✲
óãîëüíîé✳

✸✳ ➘ëÿ íåâûðîæäåííûõ ìàòðèö ✷✲ãî ïîðÿäêà A =

(
a b
c d

)

ñóùåñòâóåò ïðîñòîå ïðàâèëî íàõîæäåíèÿ îáðàòíîé ìàòðèöû✿
à✮ íåîáõîäèìî ïîìåíÿòü ìåñòàìè ýëåìåíòû✱ ñòîÿùèå íà ãëàâ✲
íîé äèàãîíàëè✱ a è d❀
á✮ ñìåíèòü çíàêè ó ýëåìåíòîâ✱ ñòîÿùèõ íà ïîáî÷íîé äèàãî✲
íàëè✱ b è c❀
â✮ óìíîæèòü ïîëó÷åííóþ ìàòðèöó íà 1

|A|
= 1

ad−bc
✳

Òàêèì îáðàçîì✱ ïîëó÷èì

A−1 =
1

|ad− bc| ·
(

d −b
−c a

)
.

Ïðèìåð ✹✳✸✳ ➘àíà ìàòðèöà A =

(
1 2
3 4

)
. ❮àéòè îáðàòíóþ

ìàòðèöó✳
Ïðåæäå ïðîâåðèì✱ íåâûðîæäåííàÿ ëè èñõîäíàÿ ìàòðèöà✳

|A| = −2 6= 0✱ çíà÷èò✱ ñóùåñòâóåò åäèíñòâåííàÿ îáðàòíàÿ
ìàòðèöà

A−1 = −1

2
·
(

4 −2
−3 1

)
=

(
−2 1

3

2
−1

2

)
.

✶✵✵



❒îæíî ïðîâåðèòü ÷åðåç ìàòðèöó àëãåáðàè÷åñêèõ äîïîëíå✲
íèé✿

C =

(
4 −3

−2 1

)
, A+ = CT =

(
4 −2

−3 1

)
,

A−1 =
1

|A| · A
+ =

(
−2 1

3

2
−1

2

)
.

➬àäàíèÿ äëÿ ñàìîñòîÿòåëüíîé ðàáîòû

➘ëÿ ïðèâåäåííûõ íèæå ìàòðèö íàéòè îáðàòíûå ìàòðèöû✿

✶✳ A =

(
1 2
2 5

)
; ✷✳ B =

(
−1 4
8 0

)
; ✸✳ C =




1 3 −5
0 1 2
0 0 1


 ;

✹✳ D =




1 2 1 0
0 1 1 2
1 0 1 0
0 1 0 1


 ; ✺✳ F =




3 5 −2
1 −3 2
6 7 −3


 ;

✻✳ G =




2 1 3
1 0 2
1 0 4


 ; ✼✳ H =




0 2 −1
−2 −1 2
3 −2 −1


 ;

✽✳ K =




4 −1 2 0
−1 1 1 1
1 3 2 −1
0 4 3 0


 ;

❰òâåòû✿ ✶✳ A−1 =

(
5 −2

−2 1

)
; ✷✳ B−1 =

(
0 1

8
1

4

1

32

)
;

✸✳ C−1 =




1 −3 11
0 1 −2
0 0 1


 ; ✹✳D−1 = 1

2




−1 −2 3 4
1 0 −1 0
1 2 −1 −4

−1 0 1 2


 ;

✶✵✶



✺✳ F−1 = 1

10




−5 1 4
15 3 −8
25 9 −14


 ; ✻✳G−1 = −1

2




0 −4 2
−2 5 −1
0 1 −1


 ;

✼✳ H−1 =




5 4 3
4 3 2
7 6 4


 ; ✽✳ A−1 íå ñóùåñòâóåò✳

➓ ✺✳ ❒àòðè÷íûå óðàâíåíèÿ

➘àíî ìàòðè÷íîå óðàâíåíèå

A ·X = B,

ãäå ó ìàòðèö A è B îäèíàêîâîå ÷èñëî ñòðîê✱ ïðè÷åì A ✕
êâàäðàòíàÿ✳ Òðåáóåòñÿ íàéòè ìàòðèöó X✳

➴ñëè |A| 6= 0 ✭ò✳ å✳ ìàòðèöà íåâûðîæäåííàÿ✮✱ òîãäà ìàò✲
ðè÷íîå óðàâíåíèå èìååò åäèíñòâåííîå ðåøåíèå

X = A−1 · B.

➘åéñòâèòåëüíî✱ òàê êàê ìàòðèöà A−1 ñóùåñòâóåò✱ òî ïî
îïðåäåëåíèþ A−1 · A = E✱ çíà÷èò✱ A−1 · A ·X = A−1 · B èëè
X = A−1 · B✳

Òåïåðü ðàññìîòðèì óðàâíåíèå âèäà

Y · A = B,

ãäå ó ìàòðèö A è B îäèíàêîâîå ÷èñëî ñòîëáöîâ✱ ïðè÷åì A ✕
êâàäðàòíàÿ✳ Òðåáóåòñÿ íàéòè ìàòðèöó Y ✳

➴ñëè |A| 6= 0 ✭ò✳ å✳ ìàòðèöà íåâûðîæäåííàÿ✮✱ òîãäà ìàò✲
ðè÷íîå óðàâíåíèå èìååò åäèíñòâåííîå ðåøåíèå

Y = B · A−1.

Ïðèìåð ✺✳✶✳ Ðåøèòü ìàòðè÷íîå óðàâíåíèå A ·X = B✱ ãäå

A =

(
1 2
3 4

)
, B =

(
1 3 5
2 4 6

)
.

✶✵✷



❒àòðèöó A−1 =

(
−2 1

3

2
−1

2

)
ìû óæå íàõîäèëè âûøå

✭ñì✳ ïðèìåð ✹✳✸✮✳ Òåïåðü îñòàëîñü íàéòè ïðîèçâåäåíèå
X = A−1 · B✿

X =

(
−2 1

3

2
−1

2

)
·
(

1 3 5
2 4 6

)
=

(
0 −2 −4
1

2

5

2

9

2

)
.

Ïðèìåð ✺✳✷✳ Ðåøèòü ìàòðè÷íîå óðàâíåíèå X · A = B✱ ãäå

A =

(
3 −2
5 −4

)
, B =

(
−1 2
−5 6

)
.

❮àéäåì A−1✿

A−1 = −1

2

(
−4 2
−5 3

)
.

X = A−1 · B = −1

2

(
−1 2
−5 6

)
·
(

−4 2
−5 3

)
=

= −1

2
·
(

−6 4
−10 8

)
=

(
3 −2
5 −4

)
.

➬àäàíèÿ äëÿ ñàìîñòîÿòåëüíîé ðàáîòû

✶✳ ➘àíû ìàòðèöû A =

(
1 2
1 4

)
✱ B =

(
1 3 5
2 4 6

)
✱

C =




1 2
3 4
5 6


 .

Ðåøèòü ñëåäóþùèå ìàòðè÷íûå óðàâíåíèÿ✿
à✮A ·X = B❀ á✮ Y · A = C✳

❰òâåòû✿ à✮ X =

(
0 2 4
1

2

1

2

1

2

)
❀ á✮ Y =




1 0
4 −1
7 −2


 .

✶✵✸



✷✳ Ðåøèòü óðàâíåíèå B ·X + 2 ·X = E✱ ãäå B =

(
−1 2
1 2

)
.

❰òâåò✿ X =

(
2 −1
−1

2

1

2

)
.

✸✳ Ðåøèòü óðàâíåíèå A ·X · B = C✱ ãäå

A =

(
1 2
1 4

)
, B =




1 2 1
0 1 0
0 2 2


 , C =

(
1 3 5
2 4 6

)
.

❰òâåò✿ X =

(
0 −2 2
1

2
−1

2
0

)
.

✶✵✹



➮íäèâèäóàëüíûå çàäàíèÿ

➬àäàíèå ✶✳ ➶û÷èñëèòü îïðåäåëèòåëè ✷✲ãî ïîðÿäêà✿

✶✳✶✳

∣∣∣∣
−1 4
−5 2

∣∣∣∣ ; ✶✳✷✳

∣∣∣∣
5 2
7 3

∣∣∣∣ ;

✶✳✸✳

∣∣∣∣
3 −4
1 2

∣∣∣∣ ; ✶✳✹✳

∣∣∣∣
1 2
3 4

∣∣∣∣ ;

✶✳✺✳

∣∣∣∣
3 6
5 10

∣∣∣∣ ; ✶✳✻✳

∣∣∣∣
6 9
8 12

∣∣∣∣ ;

✶✳✼✳

∣∣∣∣
3 16
5 10

∣∣∣∣ ; ✶✳✽✳

∣∣∣∣
−4 5
1 −2

∣∣∣∣ ;

✶✳✾✳

∣∣∣∣
2 −3
7 −8

∣∣∣∣ ; ✶✳✶✵✳

∣∣∣∣
5 1
11 −4

∣∣∣∣ ;

✶✳✶✶✳

∣∣∣∣
1 12
3 −2

∣∣∣∣ ; ✶✳✶✷✳

∣∣∣∣
23 2
3 1

∣∣∣∣ ;

✶✳✶✸✳

∣∣∣∣
4 −5
6 7

∣∣∣∣ ; ✶✳✶✹✳

∣∣∣∣
21 −1
3 2

∣∣∣∣ ;

✶✳✶✺✳

∣∣∣∣
−3 5
6 −7

∣∣∣∣ ; ✶✳✶✻✳

∣∣∣∣
14 13
−2 3

∣∣∣∣ ;

✶✳✶✼✳

∣∣∣∣
15 −7
5 3

∣∣∣∣ ; ✶✳✶✽✳

∣∣∣∣
−13 11
−6 8

∣∣∣∣ ;

✶✳✶✾✳

∣∣∣∣
24 3
14 −1

∣∣∣∣ ; ✶✳✷✵✳

∣∣∣∣
−25 5
−6 2

∣∣∣∣ ;

✶✳✷✶✳

∣∣∣∣
11 −12
−4 5

∣∣∣∣ ; ✶✳✷✷✳

∣∣∣∣
25 −3
14 3

∣∣∣∣ ;

✶✳✷✸✳

∣∣∣∣
−2 15
2 23

∣∣∣∣ ; ✶✳✷✹✳

∣∣∣∣
12 14
12 −3

∣∣∣∣ ;

✶✳✷✺✳

∣∣∣∣
26 −4
8 −2

∣∣∣∣ ; ✶✳✷✻✳

∣∣∣∣
−7 8
9 −10

∣∣∣∣ ;

✶✳✷✼✳

∣∣∣∣
4 −8
12 2

∣∣∣∣ ; ✶✳✷✽✳

∣∣∣∣
9 7

−11 −3

∣∣∣∣ ;

✶✵✺



✶✳✷✾✳

∣∣∣∣
10 13
−2 4

∣∣∣∣ ; ✶✳✸✵✳

∣∣∣∣
17 6
−3 5

∣∣∣∣ .

➬àäàíèå ✷✳ ➶û÷èñëèòü îïðåäåëèòåëè ✸✲ãî ïîðÿäêà✿

✷✳✶✳

∣∣∣∣∣∣

2 1 3
5 3 2
1 4 3

∣∣∣∣∣∣
; ✷✳✷✳

∣∣∣∣∣∣

2 −1 3
−2 3 2
0 2 5

∣∣∣∣∣∣
;

✷✳✸✳

∣∣∣∣∣∣

3 2 1
2 5 3
3 4 2

∣∣∣∣∣∣
; ✷✳✹✳

∣∣∣∣∣∣

2 1 0
1 0 3
0 5 −1

∣∣∣∣∣∣
;

✷✳✺✳

∣∣∣∣∣∣

4 −3 5
3 −2 8
1 −7 −5

∣∣∣∣∣∣
; ✷✳✻✳

∣∣∣∣∣∣

3 −2 1
−2 1 3
2 0 −2

∣∣∣∣∣∣
;

✷✳✼✳

∣∣∣∣∣∣

3 2 −4
4 1 −2
5 2 −3

∣∣∣∣∣∣
; ✷✳✽✳

∣∣∣∣∣∣

1 0 1
2 1 3
5 0 −1

∣∣∣∣∣∣
;

✷✳✾✳

∣∣∣∣∣∣

3 4 −5
8 7 −2
2 −1 8

∣∣∣∣∣∣
; ✷✳✶✵✳

∣∣∣∣∣∣

2 4 6
5 12 19
3 9 17

∣∣∣∣∣∣
;

✷✳✶✶✳

∣∣∣∣∣∣

4 2 −1
5 3 −2
3 2 −1

∣∣∣∣∣∣
; ✷✳✶✷✳

∣∣∣∣∣∣

2 0 5
1 3 16
0 −1 10

∣∣∣∣∣∣
;

✷✳✶✸✳

∣∣∣∣∣∣

1 1 1
1 2 3
1 3 6

∣∣∣∣∣∣
; ✷✳✶✹✳

∣∣∣∣∣∣

1 2 0
0 1 3
5 0 −1

∣∣∣∣∣∣
;

✷✳✶✺✳

∣∣∣∣∣∣

0 1 1
1 0 1
1 1 0

∣∣∣∣∣∣
; ✷✳✶✻✳

∣∣∣∣∣∣

5 6 3
0 1 0
7 4 5

∣∣∣∣∣∣
;

✷✳✶✼✳

∣∣∣∣∣∣

2 0 3
7 1 6
6 0 5

∣∣∣∣∣∣
; ✷✳✶✽✳

∣∣∣∣∣∣

1 5 25
1 7 49
1 8 64

∣∣∣∣∣∣
;

✶✵✻



✷✳✶✾✳

∣∣∣∣∣∣

1 1 1
4 5 9
16 25 81

∣∣∣∣∣∣
; ✷✳✷✵✳

∣∣∣∣∣∣

1 2 3
4 5 6
7 8 9

∣∣∣∣∣∣
;

✷✳✷✶✳

∣∣∣∣∣∣

1 5 −1
2 4 −3
3 −1 −3

∣∣∣∣∣∣
; ✷✳✷✷✳

∣∣∣∣∣∣

3 5 −1
2 4 −3
−2 −1 −3

∣∣∣∣∣∣
;

✷✳✷✸✳

∣∣∣∣∣∣

1 3 −1
2 2 −3
3 −7 −3

∣∣∣∣∣∣
; ✷✳✷✹✳

∣∣∣∣∣∣

1 5 3
2 4 2
3 −1 −7

∣∣∣∣∣∣
;

✷✳✷✺✳

∣∣∣∣∣∣

−4 0 1
2 −1 3
3 2 2

∣∣∣∣∣∣
; ✷✳✷✻✳

∣∣∣∣∣∣

5 −4 4
1 2 2
0 3 4

∣∣∣∣∣∣
;

✷✳✷✼✳

∣∣∣∣∣∣

−3 1 0
2 1 4
3 −1 4

∣∣∣∣∣∣
; ✷✳✷✽✳

∣∣∣∣∣∣

2 1 4
4 −1 2
3 −1 4

∣∣∣∣∣∣
;

✷✳✷✾✳

∣∣∣∣∣∣

2 −4 5
1 2 −3
3 −1 2

∣∣∣∣∣∣
; ✷✳✸✵✳

∣∣∣∣∣∣

3 4 −1
1 −3 5
4 1 4

∣∣∣∣∣∣
;

➬àäàíèå ✸✳ ➶û÷èñëèòü îïðåäåëèòåëè ✹✲ãî✱ ✺✲ãî ïîðÿäêà✿

✸✳✶✳

∣∣∣∣∣∣∣∣

1 1 2 3
1 2 3 1
2 3 6 4
3 5 9 4

∣∣∣∣∣∣∣∣
; ✸✳✷✳

∣∣∣∣∣∣∣∣

1 1 1 1
1 −1 1 1
1 1 −1 1
1 1 1 −1

∣∣∣∣∣∣∣∣
;

✸✳✸✳

∣∣∣∣∣∣∣∣

2 1 0 0
2 2 0 0
2 3 1 0
2 4 0 1

∣∣∣∣∣∣∣∣
; ✸✳✹✳

∣∣∣∣∣∣∣∣

0 1 1 1
1 0 1 1
1 1 0 1
1 1 1 0

∣∣∣∣∣∣∣∣
;

✸✳✺✳

∣∣∣∣∣∣∣∣∣∣

1 −1 3 −2 4
0 3 2 0 1
0 0 4 −1 −1
0 6 4 2 3
1 −1 3 −2 5

∣∣∣∣∣∣∣∣∣∣

; ✸✳✻✳

∣∣∣∣∣∣∣∣

2 −5 1 2
−3 7 −1 4
5 −9 2 7
4 −6 1 2

∣∣∣∣∣∣∣∣
;

✶✵✼



✸✳✼✳

∣∣∣∣∣∣∣∣∣∣

1 2 0 0 0
3 2 3 0 0
0 4 3 4 0
0 0 5 4 5
0 0 0 6 5

∣∣∣∣∣∣∣∣∣∣

; ✸✳✽✳

∣∣∣∣∣∣∣∣

−3 9 3 6
−5 8 2 7
4 −5 −3 −2
7 −8 −4 −5

∣∣∣∣∣∣∣∣
;

✸✳✾✳

∣∣∣∣∣∣∣∣

3 −3 −5 8
−3 2 4 −6
2 −5 −7 5

−4 3 5 −6

∣∣∣∣∣∣∣∣
; ✸✳✶✵✳

∣∣∣∣∣∣∣∣

2 −5 4 3
3 −4 7 5
4 −9 8 5

−3 2 −5 3

∣∣∣∣∣∣∣∣
;

✸✳✶✶✳

∣∣∣∣∣∣∣∣

3 −3 −2 −5
2 5 4 6
5 5 8 7
4 4 5 6

∣∣∣∣∣∣∣∣
; ✸✳✶✷✳

∣∣∣∣∣∣∣∣

3 −5 −2 2
−4 7 4 4
4 −9 −3 7
2 −6 −3 2

∣∣∣∣∣∣∣∣
;

✸✳✶✸✳

∣∣∣∣∣∣∣∣

3 −5 2 −4
−3 4 −5 3
−5 7 −7 5
8 −8 5 −6

∣∣∣∣∣∣∣∣
; ✸✳✶✹✳

∣∣∣∣∣∣∣∣

3 2 2 2
9 −8 5 10
5 −8 5 8
6 −5 4 7

∣∣∣∣∣∣∣∣
;

✸✳✶✺✳

∣∣∣∣∣∣∣∣

7 6 3 7
3 5 7 2
5 4 3 5
5 6 5 4

∣∣∣∣∣∣∣∣
; ✸✳✶✻✳

∣∣∣∣∣∣∣∣

6 −5 8 4
9 7 5 2
7 5 3 7

−4 8 −8 −3

∣∣∣∣∣∣∣∣
;

✸✳✶✼✳

∣∣∣∣∣∣∣∣

7 3 2 6
8 −9 4 9
7 −2 7 3
5 −3 3 4

∣∣∣∣∣∣∣∣
; ✸✳✶✽✳

∣∣∣∣∣∣∣∣∣∣

1 2 3 4 5
2 3 7 10 13
3 5 11 16 21
2 −7 7 7 2
1 4 5 3 10

∣∣∣∣∣∣∣∣∣∣

;

✸✳✶✾✳

∣∣∣∣∣∣∣∣∣∣

3 6 5 6 4
5 9 7 8 6
6 12 13 9 7
4 6 6 5 4
2 5 4 5 3

∣∣∣∣∣∣∣∣∣∣

; ✸✳✷✵✳

∣∣∣∣∣∣∣∣

35 59 71 52
42 70 77 54
43 68 72 52
29 49 65 50

∣∣∣∣∣∣∣∣
;

✶✵✽



✸✳✷✶✳

∣∣∣∣∣∣∣∣

27 44 40 55
20 64 21 40
13 −20 −13 24
46 45 −55 84

∣∣∣∣∣∣∣∣
; ✸✳✷✷✳

∣∣∣∣∣∣∣∣∣∣

24 11 13 17 19
51 13 32 40 46
61 11 14 50 56
62 20 7 13 52
80 24 45 57 70

∣∣∣∣∣∣∣∣∣∣

;

✸✳✷✸✳

∣∣∣∣∣∣∣∣

−3 0 0 0
2 2 0 0
1 3 −1 0

−1 5 3 5

∣∣∣∣∣∣∣∣
; ✸✳✷✹✳

∣∣∣∣∣∣∣∣

2 −1 3 4
0 −1 5 −3
0 0 5 −3
0 0 0 2

∣∣∣∣∣∣∣∣
;

✸✳✷✺✳

∣∣∣∣∣∣∣∣

2 −1 1 0
0 1 2 −1
3 −1 2 3
3 1 6 1

∣∣∣∣∣∣∣∣
; ✸✳✷✻✳

∣∣∣∣∣∣∣∣

2 3 −3 4
2 1 −1 2
6 2 1 0
2 3 0 −5

∣∣∣∣∣∣∣∣
;

✸✳✷✼✳

∣∣∣∣∣∣∣∣

8 7 2 0
−8 2 7 10
4 4 4 5
0 4 −3 2

∣∣∣∣∣∣∣∣
; ✸✳✷✽✳

∣∣∣∣∣∣∣∣

0 −2 1 7
4 −8 2 −3
10 1 −5 4
−8 3 2 −1

∣∣∣∣∣∣∣∣
;

✸✳✷✾✳

∣∣∣∣∣∣∣∣

6 2 −10 4
−5 −7 −4 1
2 4 −2 −6
3 0 −5 4

∣∣∣∣∣∣∣∣
; ✸✳✸✵✳

∣∣∣∣∣∣∣∣

4 −5 −1 −5
−3 2 8 −2
5 3 1 3

−2 4 −6 8

∣∣∣∣∣∣∣∣
.

➬àäàíèå ✹✳Ïîëüçóÿñü òåîðåìîé ❐àïëàñà✱ âû÷èñëèòü îïðå✲
äåëèòåëè✿

✹✳✶✳

∣∣∣∣∣∣∣∣

1 0 0 −1
2 3 4 7

−3 4 5 9
−4 −5 6 1

∣∣∣∣∣∣∣∣
; ✹✳✷✳

∣∣∣∣∣∣∣∣

5 1 2 7
3 0 0 2
1 3 4 5
2 0 0 3

∣∣∣∣∣∣∣∣
;

✹✳✸✳

∣∣∣∣∣∣∣∣

3 −1 5 2
2 0 7 0
−3 1 2 0
5 −4 1 2

∣∣∣∣∣∣∣∣
; ✹✳✹✳

∣∣∣∣∣∣∣∣

1 1 3 4
2 0 0 8
3 0 0 2
4 4 7 5

∣∣∣∣∣∣∣∣
;

✶✵✾



✹✳✺✳

∣∣∣∣∣∣∣∣

5 62 −79 4
0 2 3 0
6 183 201 5
0 3 4 0

∣∣∣∣∣∣∣∣
; ✹✳✻✳

∣∣∣∣∣∣∣∣

0 5 2 0
8 3 5 4
7 2 4 1
0 4 1 0

∣∣∣∣∣∣∣∣
;

✹✳✼✳

∣∣∣∣∣∣∣∣∣∣

9 7 6 8 5
3 0 0 2 0
5 3 0 4 0
1 0 0 0 0
7 5 4 6 0

∣∣∣∣∣∣∣∣∣∣

; ✹✳✽✳

∣∣∣∣∣∣∣∣∣∣

5 2 1 3 2
4 0 7 0 0
2 3 7 5 3
2 3 6 4 5
3 0 4 0 0

∣∣∣∣∣∣∣∣∣∣

;

✹✳✾✳

∣∣∣∣∣∣∣∣∣∣

1 2 3 4 5
2 1 2 3 4
0 2 1 2 3
0 0 2 1 2
0 0 0 2 1

∣∣∣∣∣∣∣∣∣∣

; ✹✳✶✵✳

∣∣∣∣∣∣∣∣∣∣

2 1 4 3 5
3 4 0 5 0
3 4 5 2 1
1 5 2 4 3
4 6 0 7 0

∣∣∣∣∣∣∣∣∣∣

;

✹✳✶✶✳

∣∣∣∣∣∣∣∣∣∣

1 0 2 0 3
0 2 0 3 0
2 0 3 0 4
0 3 0 4 0
3 0 4 0 3

∣∣∣∣∣∣∣∣∣∣

; ✹✳✶✷✳

∣∣∣∣∣∣∣∣∣∣

7 2 1 3 4
1 0 2 0 3
3 0 4 0 7
6 3 2 4 5
5 1 2 2 3

∣∣∣∣∣∣∣∣∣∣

;

✹✳✶✸✳

∣∣∣∣∣∣∣∣∣∣

7 −3 9 5 −4
4 0 0 0 3

−6 0 1 0 8
5 0 0 0 4
1 8 −2 −9 3

∣∣∣∣∣∣∣∣∣∣

; ✹✳✶✹✳

∣∣∣∣∣∣∣∣∣∣

1 2 3 4 5
0 6 0 4 1
2 4 1 3 5
1 3 5 2 4
0 5 0 3 2

∣∣∣∣∣∣∣∣∣∣

;

✹✳✶✺✳

∣∣∣∣∣∣∣∣∣∣∣

2 3 1 2 9 8
3 4 2 7 5 3
0 0 5 3 3 1
0 0 8 5 7 5
0 0 0 0 9 7
0 0 0 0 4 3

∣∣∣∣∣∣∣∣∣∣∣

; ✹✳✶✻✳

∣∣∣∣∣∣∣∣∣∣∣

1 2 0 0 0 0
3 4 0 0 0 0
7 6 5 4 0 0
2 3 4 5 0 0
5 1 2 6 7 3
2 7 5 3 4 1

∣∣∣∣∣∣∣∣∣∣∣

;

✶✶✵



✹✳✶✼✳

∣∣∣∣∣∣∣∣∣∣∣

2 −3 7 1 9 11
1 0 3 0 −4 0
7 4 9 −1 11 −5
1 0 −1 0 1 0
9 −4 11 1 13 2
4 0 1 0 −1 0

∣∣∣∣∣∣∣∣∣∣∣

;

✹✳✶✽✳

∣∣∣∣∣∣∣∣∣∣∣

1 2 3 4 5 3
6 5 7 8 4 2
9 8 6 7 0 0
3 2 4 5 0 0
3 4 0 0 0 0
5 6 0 0 0 0

∣∣∣∣∣∣∣∣∣∣∣

; ✹✳✶✾✳

∣∣∣∣∣∣∣∣∣∣∣

1 30 94 46 14 2
0 7 6 9 4 0
0 0 3 5 0 0
0 0 2 3 0 0
0 5 1 4 3 0
2 7 47 23 15 1

∣∣∣∣∣∣∣∣∣∣∣

;

✹✳✷✵✳

∣∣∣∣∣∣∣∣∣∣∣

7 6 5 4 3 2
9 7 8 9 4 3
7 4 9 7 0 0
5 3 6 1 0 0
0 0 5 6 0 0
0 0 6 8 0 0

∣∣∣∣∣∣∣∣∣∣∣

; ✹✳✷✶✳

∣∣∣∣∣∣∣∣∣∣∣

2 1 0 0 0 0
1 2 1 0 0 0
0 1 2 1 0 0
0 0 1 2 1 0
0 0 0 1 2 1
0 0 0 0 1 2

∣∣∣∣∣∣∣∣∣∣∣

;

✹✳✷✷✳

∣∣∣∣∣∣∣∣∣∣∣

2 3 0 0 1 −1
9 4 0 0 3 7
4 5 1 −1 2 4
3 8 3 7 6 9
1 −1 0 0 0 0
3 7 0 0 0 0

∣∣∣∣∣∣∣∣∣∣∣

;

✹✳✷✸✳

∣∣∣∣∣∣∣∣∣∣∣

1 0 2 0 3 0
5 1 4 2 7 3
1 0 4 0 9 0
8 1 5 3 7 6
1 0 8 0 27 0
9 1 5 4 3 10

∣∣∣∣∣∣∣∣∣∣∣

; ✹✳✷✹✳

∣∣∣∣∣∣∣∣

2 2 6 8
1 0 0 4
3 0 0 2
4 4 7 5

∣∣∣∣∣∣∣∣
;

✹✳✷✺✳

∣∣∣∣∣∣∣∣

0 10 4 0
8 3 5 4
7 2 4 1
0 8 2 0

∣∣∣∣∣∣∣∣
; ✹✳✷✻✳

∣∣∣∣∣∣∣∣

5 1 2 7
6 0 0 4
1 3 4 5
4 0 0 6

∣∣∣∣∣∣∣∣
;

✶✶✶



✹✳✷✼✳

∣∣∣∣∣∣∣∣∣∣

9 7 6 8 5
6 0 0 4 0
5 3 0 4 0
3 0 0 0 0
7 5 4 6 0

∣∣∣∣∣∣∣∣∣∣

; ✹✳✷✽✳

∣∣∣∣∣∣∣∣∣∣

5 2 1 3 2
8 0 14 0 0
2 3 7 5 3
2 3 6 4 5
6 0 8 0 0

∣∣∣∣∣∣∣∣∣∣

;

✹✳✷✾✳

∣∣∣∣∣∣∣∣∣∣

7 −3 9 5 −4
8 0 0 0 6

−6 0 1 0 8
10 0 0 0 8
1 8 −2 −9 3

∣∣∣∣∣∣∣∣∣∣

; ✹✳✸✵✳

∣∣∣∣∣∣∣∣∣∣

7 2 1 3 4
3 0 6 0 9
6 0 8 0 14
6 3 2 4 5
5 1 2 2 3

∣∣∣∣∣∣∣∣∣∣

.

➬àäàíèå ✺✳ ❮àéòè îáðàòíóþ ìàòðèöó äëÿ ñëåäóþùåé
ìàòðèöû✿

✺✳✶✳




5 0 0
0 3 0
0 0 −2


 ; ✺✳✷✳




2 5 7
6 3 4
5 −2 −3


 ;

✺✳✸✳




1 0 0
0 1 0
3 0 1


 ; ✺✳✹✳




3 −4 5
2 −3 1
3 −5 −1


 ;

✺✳✺✳




6 0 0
0 1 2
0 3 5


 ; ✺✳✻✳




2 7 3
3 9 4
1 5 3


 ;

✺✳✼✳




1 3 0
2 7 0
0 0 7


 ; ✺✳✽✳




1 2 2
2 1 −2
2 −2 1


 ;

✺✳✾✳




1 1 0
0 1 0
0 3 3


 ; ✺✳✶✵✳




1 1 1 1
1 1 −1 −1
1 −1 1 −1
1 −1 −1 1


 ;

✶✶✷



✺✳✶✶✳




2 0 0
3 1 1
0 0 2


 ; ✺✳✶✷✳




1 2 3 4
2 3 1 2
1 1 1 −1
1 0 −2 −6


 ;

✺✳✶✸✳




1 0 0 0
0 0 1 0
0 0 0 1
0 1 0 0


 ; ✺✳✶✹✳




2 0 0 0
0 0 0 1
0 2 0 0
0 0 1 0


 ;

✺✳✶✺✳




0 0 1 0
1 0 0 0
0 0 0 1
0 1 0 0


 ; ✺✳✶✻✳




0 0 0 −1
0 0 2 0
1 0 0 0
0 3 0 0


 ;

✺✳✶✼✳




1 2 0 0
2 3 0 0
1 −1 1 3
0 1 0 2


 ; ✺✳✶✽




2 3 1 2
1 1 2 0
0 0 1 −1
0 0 1 −2


 ;

✺✳✶✾✳




2 −1 0
1 2 −1
0 1 1


 ; ✺✳✷✵✳




4 2 −1
1 2 1
0 1 −1


 ;

✺✳✷✶✳




2 1 −1
0 3 4
1 0 1


 ; ✺✳✷✷✳




2 3 0 8
0 1 −1 3
0 0 1 2
1 0 0 1


 ;

✺✳✷✸✳




10 0 0
0 6 0
0 0 −4


 ; ✺✳✷✹✳




4 10 14
6 3 4
5 −2 −3


 ;

✺✳✷✺✳




2 0 0
0 3 0
12 0 4


 ; ✺✳✷✻✳




3 0 5
2 −3 1
3 −5 −1


 ;

✺✳✷✼✳




4 0 0
0 3 6
0 3 5


 ; ✺✳✷✽✳




0 7 3
3 0 4
1 5 3


 ;

✶✶✸



✺✳✷✾✳




3 9 0
2 7 0
0 0 5


 ; ✺✳✸✵✳




3 6 6
2 1 −2
2 −2 1


 .

➬àäàíèå ✻✳ Ðåøèòü ìàòðè÷íîå óðàâíåíèå✿

✻✳✶✳ X ·




0 2 0
1 0 0
0 0 3


 =

(
−2 2 0
2 6 3

)
;

✻✳✷✳




−3 1 2
1 0 −1

−4 3 0


 ·X =




−2 1
1 −1

−10 −2


 ;

✻✳✸✳




2 0 0
0 0 5
1 1 1


 ·X =




−4 2
15 0
2 −1


 ;

✻✳✹✳ X ·




−1 −2 2
1 1 −1
0 −3 2


 =

(
−1 1 1
1 0 3

)
;

✻✳✺✳ X ·




0 3 0
1 0 1
0 0 4


 =

(
−5 1 0
3 3 3

)
;

✻✳✻✳




6 1 0
7 0 1
0 0 2


 ·X =




3 4
1 0
2 1


 ;

✻✳✼✳ X ·




0 7 0
9 0 0
0 0 4


 =

(
−1 0 3
5 2 0

)
;

✻✳✽✳




−2 1 0
1 0 3
0 0 4


 ·X =




−3 2
2 0
5 1


 ;

✶✶✹



✻✳✾✳ X ·




3 0 0
0 2 1
1 0 3


 =

(
1 2 3
4 5 6

)
;

✻✳✶✵✳




8 0 0
3 0 4
0 2 2


 ·X =




−7 1
0 5
1 1


 ;

✻✳✶✶✳ X ·




−6 0 0
0 3 5
4 0 2


 =

(
−1 2 3
3 0 4

)
;

✻✳✶✷✳




−3 1 0
1 0 1
0 0 4


 ·X =




−2 5
3 0
0 1


 ;

✻✳✶✸✳ X ·




4 0 3
0 5 1

−2 0 0


 =

(
−7 0 1
0 2 3

)
;

✻✳✶✹✳




5 3 0
−1 0 3
0 0 2


 ·X =




−3 4
2 5
1 0


 ;

✻✳✶✺✳ X ·




1 0 3
0 2 1

−3 0 0


 =

(
−8 0 2
0 1 3

)
;

✻✳✶✻✳




−1 −2 2
1 1 −1
0 −3 2


 ·X =




−1 2
2 0
1 3


 ;

✻✳✶✼✳ X ·




−4 0 5
0 3 2
1 0 0


 =

(
9 0 2
0 1 −1

)
;

✻✳✶✽✳




1 2 0
−1 1 −1
0 4 3


 ·X =




−1 5
6 0
1 7


 ;

✻✳✶✾✳ X ·




5 0 5
0 1 −2

−3 0 0


 =

(
−7 0 2
0 3 −1

)
;

✶✶✺



✻✳✷✵✳




3 −4 2
−1 0 −1
0 −1 1


 ·X =




6 1
−3 0
0 4


 ;

✻✳✷✶✳ X ·




2 0 −3
0 −3 2
4 0 0


 =

(
8 0 −2
0 −3 1

)
;

✻✳✷✷✳




7 0 0
3 0 −1
0 4 1


 ·X =




3 −4
2 0
0 1


 ;

✻✳✷✸✳ X ·




−3 0 1
0 4 3
5 0 0


 =

(
−8 0 3
0 4 1

)
;

✻✳✷✹✳




7 3 0
1 0 2
0 1 −1


 ·X =




−2 −3
1 0
0 1


 ;

✻✳✷✺✳ X ·




−5 0 4
0 1 −2
3 0 0


 =

(
−7 0 1
0 1 3

)
;

✻✳✷✻✳




2 1 0
−4 0 2
0 1 −3


 ·X =




6 5
4 0
0 3


 ;

✻✳✷✼✳ X ·




4 0 5
0 5 1
3 0 0


 =

(
9 0 2
0 3 1

)
;

✻✳✷✽✳




9 1 0
1 0 3
0 3 −1


 ·X =




7 5
2 0
0 1


 ;

✻✳✷✾✳ X ·




1 0 3
0 5 2
4 0 0


 =

(
8 0 1
0 6 1

)
;

✶✶✻



✻✳✸✵✳




3 5 0
1 0 2
0 5 1


 ·X =




2 7
3 0
0 2


 ;

➬àäàíèå ✼✳ Óïðàæíåíèÿ íà äîêàçàòåëüñòâî

✼✳✶✳ ➘îêàçàòü✱ ÷òî îïðåäåëèòåëü åäèíè÷íîé ìàòðèöû ëþ✲
áîãî ïîðÿäêà ðàâåí ✶✳

✼✳✷✳ ➘îêàçàòü✱ ÷òî îïðåäåëèòåëü ëþáîé òðåóãîëüíîé ìàò✲
ðèöû ✭âåðõíåé òðåóãîëüíîé✱ íèæíåé òðåóãîëüíîé✮ ðàâåí ïðî✲
èçâåäåíèþ ýëåìåíòîâ✱ ñòîÿùèõ âäîëü ãëàâíîé äèàãîíàëè✳

✼✳✸✳ ➘îêàçàòü✱ ÷òî îïðåäåëèòåëü òðàíñïîíèðîâàííîé ìàò✲
ðèöû ðàâåí îïðåäåëèòåëþ èñõîäíîé✱ ò✳ å✳ detAT = detA✳

✼✳✹✳ ➘îêàçàòü✱ ÷òî îïðåäåëèòåëü ìàòðèöû ðàâåí íóëþ✱ åñ✲
ëè ìàòðèöà èìååò äâå îäèíàêîâûå ñòðîêè ✭èëè äâà îäèíàêî✲
âûõ ñòîëáöà✮✳

✼✳✺✳ ➘îêàçàòü✱ ÷òî ïåðåñòàíîâêà äâóõ ñòîëáöîâ ✭èëè äâóõ
ñòðîê✮ îïðåäåëèòåëÿ ðàâíîñèëüíà åãî óìíîæåíèþ íà (−1)✳

✼✳✻✳➘îêàçàòü✱ ÷òî óìíîæåíèå âñåõ ýëåìåíòîâ îäíîãî ñòîëá✲
öà ✭èëè îäíîé ñòðîêè✮ îïðåäåëèòåëÿ íà ëþáîå ÷èñëî k ðàâ✲
íîñèëüíî óìíîæåíèþ îïðåäåëèòåëÿ íà ýòî ÷èñëî k✳

✼✳✼✳ ➘îêàçàòü✱ ÷òî åñëè âñå ýëåìåíòû íåêîòîðîãî ñòîëáöà
✭ñòðîêè✮ ðàâíû íóëþ✱ òî ñàì îïðåäåëèòåëü ðàâåí íóëþ✳

✼✳✽✳ ➘îêàçàòü✱ ÷òî ýëåìåíòàðíîå ïðåîáðàçîâàíèå ñòðîê
✭ñòîëáöîâ✮ ìàòðèöû✱ ñîñòîÿùåå â äîáàâëåíèè ê ëþáîé åå ñòðî✲
êå ✭ñòîëáöó✮ äðóãîé ñòðîêè ✭ñòîëáöà✮✱ óìíîæåííîé íà ïðî✲
èçâîëüíîå ÷èñëî✱ íå èçìåíÿåò çíà÷åíèÿ îïðåäåëèòåëÿ✳

✼✳✾✳ ➴ñëè êàæäûé ýëåìåíò íåêîòîðîé ñòðîêè îïðåäåëèòå✲
ëÿ ïðåäñòàâëåí â âèäå ñóììû äâóõ ñëàãàåìûõ✱ òî îïðåäåëè✲
òåëü ðàâåí ñóììå äâóõ îïðåäåëèòåëåé✱ ó êîòîðûõ âñå ñòðîêè✱
êðîìå äàííîé✱ ïðåæíèå✱ à â äàííîé ñòðîêå â ïåðâîì îïðåäå✲
ëèòåëå ñòîÿò ïåðâûå✱ à âî âòîðîì ✕ âòîðûå ñëàãàåìûå ✭òî æå

✶✶✼



âåðíî è äëÿ ñòîëáöîâ✮✳ ❮àïðèìåð✱

B =

[
a′ b′

c d

]
, C =

[
a′′ b′′

c d

]
,

A =

[
a b
c d

]
=

[
a′ + a′′ b′ + b′′

c d

]
.

Òîãäà |A| =
∣∣∣∣
a′ b′

c d

∣∣∣∣+
∣∣∣∣
a′′ b′′

c d

∣∣∣∣ .

✼✳✶✵✳ ➘îêàçàòü✱ ÷òî åñëè ñòðîêè ✭ñòîëáöû✮ ìàòðèöû ëè✲
íåéíî çàâèñèìû✱ òî îïðåäåëèòåëü ðàâåí íóëþ✳

✼✳✶✶✳ ➘îêàçàòü✱ ÷òî äëÿ ëþáûõ äâóõ ìàòðèö A è B ïîðÿä✲
êà n×n îïðåäåëèòåëü èõ ïðîèçâåäåíèÿ ðàâåí ïðîèçâåäåíèþ
îïðåäåëèòåëåé ✭detAB = detA · detB✮✳

✼✳✶✷✳ ➘îêàçàòü✱ ÷òî detλA = λn detA✳
✼✳✶✸✳ ➘îêàçàòü✱ ÷òî det(−A) = (−1)n detA✳
✼✳✶✹✳ ➘îêàçàòü✱ ÷òî

det(A1 · A2 · · · · · Ak) = detA1 · detA2 · · · · · detAk.

✼✳✶✺✳ ➘îêàçàòü✱ ÷òî detAk = (detA)k äëÿ k ∈ N ✳
✼✳✶✻✳ ✃àê èçìåíèòñÿ îïðåäåëèòåëü ïîðÿäêà n✱ åñëè ïåð✲

âûé ñòîëáåö ïåðåñòàâèòü íà ïîñëåäíåå ìåñòî✱ à îñòàëüíûå
ñòîëáöû ïåðåäâèíóòü âëåâî✱ ñîõðàíÿÿ èõ ðàñïîëîæåíèå❄

✼✳✶✼✳ ✃àê èçìåíèòñÿ îïðåäåëèòåëü ïîðÿäêà n✱ åñëè åãî
ñòðîêè íàïèñàòü â îáðàòíîì ïîðÿäêå❄

✼✳✶✽✳ ✃àê èçìåíèòñÿ îïðåäåëèòåëü✱ åñëè êàæäûé åãî ýëå✲
ìåíò çàìåíèòü ýëåìåíòîì✱ ñèììåòðè÷íûì ê äàííîìó îòíî✲
ñèòåëüíî ➽öåíòðà➾ îïðåäåëèòåëÿ❄

✼✳✶✾✳ ✃àê èçìåíèòñÿ ìàòðèöà A−1✱ åñëè â A✿

à✮ ïåðåñòàâèòü i✲þ è j✲þ ñòðîêè❀

✶✶✽



á✮ ê i✲é ñòðîêå ïðèáàâèòü j✲þ✱ óìíîæåííóþ íà c❀

â✮ óìíîæèòü i✲þ ñòðîêó íà ÷èñëî c 6= 0❀

ã✮ ïðåîáðàçîâàíèÿ à ✕ â ñîâåðøèòü ñî ñòîëáöàìè✳

✼✳✷✵✳ ➘îêàçàòü✱ ÷òî (AB)−1 = B−1A−1✳

✶✶✾



➬àêëþ÷åíèå

Ó÷åáíîå ïîñîáèå ➽❐èíåéíàÿ àëãåáðà✳ ×àñòü ✶➾ ðàçðàáîòà✲
íî â ñîîòâåòñòâèè ñ òðåáîâàíèÿìè ãîñóäàðñòâåííîãî îáðàçî✲
âàòåëüíîãî ñòàíäàðòà ïî êóðñàì ➽➚ëãåáðà➾✱ ➽❐èíåéíàÿ àë✲
ãåáðà➾ äëÿ ñòóäåíòîâ áàêàëàâðèàòà ôèçèêî✲ìàòåìàòè÷åñêèõ✱
òåõíè÷åñêèõ è èíôîðìàöèîííûõ ñïåöèàëüíîñòåé è îõâàòû✲
âàåò ñëåäóþùèå òåìû✿ âåêòîðíî✲ìàòðè÷íûå îïåðàöèè✱ îïðå✲
äåëèòåëè✱ îáðàòíàÿ ìàòðèöà✱ ðàíã ìàòðèöû✳

❰ñâîåíèå óêàçàííûõ òåì ïîìîæåò ñòóäåíòàì ïîäãîòîâèòü✲
ñÿ ê èçó÷åíèþ îäíîãî èç îñíîâíûõ ðàçäåëîâ ëèíåéíîé àëãåá✲
ðû ✖ òåîðèè è ìåòîäîâ ðåøåíèÿ ñèñòåì ëèíåéíûõ óðàâíå✲
íèé✱ êîòîðîìó áóäåò ïîñâÿùåíà ñëåäóþùàÿ ÷àñòü ïîñîáèÿ✳

Ïîñîáèå ìîæåò áûòü èñïîëüçîâàíî êàê ïðè ïðîâåäåíèè
ïðàêòè÷åñêèõ çàíÿòèé✱ òàê è äëÿ îðãàíèçàöèè ñàìîñòîÿòåëü✲
íîé ðàáîòû ñòóäåíòîâ✳ ❒àòåðèàë èçëîæåí è ïîñòðîåí òàêèì
îáðàçîì✱ ÷òîáû ñòóäåíò ìîã ñàìîñòîÿòåëüíî ðàçîáðàòüñÿ â
òåðìèíîëîãèè✱ ïîñòàíîâêàõ è ñïîñîáàõ ðåøåíèÿ ðàññìàòðè✲
âàåìûõ çàäà÷✳ Ñîñòàâëåíû âàðèàíòû òèïîâûõ çàäà÷✱ ïðèâî✲
äèòñÿ ìíîãî ðàçîáðàííûõ ïðèìåðîâ✳

➚âòîðû ñ÷èòàþò✱ ÷òî âûáðàííûé ôîðìàò èçëîæåíèÿ ìà✲
òåðèàëà ïîçâîëèò îðãàíèçîâàòü ýôôåêòèâíûé ó÷åáíûé ïðî✲
öåññ✳

✶✷✵



Ðåêîìåíäóåìàÿ ëèòåðàòóðà

✶✳ ✃ðåìåð ❮✳ Ø✳ ❐èíåéíàÿ àëãåáðà ✿ ó÷åá✳ è ïðàêòèêóì äëÿ
âóçîâ ✴ ❮✳ Ø✳ ✃ðåìåð✱ ❒✳ ❮✳ Ôðèäìàí✱ ➮✳ ❒✳ Òðèøèí ❀ ïîä
ðåäàêöèåé ❮✳Ø✳✃ðåìåðà✳ ✕ ✸✲å èçä✳✱ èñïð✳ è äîï✳ ✕ ❒îñêâà ✿
Þðàéò✱ ✷✵✷✶✳ ✕ ✹✷✷ ñ✳ ✕ ✭➶ûñøåå îáðàçîâàíèå✮ ✴✴ ❰áðàçîâà✲
òåëüíàÿ ïëàòôîðìà Þðàéò ❬ñàéò❪✳ ✕ ❯❘▲✿ ❤tt♣s✿✴✴✉r❛✐t✳r✉
✴❜❝♦❞❡✴✹✻✽✼✸✼✳ ✕ Ðåæèì äîñòóïà✿ äëÿ àâòîðèç✳ ïîëüçîâàòå✲
ëåé ✭ïîäïèñêà ➮➹Ó✮✳

✷✳ ✃óðîø ➚✳ ➹✳ ✃óðñ âûñøåé àëãåáðû ✿ ó÷åá✳ äëÿ âóçîâ ✴
➚✳ ➹✳ ✃óðîø✳ ✕ ✷✷✲å èçä✳✱ ñòåð✳ ✕ Ñàíêò✲Ïåòåðáóðã ✿ ❐àíü✱
✷✵✷✶✳ ✕ ✹✸✷ ñ✳ ✴✴ ❐àíü ✿ ýëåêòðîííî✲áèáëèîòå÷íàÿ ñèñòåìà✳ ✕
❯❘▲✿ ❤tt♣s✿✴✴❡✳❧❛♥❜♦♦❦✳❝♦♠✴❜♦♦❦✴✶✺✷✻✹✼✳ ✕ Ðåæèì äîñòóïà✿
äëÿ àâòîðèç✳ ïîëüçîâàòåëåé ✭ïîäïèñêà ➮➹Ó✮✳

✸✳ Ïðîñêóðÿêîâ ➮✳ ➶✳ Ñáîðíèê çàäà÷ ïî ëèíåéíîé àëãåáðå ✿
ó÷åá✳ ïîñîáèå äëÿ âóçîâ ✴ ➮✳ ➶✳ Ïðîñêóðÿêîâ✳ ✕ ✶✺✲å èçä✳✱
ñòåð✳ ✕ Ñàíêò✲Ïåòåðáóðã ✿ ❐àíü✱ ✷✵✷✶✳ ✕ ✹✼✻ ñ✳ ✴✴ ❐àíü ✿
ýëåêòðîííî✲áèáëèîòå÷íàÿ ñèñòåìà✳ ✕ ❯❘▲✿ ❤tt♣s✿✴✴❡✳❧❛♥❜♦♦❦✳
❝♦♠✴❜♦♦❦✴✶✺✷✹✸✹✳ ✕ Ðåæèì äîñòóïà✿ äëÿ àâòîðèç✳ ïîëüçîâà✲
òåëåé ✭ïîäïèñêà ➮➹Ó✮✳

✹✳ Òàòàðíèêîâ ❰✳ ➶✳ ❐èíåéíàÿ àëãåáðà ✿ ó÷åá✳ è ïðàêòè✲
êóì äëÿ ïðèêëàäíîãî áàêàëàâðèàòà ✴ ❰✳ ➶✳ Òàòàðíèêîâ✱ ➚✳
Ñ✳ ×óéêî✱ ➶✳ ➹✳ Øåðøíåâ ❀ ïîä îáùåé ðåäàêöèåé ❰✳ ➶✳ Òà✲
òàðíèêîâà✳ ✕ ❒îñêâà ✿ Þðàéò✱ ✷✵✷✶✳ ✕ ✸✸✹ ñ✳ ✕ ✭➪àêàëàâð✳
Ïðèêëàäíîé êóðñ✮ ✴✴ ❰áðàçîâàòåëüíàÿ ïëàòôîðìà Þðàéò
❬ñàéò❪✳ ✕ ❯❘▲✿ ❤tt♣s✿✴✴✉r❛✐t✳r✉✴❜❝♦❞❡✴✹✽✷✻✻✹✳ ✕ Ðåæèì äîñòó✲
ïà✿ äëÿ àâòîðèç✳ ïîëüçîâàòåëåé ✭ïîäïèñêà ➮➹Ó✮✳

✺✳ Ôàääååâ ➘✳ ✃✳ ➬àäà÷è ïî âûñøåé àëãåáðå ✴ ➘✳ ✃✳ Ôàä✲
äååâ✱ ➮✳ Ñ✳ Ñîìèíñêèé✳ ✕ Ñàíêò✲Ïåòåðáóðã ✿ ❐àíü✱ ✷✵✷✶✳ ✕
✷✽✽ ñ✳ ✴✴ ❐àíü ✿ ýëåêòðîííî✲áèáëèîòå÷íàÿ ñèñòåìà✳ ✕ ❯❘▲✿

✶✷✶



❤tt♣s✿✴✴❡✳❧❛♥❜♦♦❦✳❝♦♠✴❜♦♦❦✴✶✻✼✼✵✸✳ ✕ Ðåæèì äîñòóïà✿ äëÿ àâ✲
òîðèç✳ ïîëüçîâàòåëåé ✭ïîäïèñêà ➮➹Ó✮✳

➘îïîëíèòåëüíàÿ ëèòåðàòóðà

✻✳ ➪óòóçîâ ➶✳ Ô✳ ❐èíåéíàÿ àëãåáðà â âîïðîñàõ è çàäà÷àõ ✴
➶✳ Ô✳ ➪óòóçîâ✱ ❮✳ ×✳ ✃ðóòèöêàÿ✱ ➚✳ ➚✳ Øèøêèí✳ ✕ ❒îñêâà ✿
Ôèçìàòëèò✱ ✷✵✵✷✳ ✕ ✷✹✽ ñ✳

✼✳ ➘ûõòà ➶✳ ➚✳ ❰ñíîâû ìàòåìàòèêè äëÿ ýêîíîìèñòîâ ✿ ëè✲
íåéíàÿ àëãåáðà è ýêîíîìè÷åñêèå ìîäåëè ✴ ➶✳ ➚✳ ➘ûõòà✳ ✕
➮ðóòñê ✿ ➮çä✲âî ➪➹ÓÝèÏ✱ ✷✵✵✸✳ ✕ ✷✸✷ ñ✳

✽✳ ➮ëüèí ➶✳ ➚✳ ❐èíåéíàÿ àëãåáðà ✴ ➶✳ ➚✳ ➮ëüèí✱ Ý✳ ➹✳ Ïî✲
çíÿê✳ ✕ ❒îñêâà ✿ Ôèçìàòëèò✱ ✷✵✵✺✳ ✕ ✷✽✵ ñ✳

✾✳ Ñòðåíã ➹✳ ❐èíåéíàÿ àëãåáðà è åå ïðèëîæåíèÿ ✴ ➹✳ Ñòðåíã✳
✕ ❒îñêâà ✿ ❒èð✱ ✶✾✽✵✳ ✕ ✹✺✾ ñ✳

✶✷✷
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