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❰ãëàâëåíèå

Ïðåäèñëîâèå ✹

➹ëàâà ✶✳ Ñèñòåìû ëèíåéíûõ óðàâíåíèé✳ ➶âåäåíèå ✺

➓ ✶✳ ❰ñíîâíûå ïîíÿòèÿ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻
➓ ✷✳ ➹åîìåòðè÷åñêàÿ èíòåðïðåòàöèÿ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼
➓ ✸✳ Ñèñòåìû ëèíåéíûõ óðàâíåíèé êàê ìîäåëè ðåàëüíûõ ïðî✲

öåññîâ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

➹ëàâà ✷✳ Ðàíã ñèñòåìû âåêòîðîâ✳ Ðàíã ìàòðèöû ✶✻

➓ ✶✳ ❐èíåéíàÿ íåçàâèñèìîñòü✴çàâèñèìîñòü âåêòîðîâ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻
➓ ✷✳ Ðàíã è áàçà ñèñòåìû âåêòîðîâ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶
➓ ✸✳ ➶åêòîðíàÿ ñòðóêòóðà ìàòðèöû ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻
➓ ✹✳ Ðàíã ìàòðèöû ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼
➓ ✺✳ ➶û÷èñëåíèå ðàíãà ìàòðèöû ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷
➓ ✻✳ Ïîíÿòèå áàçèñà ïðîñòðàíñòâà Rn ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶
➮íäèâèäóàëüíûå çàäàíèÿ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼

➹ëàâà ✸✳ Ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ✻✶

➓ ✶✳ ❰áùèå ïîíÿòèÿ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶
➓ ✷✳ Ñèñòåìû óðàâíåíèé ñ êâàäðàòíîé ìàòðèöåé êîýôôèöèåíòîâ ✻✸
➓ ✸✳ Óñëîâèå ñîâìåñòíîñòè ñèñòåìû ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸
➓ ✹✳ Ðåøåíèå ñîâìåñòíûõ ñèñòåì ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾
➓ ✺✳ ❰áùåå ðåøåíèå îäíîðîäíîé ñèñòåìû ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✹
➓ ✻✳ ❰áùåå ðåøåíèå íåîäíîðîäíîé ñèñòåìû ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✽
➮íäèâèäóàëüíûå çàäàíèÿ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✻

➬àêëþ÷åíèå ✶✶✺

Ðåêîìåíäóåìàÿ ëèòåðàòóðà ✶✶✻

✸



Ïðåäèñëîâèå

Ïðåäëàãàåìûå ìàòåðèàëû ÿâëÿþòñÿ ïðîäîëæåíèåì ïîñî✲
áèÿ ➽❐èíåéíàÿ àëãåáðà✳ ×àñòü ✶➾✳ ➶ ýòîé ÷àñòè ïðèâîäÿò✲
ñÿ îñíîâíûå ñâåäåíèÿ ïî ñëåäóþùèì òåìàì êóðñà ➽❐èíåé✲
íàÿ àëãåáðà➾✿ ëèíåéíàÿ íåçàâèñèìîñòü✴çàâèñèìîñòü âåêòî✲
ðîâ✱ âåêòîðíàÿ ñòðóêòóðà ìàòðèöû✱ ðàíã✱ áàçèñ ïðîñòðàí✲
ñòâà✱ ñèñòåìû ëèíåéíûõ óðàâíåíèé✳

Öåëü ïîñîáèÿ ✕ àêòèâèçèðîâàòü ñàìîñòîÿòåëüíóþ ðàáî✲
òó ñòóäåíòîâ ïðè èçó÷åíèè êóðñà ➽❐èíåéíàÿ àëãåáðà➾✳ ➶åñü
ìàòåðèàë ðàçáèò íà òðè ãëàâû✳ ➶ êàæäîé ãëàâå òåîðåòè÷å✲
ñêèå ñâåäåíèÿ äàþòñÿ â ñæàòîì âèäå ✭íåò ïîäðîáíûõ äîêà✲
çàòåëüñòâ òåîðåì è ôîðìóë✮✳ ➬àòåì ðàçáèðàþòñÿ ïðèìåðû
ðåøåíèÿ çàäà÷✳ ➹ëàâû ñîäåðæàò çàäà÷è è óïðàæíåíèÿ äëÿ
ñàìîñòîÿòåëüíîé ðàáîòû ñòóäåíòîâ â êà÷åñòâå ñàìîêîíòðîëÿ
è èíäèâèäóàëüíûå çàäàíèÿ äëÿ ïðîâåðêè óñâîåíèÿ ìàòåðè✲
àëà✳ ➶ êàæäîé ãëàâå îïðåäåëåíèÿ✱ òåîðåìû✱ ïðèìåðû è ò✳ ä✳
èìåþò äâîéíóþ íóìåðàöèþ✿ ïåðâîå ÷èñëî ✕ íîìåð ïàðàãðà✲
ôà✱ âòîðîå ✕ ïîðÿäêîâûé íîìåð îïðåäåëåíèÿ✱ òåîðåìû✱ ïðè✲
ìåðà è ò✳ ä✳ â ýòîì ïàðàãðàôå✳ ❮óìåðàöèÿ ôîðìóë â êàæäîé
ãëàâå îäèíàðíàÿ è ñêâîçíàÿ âíóòðè ãëàâû✳

➘àííîå ïîñîáèå ÿâëÿåòñÿ ïðèêëàäíûì äîïîëíåíèåì ê ñó✲
ùåñòâóþùèì ó÷åáíèêàì✱ ïîýòîìó â íåì äàþòñÿ òîëüêî òå
ñâåäåíèÿ✱ êîòîðûå íåîáõîäèìû íåïîñðåäñòâåííî äëÿ ðåøå✲
íèÿ çàäà÷✳ Ñïèñîê ðåêîìåíäóåìîé ëèòåðàòóðû ïðèâåäåí â
êîíöå ïîñîáèÿ✳

✹



➹ëàâà ✶

Ñèñòåìû ëèíåéíûõ óðàâíåíèé✳ ➶âåäåíèå

➶ äàííîé ãëàâå ìû íà÷íåì çíàêîìñòâî ñ îñíîâíîé ìîäåëü✲
íîé çàäà÷åé ëèíåéíîé àëãåáðû ✕ çàäà÷åé ðåøåíèÿ ñèñòåì ëè✲
íåéíûõ óðàâíåíèé✳ ❒àòåðèàë íîñèò âñïîìîãàòåëüíûé õàðàê✲
òåð✿ â íåì ïåðå÷èñëåíû îñíîâíûå ôîðìóëèðîâêè è ïîíÿòèÿ❀
ðàññìîòðåíû ïðàêòè÷åñêèå çàäà÷è✱ ïðèâîäÿùèå ê ñèñòåìàì
ëèíåéíûõ óðàâíåíèé❀ ïîêàçàíû îñíîâíûå ýòàïû èõ ðåøåíèÿ✳
➪îëåå ïîëíàÿ òåîðèÿ ðàññìàòðèâàåìîé çàäà÷è áóäåò èçëîæå✲
íà â ïîñëåäóþùèõ ãëàâàõ✳

Òåîðèÿ ëèíåéíûõ óðàâíåíèé ÿâëÿåòñÿ èñòîðè÷åñêè ïåð✲
âûì ðàçäåëîì ëèíåéíîé àëãåáðû✳ Ïðîáëåìû✱ ñîîòâåòñòâóþ✲
ùèå ñîâðåìåííûì çàäà÷àì íà ñîñòàâëåíèå è ðåøåíèå ñèñòåì
óðàâíåíèé ñ íåñêîëüêèìè íåèçâåñòíûìè✱ âñòðå÷àþòñÿ åùå â
âàâèëîíñêèõ è åãèïåòñêèõ ðóêîïèñÿõ ■■ â✳ äî í✳ ý✳✱ à òàêæå
â òðóäàõ äðåâíåãðå÷åñêèõ✱ èíäèéñêèõ è êèòàéñêèõ ìóäðå✲
öîâ✳ ➶ êèòàéñêîì òðàêòàòå ➽❒àòåìàòèêà â äåâÿòè êíèãàõ➾
ñëîâåñíî èçëîæåíû ïðàâèëà ðåøåíèÿ ñèñòåì óðàâíåíèé✱ îò✲
ìå÷åíû íåêîòîðûå çàêîíîìåðíîñòè ïðè ðåøåíèè✳

➮äåþ îáùåãî ìåòîäà ðåøåíèÿ ñèñòåì ëèíåéíûõ óðàâíå✲
íèé âûñêàçàë ➹✳ ➶✳ ❐åéáíèö â ✶✻✾✸ ã✳ ❰íà áûëà ðåàëèçîâàíà
øâåéöàðñêèì ìàòåìàòèêîì ➹✳ ✃ðàìåðîì â ✶✼✺✷ ã✳ ❰í ñôîð✲
ìóëèðîâàë è îáîñíîâàë ïðàâèëî✱ êîòîðîå ïîçâîëÿåò ðåøàòü
ñèñòåìû ëèíåéíûõ óðàâíåíèé✱ êîãäà ÷èñëî óðàâíåíèé ñîâïà✲
äàåò ñ ÷èñëîì íåèçâåñòíûõ è îïðåäåëèòåëü✱ ñîñòàâëåííûé èç
êîýôôèöèåíòîâ ïðè íåèçâåñòíûõ✱ îòëè÷åí îò íóëÿ✳

✺



➶ ✶✽✹✾ ã✳ äëÿ ðåøåíèÿ ñèñòåì ëèíåéíûõ óðàâíåíèé ïðîèç✲
âîëüíîé ðàçìåðíîñòè áûë ïðåäëîæåí ìåòîä ➹àóññà✳ ➶ ñâÿçè
ñ èçó÷åíèåì ñèñòåì ëèíåéíûõ óðàâíåíèé è èõ îïðåäåëèòåëåé
ïîÿâèëîñü ïîíÿòèå ìàòðèöû✳ Òåîðèÿ ìàòðèö áûëà ðàçðàáî✲
òàíà â òðóäàõ ➚✳ ✃ýëè ✭✶✽✺✵✲å ãã✳✮✳ Ïîíÿòèå ðàíãà ìàòðèöû✱
ïðåäëîæåííîå ➹✳ Ôðîáåíèóñîì â ✶✽✼✼ ã✳✱ ïîçâîëèëî ïîëó÷èòü
óñëîâèÿ ñîâìåñòíîñòè è îïðåäåëåííîñòè ✭ñóùåñòâîâàíèÿ è
åäèíñòâåííîñòè ðåøåíèÿ✮ ñèñòåì ëèíåéíûõ óðàâíåíèé✳ Òåì
ñàìûì â êîíöå ❳■❳ â✳ áûëî çàâåðøåíî ïîñòðîåíèå îáùåé òåî✲
ðèè ñèñòåì ëèíåéíûõ óðàâíåíèé✳

➓ ✶✳ ❰ñíîâíûå ïîíÿòèÿ

Ïðèâåäåì íåêîòîðûå ïîíÿòèÿ✱ êîòîðûìè áóäåì îïåðèðî✲
âàòü â äàëüíåéøåì✳
❐èíåéíûì óðàâíåíèåì îò n íåèçâåñòíûõ x1, x2, . . . , xn

íàçûâàåòñÿ óðàâíåíèå âèäà

a1x1 + a2x2 + . . .+ anxn = b,

ãäå ai, i = 1, n è b ✕ íåêîòîðûå çàäàííûå ÷èñëà✳
Ñèñòåìà ëèíåéíûõ óðàâíåíèé ✕ ýòî íàáîð ëèíåéíûõ

óðàâíåíèé ñ îäèíàêîâûì ÷èñëîì íåèçâåñòíûõ✳
Öåëüþ ðåøåíèÿ ñèñòåìû ëèíåéíûõ óðàâíåíèé ÿâëÿåòñÿ

íàõîæäåíèå çíà÷åíèé x1, x2, . . . , xn✱ óäîâëåòâîðÿþùèõ âñåì
óðàâíåíèÿì â ñèñòåìå✳

Ðåøèòü ñèñòåìó ✕ çíà÷èò íàéòè ìíîæåñòâî âñåõ åå ðåøå✲
íèé✳

Ñèñòåìà ëèíåéíûõ óðàâíåíèé ìîæåò íå èìåòü ðåøåíèÿ✳
Òîãäà ñèñòåìà íàçûâàåòñÿ íåñîâìåñòíîé✳ ➶ ïðîòèâíîì ñëó✲
÷àå ñèñòåìà ñîâìåñòíà✳

✻



➘âå ñèñòåìû ëèíåéíûõ óðàâíåíèé íàçûâàþòñÿ ýêâèâà✲
ëåíòíûìè✱ åñëè èõ ìíîæåñòâà ðåøåíèé ñîâïàäàþò✱ ò✳ å✳ êàæ✲
äîå ðåøåíèå îäíîé ñèñòåìû ÿâëÿåòñÿ ðåøåíèåì äðóãîé ñè✲
ñòåìû✱ è íàîáîðîò✳ ➶ ÷àñòíîñòè✱ åñëè äâå ñèñòåìû ýêâèâà✲
ëåíòíû✱ òî ó íèõ îäèíàêîâîå ÷èñëî íåèçâåñòíûõ✱ ïðè ýòîì
êîëè÷åñòâî óðàâíåíèé â ñèñòåìàõ ìîæåò îòëè÷àòüñÿ✳

➓ ✷✳ ➹åîìåòðè÷åñêàÿ èíòåðïðåòàöèÿ

Ðàññìîòðèì ñèñòåìó äâóõ óðàâíåíèé ñ äâóìÿ íåèçâåñòíû✲
ìè✿ {

a1x1 + a2x2 = b1,
a3x1 + a4x2 = b2.

✃àæäîå óðàâíåíèå ýòîé ñèñòåìû çàäàåò ïðÿìóþ íà ïëîñ✲
êîñòè R2✳ Ñ ãåîìåòðè÷åñêîé òî÷êè çðåíèÿ ðåøèòü ýòó ñèñòå✲
ìó ✕ îçíà÷àåò íàéòè òî÷êó✱ êîòîðàÿ ïðèíàäëåæèò îäíîâðå✲
ìåííî äâóì ïðÿìûì✳

➶îçìîæíû ñëåäóþùèå âàðèàíòû✿ à✮ ïðÿìûå ïåðåñåêàþò✲
ñÿ ✕ ñèñòåìà èìååò åäèíñòâåííîå ðåøåíèå❀ á✮ ïðÿìûå ïàðàë✲
ëåëüíû ✕ ñèñòåìà íåñîâìåñòíà ✭ò✳ å✳ íå èìååò íè îäíîãî ðå✲
øåíèÿ✮❀ â✮ ïðÿìûå ñîâïàäàþò ✕ ñèñòåìà èìååò áåñêîíå÷íîå
ìíîæåñòâî ðåøåíèé✳

Ïðèìåð ✷✳✶✳ Ðåøèòü ãðàôè÷åñêè ñëåäóþùèå ñèñòåìû✿

à✮

{
3x1 + x2 = 1,
12x1 + 4x2 = −12;

á✮

{
3x1 + x2 = 1,
2x1 − 2x2 = 6;

â✮

{
x1 + x2 = 1,
4x1 + 4x2 = 4.

Ðåøåíèå

à✮ ➶ûðàçèì x2 ÷åðåç x1 è ïîñòðîèì ïðÿìûå✿

✼



{
x2 = −3x1 + 1, (A)
x2 = −3x1 − 3. (B)

❮à ðèñ✳ ✶ âèäíî✱ ÷òî ïðÿìûå ïàðàëëåëüíû✱ îáùèõ òî÷åê
íåò✱ ñëåäîâàòåëüíî✱ ñèñòåìà íå èìååò ðåøåíèÿ ✭íåñîâìåñòíà✮✳

á✮ Ïîñòðîèì ïðÿìûå✿

{
x2 = −3x1 + 1, (A)
x2 = x1 − 3. (B)

❮à ðèñ✳ ✷ âèäíî✱ ÷òî ïðÿìûå ïåðåñåêàþòñÿ✱ òî÷êà ïåðåñå✲
÷åíèÿ ïðÿìûõ x = (1;−2) ✕ åäèíñòâåííîå ðåøåíèå ñèñòåìû✳

â✮ Ïîñòðîèì ïðÿìûå✿

{
x2 = −x1 + 1, (A)
x2 = −x1 + 1. (B)

✽



❮à ðèñ✳ ✸ âèäíî✱ ÷òî ïðÿìûå ñîâïàäàþò✳ Ýòî îçíà÷àåò ✕
âñå òî÷êè íà ïðÿìîé ÿâëÿþòñÿ ðåøåíèÿìè ñèñòåìû ✭ñèñòåìà
èìååò áåñêîíå÷íîå ìíîæåñòâî ðåøåíèé✮✳

❮à ïðèìåðå ðàññìîòðåííîé ñèñòåìû èç äâóõ óðàâíåíèé ñ
äâóìÿ íåèçâåñòíûìè ìîæíî ñäåëàòü âûâîä✱ êîòîðûé áóäåò
ñïðàâåäëèâ ✭â ýòîì ìû óáåäèìñÿ â ñëåäóþùèõ ãëàâàõ✮ è äëÿ
ïðîèçâîëüíûõ ñèñòåì ñ m óðàâíåíèÿìè è n íåèçâåñòíûìè✿

✶✮ ñèñòåìà óðàâíåíèé ìîæåò èìåòü åäèíñòâåííîå ðåøåíèå
✭â äâóìåðíîì ñëó÷àå ✕ ïðÿìûå ïåðåñåêàþòñÿ â åäèíñòâåííîé
òî÷êå✮❀

✷✮ ñèñòåìà ìîæåò íå èìåòü ðåøåíèÿ ✭â äâóìåðíîì ñëó÷àå
✕ ïðÿìûå ïàðàëëåëüíû✮❀

✸✮ ñèñòåìà ìîæåò èìåòü áåñêîíå÷íîå ìíîæåñòâî ðåøåíèé
✭â äâóìåðíîì ñëó÷àå ✕ ïðÿìûå ñîâïàäàþò✮✳

➬àäàíèÿ äëÿ ñàìîñòîÿòåëüíîé ðàáîòû

✶✳ Ðåøèòü ãðàôè÷åñêè ñèñòåìó óðàâíåíèé è óêàçàòü âèä
ñèñòåìû ✭ñîâìåñòíàÿ✱ íåñîâìåñòíàÿ✮✿

à✮

{
x1 + 2x2 = 0,
5x1 + x2 = −18;

á✮

{
2x1 − 5x2 = 10,
4x1 − x2 = 2;

✾



â✮

{
x1 − x2 = 4,
3x1 − 3x2 = 6;

ã✮

{
x1 − 2x2 = −3,
5x1 − 3x2 = 6.

✷✳ Ïðè êàêèõ çíà÷åíèÿõ a ñèñòåìà óðàâíåíèé✿

à✮

{
x1 + 5x2 = 4,
4x1 + 20x2 = a

èìååò áåñêîíå÷íî ìíîãî ðåøåíèé❀

á✮

{
7x1 − 12x2 = 14,
−12x1 + 7x2 = a

íå èìååò ðåøåíèé❀

â✮

{
x1 − 2x2 = 1,
2x1 − 4x2 = a

èìååò åäèíñòâåííîå ðåøåíèå✳

➓ ✸✳ Ñèñòåìû ëèíåéíûõ óðàâíåíèé êàê
ìîäåëè ðåàëüíûõ ïðîöåññîâ

Ñèñòåìû ëèíåéíûõ óðàâíåíèé ÿâëÿþòñÿ îäíèì èç èíñòðó✲
ìåíòîâ ìîäåëèðîâàíèÿ ðàçíîîáðàçíûõ ïðîöåññîâ✳ ❒àòåìàòè✲
÷åñêàÿ ìîäåëü ✕ ýòî ñîâîêóïíîñòü óðàâíåíèé ✭íàïðèìåð✱ ëè✲
íåéíûõ✱ äèôôåðåíöèàëüíûõ è ò✳ ä✳✮ èëè äðóãèõ ìàòåìàòè÷å✲
ñêèõ ñîîòíîøåíèé✱ îòðàæàþùèõ îñíîâíûå ñâîéñòâà èçó÷àå✲
ìîãî ïðîöåññà ✭ÿâëåíèÿ✮✳ ❒àòåìàòè÷åñêàÿ ìîäåëü ïðîöåññà
✭ÿâëåíèÿ✮ ìîæåò ñîäåðæàòü âûðàæåíèå ✭ëèáî çàïèñü ïî äåé✲
ñòâèÿì✮ è óðàâíåíèå ✭ëèáî ñèñòåìó óðàâíåíèé✮✳

Ïðè ðåøåíèè ïðàêòè÷åñêîé çàäà÷è ìîæíî âûäåëèòü òðè
ýòàïà ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ✿

✶✮ ïåðåâîä óñëîâèé èçó÷àåìîãî ïðîöåññà ✭ÿâëåíèÿ✮ íà ìà✲
òåìàòè÷åñêèé ÿçûê❀ ïðè ýòîì âûäåëÿþòñÿ íåîáõîäèìûå äëÿ
ðåøåíèÿ äàííûå è èñêîìûå✱ ìàòåìàòè÷åñêèìè ñïîñîáàìè îïè✲
ñûâàþòñÿ ñâÿçè ìåæäó íèìè❀

✶✵



✷✮ âíóòðèìîäåëüíîå ðåøåíèå✱ ò✳ å✳ íàõîæäåíèå çíà÷åíèÿ
âûðàæåíèÿ✱ âûïîëíåíèå äåéñòâèé✱ ðåøåíèå óðàâíåíèÿ❀

✸✮ èíòåðïðåòàöèÿ✱ ò✳ å✳ ïåðåâîä ïîëó÷åííîãî ðåøåíèÿ íà
òîò ÿçûê✱ íà êîòîðîì áûëà ñôîðìóëèðîâàíà çàäà÷à✳

❰òìåòèì✱ ÷òî âîïðîñû✱ ðàññìîòðåííûå â äàííîé ãëàâå✱
îòíîñÿòñÿ ê ✶✲ìó ýòàïó ðåøåíèÿ ñèñòåì✳ ➮çëîæåíèå îñíîâ
òåîðèè ñèñòåì ëèíåéíûõ óðàâíåíèé íà÷íåì ñî ñëåäóþùåé
çàäà÷è✳

Ïðåäïðèÿòèå âûïóñêàåò ÷åòûðå âèäà ïðîäóêöèè èç òðåõ
òèïîâ ñûðüÿ✳ Óäåëüíûå ðàñõîäû ñûðüÿ íà ïðîèçâîäñòâî ñëå✲
äóþùèå✿

✶✮ äëÿ ïðîèçâîäñòâà åäèíèöû ✶✲ãî âèäà ïðîäóêöèè òðåáó✲
åòñÿ ✹ óñëîâíûå åäèíèöû ✭ó✳ å✳✮ ✶✲ãî ñûðüÿ✱ ✶ ó✳ å✳ ✷✲ãî ñûðüÿ
è ✸ ó✳ å✳ ✸✲ãî ñûðüÿ❀

✷✮ äëÿ ïðîèçâîäñòâà åäèíèöû ✷✲ãî âèäà ïðîäóêöèè òðåáó✲
åòñÿ ✷ ó✳ å✳ ✶✲ãî ñûðüÿ✱ ✶ ó✳ å✳ ✷✲ãî ñûðüÿ è ✶ ó✳ å✳ ✸✲ãî ñûðüÿ❀

✸✮ äëÿ ïðîèçâîäñòâà åäèíèöû ✸✲ãî âèäà ïðîäóêöèè òðåáó✲
åòñÿ ✷ ó✳ å✳ ✶✲ãî ñûðüÿ✱ ✷ ó✳ å✳ ✷✲ãî ñûðüÿ è ✷ ó✳ å✳ ✸✲ãî ñûðüÿ❀

✹✮ äëÿ ïðîèçâîäñòâà åäèíèöû ✹✲ãî âèäà ïðîäóêöèè òðåáó✲
åòñÿ ✸ ó✳ å✳ ✶✲ãî ñûðüÿ✱ ✸ ó✳ å✳ ✷✲ãî ñûðüÿ è ✶ ó✳ å✳ ✸✲ãî ñûðüÿ✳

Ñêîëüêî åäèíèö ïðîäóêöèè êàæäîãî âèäà âûïóñêàåò ïðåä✲
ïðèÿòèå✱ åñëè èìåþùèéñÿ çàïàñ ñûðüÿ✱ ñîîòâåòñòâåííî ✸✺✱ ✸✵
è ✸✵ êã✱ èñïîëüçóåòñÿ ïîëíîñòüþ❄

Ðåøåíèå
❰ïðåäåëèì èñêîìûå ïåðåìåííûå✳ Ïóñòü x1, x2, x3, x4 ✕ êî✲

ëè÷åñòâî ïðîäóêöèè êàæäîãî âèäà✳ Ðàñõîä êàæäîãî òèïà ñû✲
ðüÿ íà åäèíèöó ïðîäóêöèè ✭ó✳ å✳✮ îôîðìèì â âèäå òàáëèöû✿

Ïðîäóêöèÿ Ïðîäóêöèÿ Ïðîäóêöèÿ Ïðîäóêöèÿ ➬àïàñ
✶ ✷ ✸ ✹ ñûðüÿ

Ñûðüå ✶ ✹ ✷ ✷ ✸ ✸✺
Ñûðüå ✷ ✶ ✶ ✷ ✸ ✸✵
Ñûðüå ✸ ✸ ✶ ✷ ✶ ✸✵

✶✶



Ñîñòàâëÿåì ñèñòåìó óðàâíåíèé✿




4x1 + 2x2 + 2x3 + 3x4 = 35,
x1 + x2 + 2x3 + 3x4 = 30,
3x1 + x2 + 2x3 + x4 = 30.

✃îýôôèöèåíòû ñèñòåìû îáðàçóþò ìàòðèöóA =




4 2 2 3
1 1 2 3
3 1 2 1


✱

êîýôôèöèåíòû ïðàâîé ÷àñòè ñèñòåìû ✕ âåêòîð b =




35
30
30


✱

âåêòîð x =




x1

x2

x3

x4


 ✕ âåêòîð íåèçâåñòíûõ✳

×òî ñîáîé ïðåäñòàâëÿåò îáúåêò Ax❄
Ñ îäíîé ñòîðîíû✱ Ax ✕ ýòî âåêòîð ñóììàðíûõ ðàñõîäîâ ïî

êàæäîìó òèïó ñûðüÿ äëÿ ïðîèçâîäñòâà ïðîäóêöèè â îáúåìàõ
x1, x2, x3, x4✳

➬äåñü ðåøèòü ñèñòåìó ✕ íàéòè òàêîé ïëàí ïðîèçâîäñòâà

ïðîäóêöèè✱ ÷òîáû âåêòîð Ax =




4x1 + 2x2 + 2x3 + 3x4

x1 + x2 + 2x3 + 3x4

3x1 + x2 + 2x3 + x4




áûë ðàâåí




35
30
30


✳

Òåïåðü ðàññìîòðèì âåêòîðû ðàñõîäà êàæäîãî òèïà ñûðüÿ
íà ïðîèçâîäñòâî ✶ åä✳ ïðîäóêöèè âèäà ✶✱ ✷✱ ✸✱ ✹ ñîîòâåòñòâåí✲
íî✿

a1 =




4
1
3


 , a2 =




2
1
1


 , a3 =




2
2
2


 , a4 =




3
3
1


 .

✶✷



Òîãäà

Ax = x1




4
1
3


+ x2




2
1
1


+ x3




2
2
2


+ x4




3
3
1


 .

Òî åñòü Ax ✕ ýòî ëèíåéíàÿ êîìáèíàöèÿ ñòîëáöîâ ìàòðèöû
A ñ êîýôôèöèåíòàìè x1✱ x2✱ x3✱ x4✳

Ñ ýòîé òî÷êè çðåíèÿ ðåøèòü çàäà÷ó ✕ íàéòè òàêèå êîýô✲
ôèöèåíòû x1✱ x2✱ x3✱ x4✱ ÷òîáû âåêòîð b ÿâëÿëñÿ ëèíåéíîé
êîìáèíàöèåé ñòîëáöîâ ìàòðèöû A✳

❰òíîñèòåëüíî ñèñòåìû óðàâíåíèé íàñ èíòåðåñóþò îòâåòû
íà ñëåäóþùèå âîïðîñû✳
➮ç ñêîëüêè óðàâíåíèé ìîæåò ñîñòîÿòü ñèñòåìà❄

➮ç m óðàâíåíèé✳
✃àê çàïèñàòü ñèñòåìó â ðàçâåðíóòîì âèäå❄





a11x1 + a12x2 + . . .+ a1nxn = b1,
a21x1 + a22x2 + . . .+ a2nxn = b2,

. . .
am1x1 + am2x2 + . . .+ amnxn = bm.

×èñëà m è n çàâèñÿò äðóã îò äðóãà❄
❮åò✳ ➶îçìîæíûå ñëó÷àè✿ m < n✱ m = n✱ m > n✳

×òî èçâåñòíî❄

A =




a11 . . . a1n
a21 . . . a2n
. . .
am1 . . . amn


 , b =




b1
b2
✳✳✳
bm


 .

×òî íåèçâåñòíî❄

➶åêòîð x =




x1

x2

✳✳✳
xn


 .

❒àòðè÷íàÿ ôîðìà çàïèñè ñèñòåìû✿ Ax = b✳

✶✸



➚ âîò îòâåòû íà òàêèå âîïðîñû✱ êàê ➽➶ñåãäà ëè ñèñòåìà
èìååò ðåøåíèå❄➾✱ ➽➴ñëè ó ñèñòåìû åñòü ðåøåíèÿ✱ òî ñêîëü✲
êî èõ❄➾✱ ➽➴ñëè ðåøåíèé íåñêîëüêî✱ êàê îïèñàòü ìíîæåñòâî
ðåøåíèé❄➾✱ ìû ïîëó÷èì èç ãëàâ ✷ è ✸ äàííîãî ó÷åáíîãî ïî✲
ñîáèÿ✱ èçó÷èâ ïîíÿòèå ðàíãà ñèñòåìû✱ óñëîâèÿ ñîâìåñòíîñòè
ñèñòåì✳

➬àäàíèÿ äëÿ ñàìîñòîÿòåëüíîé ðàáîòû

Ïîñòðîèòü ìàòåìàòè÷åñêóþ ìîäåëü çàäà÷è ✭íå ðåøàÿ✮ ñî
ñëåäóþùèì óñëîâèåì✿

✶✳ Ïðåäïðèíèìàòåëü èçãîòàâëèâàåò òðè âèäà ïðîäóêöèè
❆✱ ❇✱ ❈✳ ➘ëÿ èõ ïðîèçâîäñòâà îí àðåíäóåò äâà ìåòàëëîîá✲
ðàáàòûâàþùèõ ñòàíêà ❳ è ❨✳ ➶ûïóñê ïðîäóêöèè òðåáóåò
ñëåäóþùèõ çàòðàò ìàøèííîãî âðåìåíè ✭ïîñëåäîâàòåëüíîñòü
îáðàáîòêè íå èìååò çíà÷åíèÿ✮✿

✶✮ äëÿ âûïóñêà ✶ åä✳ ïðîäóêöèè ❆ òðåáóåòñÿ ✷ ÷àñà îáðà✲
áîòêè íà ìàøèíå ❳ è ✷ ÷àñà íà ìàøèíå ❨❀

✷✮ äëÿ âûïóñêà ✶ åä✳ ïðîäóêöèè ❇ òðåáóåòñÿ ✸ ÷àñà îáðà✲
áîòêè íà ìàøèíå ❳ è ✷ ÷àñà íà ìàøèíå ❨❀

✸✮ äëÿ âûïóñêà ✶ åä✳ ïðîäóêöèè ❈ òðåáóåòñÿ ✹ ÷àñà îáðà✲
áîòêè íà ìàøèíå ❳ è ✸ ÷àñà íà ìàøèíå ❨✳

❒àøèíà ❳ äîñòóïíà ✽✵ ÷àñîâ â íåäåëþ✱ ìàøèíà ❨ ✕ ✻✵
÷àñîâ â íåäåëþ✳ Òðåáóåòñÿ îïðåäåëèòü✱ ïðè êàêîì âûïóñêå
ïðîäóêöèè ìàøèíû íå ïðîñòàèâàþò✳

✷✳ ❰áóâíàÿ ôàáðèêà âûïóñêàåò ÷åòûðå âèäà ïðîäóêöèè✿
ìóæñêóþ✱ æåíñêóþ✱ äåòñêóþ îáóâü è èçäåëèÿ ïî óõîäó çà
îáóâüþ✳ ➶ òàáëèöå ïðèâåäåíû äàííûå ðàñõîäà ñûðüÿ ✭â ó✳ å✳✮
íà ïðîèçâîäñòâî îäíîãî èçäåëèÿ✿

✶✹



➶èä ❒óæñêàÿ ➷åíñêàÿ ➘åòñêàÿ ➮çäåëèÿ ➬àïàñ
ñûðüÿ îáóâü îáóâü îáóâü ïî óõîäó ñûðüÿ
✶ ✷✵ ✶✵ ✶✵ ✵ ✺ ✵✵✵
✷ ✸✵ ✹✵ ✷✵ ✶ ✶✷ ✵✵✵
✸ ✷✵ ✻✵ ✶✵ ✶ ✶✶ ✵✵✵
✹ ✶✵ ✺✵ ✺ ✵ ✼ ✵✵✵

❰ïðåäåëèòå îáúåì âûïóñêà ïðîäóêöèè êàæäîãî âèäà ïðè
çàäàííûõ çàïàñàõ ñûðüÿ✳

✸✳ Øâåéíàÿ ôàáðèêà â òå÷åíèå òðåõ äíåé ïðîèçâîäèëà êî✲
ñòþìû✱ ïëàùè è êóðòêè✳ ➮çâåñòíû îáúåìû âûïóñêà ïðîäóê✲
öèè çà òðè äíÿ è äåíåæíûå çàòðàòû íà ïðîèçâîäñòâî çà ýòè
äíè✿

➘åíü ✃îñòþìû Ïëàùè ✃óðòêè ➬àòðàòû
✭åä✳✮ ✭åä✳✮ ✭åä✳✮ ✭òûñ✳ ó✳ å✳✮

Ïåðâûé ✺✵ ✶✵ ✸✵ ✶✼✻
➶òîðîé ✸✺ ✷✺ ✷✵ ✶✻✽
Òðåòèé ✹✵ ✷✵ ✸✵ ✶✽✹

❮àéòè ñåáåñòîèìîñòü åäèíèöû ïðîäóêöèè êàæäîãî âèäà✳

✹✳ Ïðåäïðèÿòèå èñïîëüçóåò òðè âèäà ñûðüÿ✱ âûïóñêàÿ äâà
âèäà ïðîäóêöèè✳ ➶ òàáëèöå ïðèâåäåíû äàííûå ðàñõîäà ñûðüÿ
✭â ó✳ å✳✮ íà ïðîèçâîäñòâî îäíîãî èçäåëèÿ✿

➶èä ñûðüÿ Ïðîäóêöèÿ ✶ Ïðîäóêöèÿ ✷ ➬àïàñ ñûðüÿ
✶ ✷ ✸ ✶ ✷✵✵
✷ ✶ ✹ ✷ ✹✵✵
✸ ✺ ✶ ✶ ✵✵✵

❰ïðåäåëèòå îáúåì âûïóñêà ïðîäóêöèè êàæäîãî âèäà ïðè
çàäàííûõ çàïàñàõ ñûðüÿ✳

✶✺



➹ëàâà ✷

Ðàíã ñèñòåìû âåêòîðîâ✳ Ðàíã ìàòðèöû

➓ ✶✳ ❐èíåéíàÿ íåçàâèñèìîñòü✴çàâèñèìîñòü
âåêòîðîâ

Ïîíÿòèÿ è ñâîéñòâà ëèíåéíî íåçàâèñèìûõ✴çàâèñèìûõ ñè✲
ñòåì âåêòîðîâ ìû ïîäðîáíî ðàññìàòðèâàëè â ïîñîáèè ➽❐è✲
íåéíàÿ àëãåáðà✳ ×àñòü ✶➾✳ ❮àïîìíèì íåêîòîðûå îïðåäåëå✲
íèÿ✳

❰ïðåäåëåíèå ✶✳✶✳ ➶åêòîð a íàçûâàåòñÿ ëèíåéíîé êîìáè✲
íàöèåé âåêòîðîâ a1, a2, . . . , ak îäèíàêîâîé ðàçìåðíîñòè✱ åñëè

a = α1a
1 + α2a

2 + . . . αka
k, ✭✶✮

ãäå α1, α2, . . . , αk ✕ íåêîòîðûå ÷èñëà✳ Ðàâåíñòâî ✭✶✮ íàçûâàþò
ðàçëîæåíèåì âåêòîðà a ïî âåêòîðàì a1, a2, . . . , ak✱ à ÷èñëà
α1, α2, . . . , αk ✕ êîýôôèöèåíòàìè ðàçëîæåíèÿ✳

➶ ðàâåíñòâå ✭✶✮ âåðõíèé èíäåêñ âåêòîðà ✕ ýòî íîìåð âåê✲
òîðà â íàáîðå ✭ñèñòåìå✮ âåêòîðîâ✱ ò✳ å✳

ai = (a1
i, a2

i, . . . , an
i).

❰ïðåäåëåíèå ✶✳✷✳ ❐èíåéíàÿ êîìáèíàöèÿ ✭✶✮ íàçûâàåòñÿ
òðèâèàëüíîé✱ åñëè âñå êîýôôèöèåíòû α1, α2, . . . , αk ðàâíû
íóëþ✿

a = 0 · a1 + 0 · a2 + . . . 0 · ak.

✶✻



❐èíåéíàÿ êîìáèíàöèÿ ✭✶✮ íàçûâàåòñÿ íåòðèâèàëüíîé✱
åñëè õîòÿ áû îäèí èç êîýôôèöèåíòîâ αi íå ðàâåí íóëþ✱ ò✳ å✳
åñëè âûïîëíÿåòñÿ ñëåäóþùåå íåðàâåíñòâî✿

α2

1 + α2

2 + . . .+ α2

k =
k∑

i=1

α2

i ̸= 0. ✭✷✮

❮àïðèìåð✱ ðàññìîòðèì ñèñòåìó âåêòîðîâ a1 = (1; 0; 0)✱
a2 = (0; 1; 0)✱ a3 = (3; 4; 0)✳ ❮åòðóäíî óâèäåòü✱ ÷òî âåêòîð a3

ÿâëÿåòñÿ ëèíåéíîé êîìáèíàöèåé âåêòîðîâ a1 è a2 ñ êîýôôè✲
öèåíòàìè α1 = 3✱ α2 = 4 ñîîòâåòñòâåííî✿




3
4
0


 = 3 ·




1
0
0


+ 4 ·




0
1
0


 .

❰ïðåäåëåíèå ✶✳✸✳ ❮àáîð âåêòîðîâ a1, a2, . . . , ak îäèíàêîâîé
ðàçìåðíîñòè íàçûâàåòñÿ ñèñòåìîé âåêòîðîâ✳

❰ïðåäåëåíèå ✶✳✹✳ Ñèñòåìà èç k âåêòîðîâ a1, a2, . . . , ak íà✲
çûâàåòñÿ ëèíåéíî çàâèñèìîé✱ åñëè íàéäåòñÿ íåòðèâèàëü✲
íàÿ ëèíåéíàÿ êîìáèíàöèÿ ýòèõ âåêòîðîâ✱ ðàâíàÿ íóëåâîìó
âåêòîðó✱ ò✳ å✳ åñëè âûïîëíÿåòñÿ ðàâåíñòâî

α1a
1 + α2a

2 + . . . αka
k = 0 ✭✸✮

ïðè óñëîâèè ✭✷✮ íà êîýôôèöèåíòû ëèíåéíîé êîìáèíàöèè✳
➴ñëè æå ðàâåíñòâî ✭✸✮ âîçìîæíî òîëüêî ïðè íóëåâûõ êî✲

ýôôèöèåíòàõ✱ òî ñèñòåìà âåêòîðîâ a1, a2, . . . , ak ëèíåéíî íåçà✲
âèñèìàÿ✳

❰÷åâèäíî✱ ÷òî ðàññìîòðåííàÿ âûøå ñèñòåìà âåêòîðîâ


1
0
0


 ,




0
1
0


 ,




3
4
0


 ÿâëÿåòñÿ ëèíåéíî çàâèñèìîé✱ òàê êàê

✶✼



ñóùåñòâóåò èõ íåòðèâèàëüíàÿ ëèíåéíàÿ êîìáèíàöèÿ✱ ðàâíàÿ
íóëåâîìó âåêòîðó✿

3 ·




1
0
0


+ 4 ·




0
1
0


−




3
4
0


 =




0
0
0


 .

➬àìå÷àíèå ✶✳✶✳ ❰äèí âåêòîð a1 òàêæå îáðàçóåò ñèñòåìó✿
ïðè a1 = 0 ✕ ëèíåéíî çàâèñèìóþ ✭òàê êàê α1a

1 = 0 ìîæåò
âûïîëíÿòüñÿ ïðè α1 ̸= 0✮✱ à ïðè a1 ̸= 0 ✕ ëèíåéíî íåçàâèñè✲
ìóþ ✭òàê êàê α1a

1 = 0 âûïîëíÿåòñÿ òîëüêî ïðè α1 = 0✮✳

➬àìå÷àíèå ✶✳✷✳ ❐þáîå ïîäìíîæåñòâî ñèñòåìû âåêòîðîâ íà✲
çûâàåòñÿ ïîäñèñòåìîé✳

Ïðèìåð ✶✳✶✳ ➮ñïîëüçóÿ îïðåäåëåíèå✱ óñòàíîâèòü ëèíåéíóþ
çàâèñèìîñòü èëè ëèíåéíóþ íåçàâèñèìîñòü ñëåäóþùèõ ñèñòåì
âåêòîðîâ✿

à✮ a1 =

(
−1
2

)
, a2 =

(
2

−4

)
;

á✮ a1 =




−1
2
0


 , a2 =




1
1
1


 .

Ðåøåíèå

à✮ ➶åêòîðû a1 =

(
−1
2

)
, a2 =

(
2

−4

)
ÿâëÿþòñÿ ëè✲

íåéíî çàâèñèìûìè✱ òàê êàê ìîæíî ñîñòàâèòü íåòðèâèàëüíóþ
ëèíåéíóþ êîìáèíàöèþ✱ íàïðèìåð✱ ñ êîýôôèöèåíòàìè α1 = 2
è α2 = 1✱ êîòîðàÿ ðàâíà íóëåâîìó âåêòîðó✿

α1a
1+α2a

2 = 2 ·

(
−1
2

)
+1 ·

(
2

−4

)
=

(
−2 + 2
4− 4

)
=

(
0
0

)

èëè a2 = −2a1✳

✶✽



á✮ ➶åêòîðû a1 =




−1
2
0


 , a2 =




1
1
1


 ÿâëÿþòñÿ ëèíåéíî

íåçàâèñèìûìè✳ ➘åéñòâèòåëüíî✱ åñëè

α1a
1 + α2a

2 = 0,

α1 ·




−1
2
0


+ α2 ·




1
1
1


 =




0
0
0


 ,

òîãäà 


−α1

2α1

0


+




α2

α2

α2


 =




0
0
0


 .

Ïîëó÷àåì ñëåäóþùóþ ñèñòåìó✿




−α1 + α2 = 0,
2α1 + α2 = 0,
α2 = 0,

îòêóäà α1 ≡ 0, α2 ≡ 0✳ Òî åñòü òîëüêî òðèâèàëüíàÿ ëèíåé✲
íàÿ êîìáèíàöèÿ ýòèõ âåêòîðîâ áóäåò ðàâíà íóëåâîìó âåêòî✲
ðó✳ ➮ç ÷åãî ñëåäóåò✱ ÷òî ñèñòåìà âåêòîðîâ ëèíåéíî íåçàâèñè✲
ìà✳

Ïðèìåð ✶✳✷✳ ❰áðàçóþò ëè âåêòîðû

a1 =

(
2
4

)
, a2 =

(
5
1

)
, a3 =

(
2
1

)
ëèíåéíî íåçàâèñèìóþ

ñèñòåìó❄

Ðåøåíèå
➬äåñü íóæíî íàïîìíèòü îñíîâíóþ òåîðåìó âåêòîðíûõ

ïðîñòðàíñòâ✿ ëþáûå k âåêòîðîâ ïðîñòðàíñòâà Rn ïðè k > n
îáÿçàòåëüíî áóäóò ëèíåéíî çàâèñèìûìè✳

Òî åñòü åñëè ÷èñëî âåêòîðîâ â ñèñòåìå áîëüøå èõ ðàç✲
ìåðíîñòè ✭êîëè÷åñòâà êîîðäèíàò✮✱ òî îáÿçàòåëüíî íàéäåòñÿ

✶✾



íåòðèâèàëüíàÿ ëèíåéíàÿ êîìáèíàöèÿ ýòèõ âåêòîðîâ✱ ðàâíàÿ
íóëþ✳ Ñëåäîâàòåëüíî✱ â äàííîì ïðèìåðå ñèñòåìà âåêòîðîâ
ÿâëÿåòñÿ ëèíåéíî çàâèñèìîé✳

➶ñïîìíèì îñíîâíûå ñâîéñòâà ëèíåéíî çàâèñèìûõ è
ëèíåéíî íåçàâèñèìûõ âåêòîðîâ✿

✶✳ ➴ñëè â ñèñòåìó âåêòîðîâ âõîäèò íóëåâîé âåêòîð✱ òî îíà
ëèíåéíî çàâèñèìà✳

✷✳ ➴ñëè â ñèñòåìå âåêòîðîâ èìååòñÿ äâà îäèíàêîâûõ âåê✲
òîðà✱ òî îíà ëèíåéíî çàâèñèìà✳

✸✳ ➴ñëè â ñèñòåìå âåêòîðîâ èìååòñÿ äâà ïðîïîðöèîíàëü✲
íûõ âåêòîðà ✭a1 = αa2✮✱ òî îíà ëèíåéíî çàâèñèìà✳

✹✳ Ñèñòåìà èç k > 1 âåêòîðîâ ëèíåéíî çàâèñèìà òîãäà è
òîëüêî òîãäà✱ êîãäà õîòÿ áû îäèí èç âåêòîðîâ åñòü ëèíåéíàÿ
êîìáèíàöèÿ îñòàëüíûõ✳

✺✳ ❐þáûå âåêòîðû✱ âõîäÿùèå â ëèíåéíî íåçàâèñèìóþ ñè✲
ñòåìó âåêòîðîâ✱ îáðàçóþò ëèíåéíî íåçàâèñèìóþ ïîäñèñòåìó✳

✻✳ Ñèñòåìà âåêòîðîâ✱ ñîäåðæàùàÿ ëèíåéíî çàâèñèìóþ ïîä✲
ñèñòåìó✱ ÿâëÿåòñÿ ëèíåéíî çàâèñèìîé✳

Ïðèìåð ✶✳✸✳ Ðàññìîòðåòü âñåâîçìîæíûå ñèñòåìû✱ îáðàçî✲
âàííûå èç âåêòîðîâ✿

a
1
=





0

0

0



 , a
2
=





1

2

3



 , a
3
=





2

4

6



 , a
4
=





1

1

1



 , a
5
=





3

5

7



 .

➮ññëåäîâàòü êàæäóþ ñèñòåìó íà ëèíåéíóþ çàâèñèìîñòü✳

Ðåøåíèå
➘ëÿ íà÷àëà ðàññìîòðèì ïîäñèñòåìû✱ ñîäåðæàùèå ïî îä✲

íîìó âåêòîðó✳ ➶ ñîîòâåòñòâèè ñ çàìå÷àíèåì ✶✳✶ ➓ ✶ äàííîé
ãëàâû ✕ ñèñòåìû {a2}❀ {a3}❀ {a4}❀ {a5} ëèíåéíî íåçàâèñèìû✱
à ñèñòåìà {a1}✱ ñîñòîÿùàÿ èç íóëåâîãî âåêòîðà✱ ëèíåéíî çà✲
âèñèìà✳

➘àëåå ðàññìîòðèì ñèñòåìû✱ ñîäåðæàùèå ïî äâà âåêòîðà✿
• êàæäàÿ èç ÷åòûðåõ ñèñòåì {a1, a2}❀ {a1, a3}❀ {a1, a4}❀

{a1, a5} ëèíåéíî çàâèñèìà✱ òàê êàê ñîäåðæèò íóëåâîé âåêòîð
a1 ✭ïî ñâîéñòâó ✶✮❀

✷✵



• ñèñòåìà {a2, a3} ëèíåéíî çàâèñèìà✱ òàê êàê âåêòîðû ïðî✲
ïîðöèîíàëüíû✿ a3 = 2a2 ✭ïî ñâîéñòâó ✸✮❀

• êàæäàÿ èç ñèñòåì {a2, a4}❀ {a2, a5}❀ {a3, a4}❀ {a3, a5}❀
{a4, a5} ëèíåéíî íåçàâèñèìà✱ òàê êàê âåêòîðû íåïðîïîðöèî✲
íàëüíû✳

Òåïåðü ðàññìîòðèì ñèñòåìû✱ ñîñòîÿùèå èç òðåõ âåêòîðîâ✿
• êàæäàÿ èç ñèñòåì {a1, a2, a3}❀ {a1, a2, a4}❀ {a1, a2, a5}❀

{a1, a3, a4}❀ {a1, a3, a5}❀ {a1, a4, a5} ëèíåéíî çàâèñèìà✱ òàê êàê
ñîäåðæèò íóëåâîé âåêòîð a1 ✭ïî ñâîéñòâó ✶✮❀

• ñèñòåìû {a2, a3, a4}❀ {a2, a3, a5} ëèíåéíî çàâèñèìû✱ òàê
êàê ñîäåðæàò ëèíåéíî çàâèñèìóþ ïîäñèñòåìó {a2, a3} ✭ïî
ñâîéñòâó ✻✮❀

• ñèñòåìû {a2, a4, a5}❀ {a3, a4, a5} ëèíåéíî çàâèñèìû✱ òàê
êàê âåêòîð a5 ëèíåéíî âûðàæàåòñÿ ÷åðåç îñòàëüíûå ✭ïî ñâîé✲
ñòâó ✹✮✿ a5 = 2a2 + a4✱ a5 = a3 + a4✳

Ñèñòåìû èç ëþáûõ ÷åòûðåõ èëè ïÿòè âåêòîðîâ ëèíåéíî
çàâèñèìû ✭ïî ñâîéñòâó ✻✮✳

➓ ✷✳ Ðàíã è áàçà ñèñòåìû âåêòîðîâ

❰ïðåäåëåíèå ✷✳✶✳ Ðàíãîì ñèñòåìû âåêòîðîâ íàçûâàåòñÿ
ìàêñèìàëüíîå ÷èñëî ëèíåéíî íåçàâèñèìûõ âåêòîðîâ â çàäàí✲
íîé ñèñòåìå✳

Ðàññìîòðèì äëÿ ïðèìåðà ñëåäóþùèå ñèñòåìû✿

à✮

(
0
0

)
,

(
5
5

)
,

(
2
2

)
,

(
3
3

)
✳ Ðàíã ñèñòåìû ❂ ✶✱ òàê êàê

íåíóëåâûå âåêòîðû ýòîé ñèñòåìû êîëëèíåàðíû✳ ➬íà÷èò✱ ëþ✲
áîé íåíóëåâîé âåêòîð ñîñòàâëÿåò ìàêñèìàëüíóþ ëèíåéíî íåçà✲
âèñèìóþ ñèñòåìó❀

á✮

(
0
5

)
,

(
5
0

)
✳ Ðàíã ñèñòåìû ❂ ✷✱ òàê êàê ýòè âåêòîðû

íåêîëëèíåàðíû ✭ëèíåéíî íåçàâèñèìûå✮❀

✷✶



â✮




1
0
0


 ,




0
1
0


 ,




0
0
1


 ,




1
2
3


✳ Ðàíã ñèñòåìû ❂ ✸✱ òàê

êàê ïåðâûå òðè âåêòîðà îáðàçóþò ñòàíäàðòíûé áàçèñ ïðî✲
ñòðàíñòâà R3✱ à ÷åòâåðòûé âåêòîð ÿâëÿåòñÿ èõ ëèíåéíîé êîì✲
áèíàöèåé❀

ã✮




0
5
0


 ,




5
0
0


✳ Ðàíã ñèñòåìû ❂ ✷✱ òàê êàê âåêòîðû íåêîë✲

ëèíåàðíû✳

❰ïðåäåëåíèå ✷✳✷✳❒àêñèìàëüíîé ëèíåéíî íåçàâèñèìîé ïîä✲
ñèñòåìîé âåêòîðîâ íàçûâàåòñÿ ëèíåéíî íåçàâèñèìàÿ ïîäñè✲
ñòåìà✱ ñîñòîÿùàÿ èç ìàêñèìàëüíî âîçìîæíîãî ÷èñëà âåêòî✲
ðîâ ðàññìàòðèâàåìîé ñèñòåìû✳ ❒àêñèìàëüíóþ ëèíåéíî íåçà✲
âèñèìóþ ïîäñèñòåìó âåêòîðîâ íàçûâàþò áàçîé ñèñòåìû
âåêòîðîâ✳

➬àìå÷àíèå ✷✳✶✳ Ñèñòåìà âåêòîðîâ ìîæåò èìåòü íåñêîëü✲
êî ðàçëè÷íûõ áàç✳

➬àìå÷àíèå ✷✳✷✳ Ó êàæäîé ñèñòåìû âñå áàçû ñîäåðæàò îäè✲
íàêîâîå ÷èñëî âåêòîðîâ✳

Ïðèìåð ✷✳✶✳ ➶ ðàññìîòðåííûõ âûøå ÷åòûðåõ ñèñòåìàõ âåê✲
òîðîâ âûáðàòü âñåâîçìîæíûå ëèíåéíî íåçàâèñèìûå ïîäñè✲
ñòåìû✳ ❮àéòè âñå áàçû ñèñòåì âåêòîðîâ✳

Ðåøåíèå

✶✳ ❒îæíî âûáðàòü òðè ëèíåéíî íåçàâèñèìûå ïîäñèñòåìû

{

(
5
5

)
}✱ {

(
2
2

)
}✱ {

(
3
3

)
}, ïðè÷åì êàæäàÿ èç íèõ ÿâëÿåò✲

ñÿ áàçîé èñõîäíîé ñèñòåìû✳

✷✷



✷✳ Òðè ëèíåéíî íåçàâèñèìûå ïîäñèñòåìû✿ {

(
0
5

)
}✱ {

(
5
0

)
},

{

(
0
5

)
,

(
5
0

)
}, ïîñëåäíÿÿ ✭ñèñòåìà èç äâóõ âåêòîðîâ✮ ÿâ✲

ëÿåòñÿ áàçîé ñèñòåìû✳

✸✳ Ïóñòü a
1
=





1

0

0



 , a
2
=





0

1

0



 , a
3
=





0

0

1



 , a
4
=





1

2

3



 . ➮ç

íèõ ìîæíî îáðàçîâàòü ✶✸ ëèíåéíî íåçàâèñèìûõ ïîäñèñòåì✿
{a1, a2}✱ {a1, a3}✱ {a1, a4}✱ {a2, a4}✱ {a3, a4}✱ {a1}✱ {a2}✱ {a3}✱
{a4}✱ {a1, a2, a3}✱ {a1, a2, a4}✱ {a1, a3, a4}✱ {a2, a3, a4}✳ Ïðè÷åì
ïîñëåäíèå ÷åòûðå èç íèõ ÿâëÿþòñÿ áàçàìè ñèñòåìû✳

✹✳ Òðè ëèíåéíî íåçàâèñèìûå ïîäñèñòåìû✿ {




0
5
0


}✱ {




5
0
0


}✱

{




0
5
0


 ,




5
0
0


}✱ ïðè÷åì ïîñëåäíÿÿ ñèñòåìà ✕ áàçà✳

➚ëãîðèòì èññëåäîâàíèÿ ñèñòåìû âåêòîðîâ íà ëèíåéíóþ
çàâèñèìîñòü✴íåçàâèñèìîñòü✿

✶✳ Ñíà÷àëà ñëåäóåò óáåäèòüñÿ✱ ÷òî ÷èñëî âåêòîðîâ k èññëå✲
äóåìîé ñèñòåìû íå ïðåâîñõîäèò ÷èñëà êîîðäèíàò âåêòîðîâ n✳
➴ñëè æå k > n✱ òî ñèñòåìà ëèíåéíî çàâèñèìà✳

✷✳ Ïðîâåðèòü✱ íå ñîäåðæèò ëè ñèñòåìà íóëåâîé âåêòîð✱
ðàâíûå âåêòîðû✱ ïðîïîðöèîíàëüíûå âåêòîðû✳ ➴ñëè òàêèå èìå✲
þòñÿ✱ òî òàêæå äåëàåòñÿ âûâîä î ëèíåéíîé çàâèñèìîñòè ñè✲
ñòåìû✳

✸✳ ➮ññëåäîâàòü ñèñòåìó íà ëèíåéíóþ íåçàâèñèìîñòü ✭íà✲
ïðèìåð✱ ñ ïîìîùüþ îïðåäåëèòåëÿ✮✳

✹✳ Ðàíã ñèñòåìû âåêòîðîâ ðàâåí ìàêñèìàëüíîìó ÷èñëó ëè✲
íåéíî íåçàâèñèìûõ âåêòîðîâ a1, a2, . . . , ak✳

✷✸



Ïðèìåð ✷✳✷✳ ❰ïðåäåëèòü✱ ÿâëÿåòñÿ ëè ñèñòåìà âåêòîðîâ


2
3
7
1


 ,




3
−2
4
0


 ,




−1
1

−1
1


 ëèíåéíî çàâèñèìîé❄

Ðåøåíèå
Òàê êàê ìàòðèöà✱ ñîñòàâëåííàÿ èç äàííûõ âåêòîðîâ✱ èìååò

ïîðÿäîê 4× 3✱ òî íàéòè åå îïðåäåëèòåëü íåâîçìîæíî✳
Ðàññìîòðèì åå ïîäìàòðèöû✳ ➴ñëè íàéäåòñÿ òàêàÿ ïîäìàò✲

ðèöà ïîðÿäêà 3 × 3✱ îïðåäåëèòåëü êîòîðîé áóäåò îòëè÷íûì
îò íóëÿ✱ òîãäà òðè ñòðîêè è òðè ñòîëáöà ýòîé ïîäìàòðèöû
✭à ñëåäîâàòåëüíî✱ âñå òðè âåêòîðà èñõîäíîé ñèñòåìû✮ áóäóò
ëèíåéíî íåçàâèñèìûìè✳

Ðàññìîòðèì✱ íàïðèìåð✱ ïîäìàòðèöó✱ ñîñòàâëåííóþ èç ïî✲
ñëåäíèõ òðåõ ñòðîê èñõîäíîé ìàòðèöû✳ Ïîëó÷èì ñëåäóþùèé
îïðåäåëèòåëü✿

∣∣∣∣∣∣

3 −2 1
7 4 −1
1 0 1

∣∣∣∣∣∣
= 24 ̸= 0.

Ïî ñâîéñòâó îïðåäåëèòåëÿ ✭âñå ñòîëáöû è ñòðîêè îïðåäå✲
ëèòåëÿ✱ îòëè÷íîãî îò íóëÿ✱ ëèíåéíî íåçàâèñèìûå✮ ✕ ñèñòåìà
äàííûõ âåêòîðîâ ëèíåéíî íåçàâèñèìàÿ è ðàíã ñèñòåìû ❂ ✸✳

Ïðèìåð ✷✳✸✳ ➶ çàäàííîé ñèñòåìå âåêòîðîâ íàéòè âñå áàçû
ñèñòåìû✿

a1 =




4
−1
3

−2


 , a2 =




3
−1
4

−2


 , a3 =




8
−2
6

−4


 , a4 =




6
−2
8

−4


 .

Ðåøåíèå
❐åãêî óâèäåòü✱ ÷òî âåêòîðû a3 è a4 ìîæíî âûðàçèòü ÷åðåç

äðóãèå✿ a3 = 2a1✱ a4 = 2a2✳ Ñëåäîâàòåëüíî✱ èõ ìîæíî âû÷åðê✲
íóòü✳ ❰ñòàëîñü ïðîâåðèòü íà ëèíåéíóþ çàâèñèìîñòü a1 è a2✳

✷✹



Ýòè âåêòîðû íåêîëëèíåàðíû✱ çíà÷èò✱ ëèíåéíî íåçàâèñèìûå
è ðàíã ñèñòåìû ❂ ✷✳ ➪àçû ñèñòåìû✿ {a1, a2}✱ {a1, a4}✱ {a2, a3}✱
{a3, a4}✳

➬àäàíèÿ äëÿ ñàìîñòîÿòåëüíîé ðàáîòû

✶✳ ❮àéòè âñå áàçû ñèñòåìû âåêòîðîâ✿

à✮ a1 =




1
2
0
0


 , a2 =




1
2
3
4


 , a3 =




3
6
0
0


 ;

á✮ a1 =




5
2

−3
1


 , a2 =




4
1

−2
3


 , a3 =




1
1

−1
−2


 , a4 =




3
4

−1
2


 ;

â✮ a1 =




1
2
3
0

−1




, a2 =




0
1
1
1
0




, a3 =




1
3
4
1

−1




.

❰òâåòû✿
à✮ {a1, a2}✱ {a2, a3}❀ á✮ {a1, a2, a4}✱ {a1, a3, a4}✱ {a2, a3, a4}❀
â✮ {a1, a2}✱ {a1, a3}✱ {a2, a3}✳

✷✳ ❮àéòè ðàíã è áàçó íàáîðà âåêòîðîâ✿

à✮ a1 =




1
−1
0
0


 , a2 =




0
1

−1
0


 , a3 =




0
0
1

−1


 , a4 =




−1
0
0
1


 ;

✷✺



á✮ a1 =




−1
4

−3
−2


 , a2 =




3
−7
5
3


 , a3 =




3
−2
1
0


 , a4 =




−4
1
0
1


 .

❰òâåòû✿
à✮ ðàíã ñèñòåìû ❂ ✸❀ áàçà✱ íàïðèìåð✱ {a1, a2, a3}❀
á✮ ðàíã ñèñòåìû ❂ ✷❀ áàçà✱ íàïðèìåð✱ {a1, a2}✳

➓ ✸✳ ➶åêòîðíàÿ ñòðóêòóðà ìàòðèöû

Ðàññìîòðèì ìàòðèöó A ïîðÿäêà m× n✿

A =




a11 . . . a1n
✳✳✳

✳ ✳ ✳
✳✳✳

am1 . . . amn


 .

❰áîçíà÷èì ÷åðåç ai i✲þ ñòðîêó ìàòðèöû A✿

ai = (ai1ai2 . . . ain), i = 1, 2, . . .m.

Òîãäà ìàòðèöó A ìîæíî çàïèñàòü ÷åðåç ñèñòåìó ñòðîê✿

A =




a1
a2
. . .
am


 .

Òåïåðü îáîçíà÷èì ÷åðåç aj j✲é ñòîëáåö ìàòðèöû A✿

aj =




a1j
a2j
. . .
amj


 , j = 1, 2, . . . n.

❒àòðèöó A çàïèøåì êàê íàáîð ñòîëáöîâ✿

A =
(
a1 a2 . . . an

)
.

✷✻



Òàêèì îáðàçîì✱ ìàòðèöó ìîæíî âîñïðèíèìàòü êàê íåêî✲
òîðóþ ñèñòåìó âåêòîðîâ✱ çàïèñàííûõ îïðåäåëåííûì îáðàçîì
â ïðÿìîóãîëüíóþ òàáëèöó â âèäå åå ñòðîê èëè ñòîëáöîâ✳ ➘à✲
ëåå ýòè ñèñòåìû ñòðîê✴ñòîëáöîâ ìàòðèöû ìû áóäåì èññëå✲
äîâàòü íà ëèíåéíóþ çàâèñèìîñòü✴íåçàâèñèìîñòü✳

➓ ✹✳ Ðàíã ìàòðèöû

Ïîíÿòèå îïðåäåëèòåëÿ ÿâëÿåòñÿ âàæíåéøåé õàðàêòåðè✲
ñòèêîé êâàäðàòíîé ìàòðèöû✳ ➴ñëè detA = 0✱ òîãäà â ìàòðè✲
öå ñòðîêè✴ñòîëáöû ëèíåéíî çàâèñèìûå✳ ➘ëÿ ïðÿìîóãîëüíîé
ìàòðèöû A ïîðÿäêà m× n âàæíîé õàðàêòåðèñòèêîé ÿâëÿåò✲
ñÿ ïîíÿòèå ðàíãà✳

❰ïðåäåëåíèå ✹✳✶✳ Ðàíãîì ñèñòåìû ñòðîê ✭ñòîëáöîâ✮ ìàò✲
ðèöû A íàçûâàåòñÿ íàèáîëüøåå ÷èñëî ëèíåéíî íåçàâèñèìûõ
ñòðîê ✭ñòîëáöîâ✮ ñîîòâåòñòâåííî✳

Ðàíã ñèñòåìû ñòðîê ìàòðèöû ðàâåí ðàíãó ñèñòåìû åå ñòîëá✲
öîâ✳ Ýòî ÷èñëî íàçûâàåòñÿ ðàíãîì ìàòðèöû ïî ñòðîêàì
✭ñòîëáöàì✮✳

Ðàíã ìàòðèöûA îáîçíà÷àåòñÿ êàê rgA✱ r(A)✱ rangA✱ rankA✳

Ïðèìåð ✹✳✶✳ ➶û÷èñëèòü ðàíã ìàòðèöû

A =




2 0 4 0
1 0 2 0
3 0 6 0
1 0 2 0


 .

Ðåøåíèå
Ðàíã ìàòðèöû A íå ìîæåò áûòü áîëüøå 4✱ òàê êàê A ðàç✲

ìåðíîñòè 4×4✳ Òî åñòü rangA ≤ 4✳ Ðàññìîòðèì ñòîëáöû ìàò✲
ðèöû✳ ❮óëåâûå ñòîëáöû ìîæíî âû÷åðêíóòü✱ ïðè ýòîì ðàíã
íå èçìåíèòñÿ✳ Òàêèì îáðàçîì✱ rangA ≤ 2✳ ❰ñòàâøèåñÿ äâà

✷✼



ñòîëáöà ëèíåéíî çàâèñèìûå ✭êîëëèíåàðíûå✮✱ ïîýòîìó îäèí
èç íèõ òàêæå ìîæíî âû÷åðêíóòü èç ìàòðèöû✳ ❰ñòàåòñÿ îäèí
ëèíåéíî íåçàâèñèìûé ñòîëáåö✱ ñëåäîâàòåëüíî✱ rangA = 1✳ Òî
æå âåðíî è îòíîñèòåëüíî ñòðîê ìàòðèöû✿ âòîðàÿ ñòðîêà ïî✲
âòîðÿåò ÷åòâåðòóþ✱ à ïåðâàÿ è òðåòüÿ ñòðîêè ïîëó÷åíû èç
âòîðîé ñòðîêè ïóòåì óìíîæåíèÿ íà 2 è 3 ñîîòâåòñòâåííî✳ Òî
åñòü ìàòðèöà ñîäåðæèò òîëüêî îäíó ëèíåéíî íåçàâèñèìóþ
ñòðîêó✱ è rangA = 1✳

Ïðèìåð ✹✳✷✳ ➶û÷èñëèòü ðàíã ìàòðèöû

A =




2 5 0 1
3 1 2 4
1 −4 2 3


 .

Ðåøåíèå
➬àìåòèì✱ ÷òî òðåòüÿ ñòðîêà ìàòðèöû ÿâëÿåòñÿ ëèíåéíîé

êîìáèíàöèåé ïåðâûõ äâóõ ñòðîê✱ à èìåííî a3 = a2 − a1✳
❰ñòàâøèåñÿ äâå ñòðîêè a1 è a2 íåêîëëèíåàðíû✱ ñëåäîâàòåëü✲
íî✱ ëèíåéíî íåçàâèñèìûå✳ Ïîëó÷èëè rangA = 2✳

➶âåäåì îïðåäåëåíèå ðàíãà ìàòðèöû✱ èñïîëüçóÿ ìèíîðû
ìàòðèöû✳ ➘ëÿ ýòîãî âûäåëèì â ìàòðèöå A ïðîèçâîëüíûì
îáðàçîì k ñòðîê è k ñòîëáöîâ✱ ãäå k ≤ min{m,n}✿

✷✽



❰ïðåäåëåíèå ✹✳✷✳ ❰ïðåäåëèòåëü ïîðÿäêà k✱ ñîñòàâëåííûé
èç ýëåìåíòîâ✱ ñòîÿùèõ íà ïåðåñå÷åíèè âûäåëåííûõ k ñòðîê è
k ñòîëáöîâ✱ íàçûâàåòñÿ ìèíîðîì èëè îïðåäåëèòåëåì k✲ãî
ïîðÿäêà✳

❰áîçíà÷àÿ ìèíîðû✱ íîìåðà âûáðàííûõ ñòðîê áóäåì óêà✲
çûâàòü âåðõíèìè èíäåêñàìè✱ à âûáðàííûõ ñòîëáöîâ ✕ íèæ✲
íèìè✱ ðàñïîëàãàÿ èõ ïî âîçðàñòàíèþ✳

Ðàññìîòðèì

A =




1 2 3 4
0 1 2 3
1 3 5 7


 .

Ó ìàòðèöû èìååòñÿ ✶✷ ìèíîðîâ ✶✲ãî ïîðÿäêà✱ íàïðèìåð
ìèíîð M2

4 = |a24| = 3❀ ✶✽ ìèíîðîâ ✷✲ãî ïîðÿäêà✱ íàïðèìåð

M12
24 =

∣∣∣∣
2 4
1 3

∣∣∣∣ = 2❀ ✹ ìèíîðà ✸✲ãî ïîðÿäêà✱ íàïðèìåð

M123

124 =

∣∣∣∣∣∣

1 2 4
0 1 3
1 3 7

∣∣∣∣∣∣
= 0.

❰ïðåäåëåíèå ✹✳✸✳ ➶ ìàòðèöå A ïîðÿäêà m× n ìèíîð k✲ãî
ïîðÿäêà íàçûâàåòñÿ áàçèñíûì✱ åñëè îí îòëè÷åí îò íóëÿ✱ à
âñå ìèíîðû k + 1✲ãî ïîðÿäêà ðàâíû íóëþ✱ èëè èõ âîîáùå íå
ñóùåñòâóåò✳ Ñòðîêè è ñòîëáöû ìàòðèöû A✱ íà ïåðåñå÷åíèè
êîòîðûõ ðàñïîëîæåí áàçèñíûé ìèíîð✱ áóäåì íàçûâàòü áà✲
çèñíûìè ñòðîêàìè è ñòîëáöàìè✳ Ýòè ñòðîêè ✭ñòîëáöû✮
ÿâëÿþòñÿ ëèíåéíî íåçàâèñèìûìè ✭ìèíîð èëè îïðåäåëèòåëü
íå ðàâåí íóëþ✱ åñëè âñå åãî ñòðîêè è ñòîëáöû ëèíåéíî íåçà✲
âèñèìûå✮✳

❰ïðåäåëåíèå ✹✳✹✳ Ðàíãîì ìàòðèöû íàçûâàåòñÿ ìàêñèìàëü✲
íûé ïîðÿäîê îòëè÷íîãî îò íóëÿ ìèíîðà ìàòðèöû ✭ïîðÿäîê
áàçèñíîãî ìèíîðà✮✳

✷✾



❮àïðèìåð✱ äëÿ ìàòðèöû A =




1 2 3 4
0 1 2 3
1 3 5 7


✱ ðàññìîò✲

ðåííîé âûøå✱ áàçèñíûì ìèíîðîì ìîæåò áûòü ìèíîð ✷✲ãî
ïîðÿäêà M12

24 ✱ òàê êàê âñå ìèíîðû ✸✲ãî ïîðÿäêà ðàâíû íó✲
ëþ ✭òðåòüÿ ñòðîêà ÿâëÿåòñÿ ëèíåéíîé êîìáèíàöèåé ïåðâîé è
âòîðîé ñòðîê✮✳ ❰òñþäà rangA = 2✳

➪àçèñíûõ ìèíîðîâ ìîæåò áûòü íåñêîëüêî✱ ê ïðèìåðó✱ äëÿ
ðàññìîòðåííîé ìàòðèöû áàçèñíûìè ìèíîðàìè ÿâëÿþòñÿ âñå
ìèíîðû ✷✲ãî ïîðÿäêà✱ òàê êàê íè îäèí èç íèõ íå ðàâåí íóëþ✳

Ïðèìåð ✹✳✸✳ ❮àéòè âñå áàçèñíûå ìèíîðû è ðàíã ìàòðèöû

A =

(
1 2 3 4
0 1 2 3

)
.

Ðåøåíèå
❒àòðèöà A ðàçìåðíîñòè 2× 4✱ ïîýòîìó

rangA ≤ min{2, 4} = 2.

❒àòðèöà èìååò áàçèñíûé ìèíîð ✷✲ãî ïîðÿäêà ✭íàïðèìåð✱
M12

12 ̸= 0✮✱ ñëåäîâàòåëüíî✱ rangA = 2✳ ➪àçèñíûìè ìèíîðàìè
òàêæå ÿâëÿþòñÿ✿

M12

13 ,M
12

14 ,M
12

23 ,M
12

24 ,M
12

34 .

Òåîðåìà ✹✳✶ ✭î áàçèñíîì ìèíîðå✮✳ ➶ ïðîèçâîëüíîé ìàò✲
ðèöå A êàæäûé ñòîëáåö ✭ñòðîêà✮✱ íå âõîäÿùèé✭àÿ✮ â áàçèñ✲
íûé ìèíîð✱ ÿâëÿåòñÿ ëèíåéíîé êîìáèíàöèåé áàçèñíûõ ñòîëá✲
öîâ ✭ñòðîê✮✳

➬àìå÷àíèå ✹✳✶✳ ➴ñëè âñå ìèíîðû k✲ãî ïîðÿäêà ðàâíû íóëþ✱
òî ðàâíû íóëþ è âñå ìèíîðû áîëåå âûñîãî ïîðÿäêà✳

➬àìå÷àíèå ✹✳✷✳ rangA = 0 òîëüêî ó íóëåâîé ìàòðèöû✱ òàê
êàê ó íóëåâîé ìàòðèöû íåò áàçèñíîãî ìèíîðà ✭íåò ëèíåéíî
íåçàâèñèìûõ ñòðîê✴ñòîëáöîâ✮✳

✸✵



➬àìå÷àíèå ✹✳✸✳ ➴ñëè ìàòðèöà ïîðÿäêà n íåâûðîæäåííàÿ
✭detA ̸= 0✮✱ òî åå ðàíã ðàâåí n ✭ò✳ å✳ ó ýòîé ìàòðèöû áàçèñ✲
íûé ìèíîð ïîðÿäêà n✮✳ ➴ñëè ìàòðèöà âûðîæäåííàÿ✱ òî åå
ðàíã ìåíüøå åå ïîðÿäêà✳

Òåîðåìà ✹✳✷✳ Ðàíã ìàòðèöû ðàâåí ïîðÿäêó áàçèñíîãî ìè✲
íîðà è✱ ñëåäîâàòåëüíî✱ ìàêñèìàëüíîìó ÷èñëó ëèíåéíî íåçà✲
âèñèìûõ ñòðîê èëè ñòîëáöîâ ìàòðèöû✳

Ïðèìåð ✹✳✹✳ ❮àéòè ðàíã ìàòðèöû

A =




1 2 −1 3 1
2 1 3 −1 2
3 3 2 2 3


 .

Ðåøåíèå

Òàê êàê ìàòðèöà A ðàçìåðíîñòè 3 × 5✱ òîãäà rangA ≤ 3✳
➶èäíî✱ ÷òî òðåòüÿ ñòðîêà ÿâëÿåòñÿ ñóììîé ïåðâîé è âòîðîé
ñòðîê✱ ò✳ å✳ a3 = a1 + a2✳ Ñëåäîâàòåëüíî✱ òðåòüþ ñòðîêó âû✲
÷åðêèâàåì è ïîëó÷àåì ýêâèâàëåíòíóþ ìàòðèöó

Ã =

(
1 2 −1 3 1
2 1 3 −1 2

)

è rangA = rangÃ ≤ 2✳ Ó ìàòðèöû áàçèñíûìè ìèíîðàìè
ÿâëÿþòñÿ✿

M12

12 ,M
12

13 ,M
12

14 ,M
12

23 ,M
12

24 ,M
12

25 ,M
12

34 ,M
12

35 ,M
12

45 ,

òàê êàê âñå îíè íå ðàâíû íóëþ✳ Òîëüêî ìèíîð M12
15 = 0 íå

ÿâëÿåòñÿ áàçèñíûì✳ ➬íà÷èò✱ rangA = rangÃ = 2✳

Ïðèìåð ✹✳✺✳ ➶ûÿñíèòü✱ ïðè êàêîì çíà÷åíèè α ðàíã ìàòðè✲
öû A ÿâëÿåòñÿ íàèìåíüøèì ñðåäè ðàíãîâ ïðèâåäåííûõ ìàò✲
ðèö✿

✸✶



A =




1 2 3
2 4 α

−1 −2 −3


 , B =




2 3 1
0 0 0
4 6 9


 , C =




1 1 1
0 4 5
0 0 3


 .

Ðåøåíèå
Òàê êàê ó ìàòðèöû C ìèíîð M123

123 ✸✲ãî ïîðÿäêà íå ðàâåí
íóëþ✱ òî rangC = 3✳ ➶ ìàòðèöå B íóëåâóþ ñòðîêó ìîæíî âû✲
÷åðêíóòü✱ à îñòàâøèåñÿ äâå ñòðîêè íåêîëëèíåàðíû✳ ❰òñþäà
rangB = 2✳

Òàêèì îáðàçîì✱ çíà÷åíèå α äîëæíî áûòü òàêèì✱ ÷òîáû
rangA = 1 ✭ïîòîìó ÷òî òîëüêî ó íóëåâîé ìàòðèöû ðàíã ðà✲
âåí íóëþ✮✳ Ïåðâàÿ a1 è òðåòüÿ a3 ñòðîêè ìàòðèöû A ëèíåéíî
çàâèñèìûå ✭a1 = −a3✮✱ ñëåäîâàòåëüíî✱ îäíó èç íèõ âû÷åðêè✲
âàåì✱ íàïðèìåð a3✳ ➶òîðàÿ ñòðîêà áóäåò ëèíåéíî çàâèñèìîé
ñ ïåðâîé ñòðîêîé a1 ïðè α = 6 ✭à èìåííî a1 = 2a2✮✳ Ïîýòîìó
rangA = 1 ïðè α = 6✳

➓ ✺✳ ➶û÷èñëåíèå ðàíãà ìàòðèöû

➘ëÿ âû÷èñëåíèÿ ðàíãà ìàòðèöû íåîáõîäèìî íàéòè áàçèñ✲
íûé ìèíîð èëè ìàêñèìàëüíîå ÷èñëî ëèíåéíî íåçàâèñèìûõ
ñòðîê✴ñòîëáöîâ✳ Ïîèñê áàçèñíîãî ìèíîðà ó ìàòðèö áîëüøîé
ðàçìåðíîñòè ïðîñòûì ïåðåáîðîì ìèíîðîâ âñåõ ïîðÿäêîâ ÿâ✲
ëÿåòñÿ âåñüìà òðóäîåìêîé çàäà÷åé✳ Ñëåäóþùèé ìåòîä ïîç✲
âîëÿåò óìåíüøèòü ÷èñëî ðàññìàòðèâàåìûõ ìèíîðîâ✳

✶✳ ❒åòîä îêàéìëÿþùèõ ìèíîðîâ

Ðàññìîòðèì ìàòðèöó A ðàçìåðíîñòè m× n✳ Ïóñòü íàøëè

ìèíîð k✲ãî ïîðÿäêàM i1i2...ik
j1j2...jk

̸= 0✳ Ñëåäîâàòåëüíî✱ rangA ≥ k✳

➴ñëè k < min{m,n}✱ çíà÷èò✱ ìîæåì ïîñòðîèòü ìèíîð k+1✲

ãî ïîðÿäêà M
i1i2...ikik+1

j1j2...jkjk+1
✱ êîòîðûé îêàéìëÿåò ✭èëè ñîäåðæèò

â ñåáå✮ èñõîäíûé ìèíîð M i1i2...ik
j1j2...jk

✳

✸✷



➴ñëè M
i1i2...ikik+1

j1j2...jkjk+1
̸= 0✱ ñëåäîâàòåëüíî✱ rangA ≥ k + 1✳ Òå✲

ïåðü✱ åñëè îêàæåòñÿ✱ ÷òî âñå ìèíîðû k+2✲ãî ïîðÿäêà✱ îêàéì✲

ëÿþùèå åãî✱ ðàâíû íóëþ èëè íå ñóùåñòâóþò✱ òî rangA =

k + 1✳

Òàêèì îáðàçîì✱ ïðè âû÷èñëåíèè ðàíãà ìàòðèöû ñëåäóåò
ïåðåõîäèòü îò ìèíîðîâ ìåíüøèõ ïîðÿäêîâ ê ìèíîðàì âûñ✲
øèõ ïîðÿäêîâ✳ ➴ñëè óæå íàéäåí ìèíîð ïîðÿäêà k✱ îòëè÷íûé
îò íóëÿ✱ òî âû÷èñëÿþòñÿ íå âñå ìèíîðû k + 1✲ãî ïîðÿäêà✱ à
ëèøü îêàéìëÿþùèå åãî ìèíîðû✿ åñëè âñå îíè ðàâíû íóëþ✱
òî ðàíã ìàòðèöû ðàâåí k✳

Ðàññìîòðèì ïðèìåíåíèå ìåòîäà íà ñëåäóþùåì ïðèìåðå✳

Ïðèìåð ✺✳✶✳ ❮àéòè ðàíã ìàòðèöû

A =




1 −3 5 4
2 −6 4 3
3 −9 9 7


 .

Ðåøåíèå
➶ûáèðàåì ïðîèçâîëüíûì îáðàçîì ìèíîð ✶✲ãî ïîðÿäêà✱ íå

ðàâíûé íóëþ✱ íàïðèìåð M1
1 = 1✳ ➮ìååì rangA ≥ 1✳ Òàê êàê

ìàòðèöà ïîðÿäêà 3×4✱ ìîæåì ðàñìîòðåòü ìèíîðû áîëüøåãî
ïîðÿäêà✳ ❰êàéìëÿåì ìèíîð M1

1 ìèíîðîì ✷✲ãî ïîðÿäêà✱ íà✲

ïðèìåð M12
12 =

∣∣∣∣
1 −3
2 −6

∣∣∣∣ = 0. ➶ûáîð îêàçàëñÿ íåóäà÷íûì✱

òàê êàê ïîëó÷èëè ìèíîð✱ ðàâíûé íóëþ✳ Ðàññìîòðèì ìèíîð

✷✲ãî ïîðÿäêà✱ òàêæå îêàéìëÿþùèéM1
1 ✿M

12
13 =

∣∣∣∣
1 5
2 4

∣∣∣∣ = −6.

Ñëåäîâàòåëüíî✱ rangA ≥ 2✳ Òåïåðü ðàññìîòðèì âñå ìèíîðû
✸✲ãî ïîðÿäêà✿

M123

134 =

∣∣∣∣∣∣

1 5 4
2 4 3
3 9 7

∣∣∣∣∣∣
= 0, M123

132 =

∣∣∣∣∣∣

1 5 −3
2 4 −6
3 9 −9

∣∣∣∣∣∣
= 0,

òàê êàê òðåòüÿ ñòðîêà ðàâíà ñóììå ïåðâûõ äâóõ ñòðîê✳ Ïî✲
ýòîìó rangA = 2✳

✸✸



✷✳ ❒åòîä ➹àóññà
❒åòîä îñíîâàí íà ïðèìåíåíèè òàêèõ ýëåìåíòàðíûõ ïðå✲

îáðàçîâàíèé✱ êàê✿
à✮ âû÷åðêèâàíèå íóëåâîé ñòðîêè ✭ñòîëáöà✮❀
á✮ óìíîæåíèå âñåõ ýëåìåíòîâ ñòðîêè ✭ñòîëáöà✮ ìàòðèöû

íà ÷èñëî✱ íå ðàâíîå íóëþ❀
â✮ ïåðåñòàíîâêà ñòðîê ✭ñòîëáöîâ✮ ìàòðèöû❀
ã✮ ïðèáàâëåíèå ê êàæäîìó ýëåìåíòó îäíîé ñòðîêè ✭ñòîëá✲

öà✮ ñîîòâåòñòâóþùèõ ýëåìåíòîâ äðóãîé ñòðîêè ✭ñòîëáöà✮✱
óìíîæåííûõ íà ëþáîå ÷èñëî❀

ä✮ òðàíñïîíèðîâàíèå ìàòðèöû✳

➬àìå÷àíèå ✺✳✶✳ Ýëåìåíòàðíûå ïðåîáðàçîâàíèÿ ìàòðèöû íå
èçìåíÿþò åå ðàíãà✳ ✭❮àïîìíèì✱ ÷òî äâå ìàòðèöû íàçûâàþò✲
ñÿ ýêâèâàëåíòíûìè✱ åñëè îäíà ìàòðèöà ïîëó÷àåòñÿ èç äðóãîé
ñ ïîìîùüþ ýëåìåíòàðíûõ ïðåîáðàçîâàíèé✳✮

➬àìå÷àíèå ✺✳✷✳ ➴ñëè îäíà ñòðîêà ✭ñòîëáåö✮ ìàòðèöû ÿâ✲
ëÿåòñÿ ëèíåéíîé êîìáèíàöèåé äðóãèõ åå ñòðîê ✭ñòîëáöîâ✮✱
òî åå ✭åãî✮ ìîæíî âû÷åðêíóòü èç ìàòðèöû✱ íå èçìåíèâ ïðè
ýòîì ðàíãà✳

➚ëãîðèòì ìåòîäà ➹àóññà
Ðàññìîòðèì ìàòðèöó A ðàçìåðíîñòè m × n✳ ➘ëÿ íàõîæ✲

äåíèÿ åå ðàíãà ìåòîäîì ➹àóññà íåîáõîäèìî✿
✶✳ Ïðèâåñòè ìàòðèöó A ê ñòóïåí÷àòîìó âèäó ✭ñì✳ ó÷✳ ïî✲

ñîáèå ➽❐èíåéíàÿ àëãåáðà✳ ×àñòü ✶➾✱ ➓ ✸ ➽Ýëåìåíòàðíûå ïðå✲
îáðàçîâàíèÿ ìàòðèö➾✮✳

✷✳ ➶ ïîëó÷åííîé ìàòðèöå ïîñ÷èòàòü êîëè÷åñòâî íåíóëå✲
âûõ ñòðîê✳ Ýòî ÷èñëî è áóäåò ðàâíî ðàíãó ìàòðèöû A✳

✸✹



❮àïîìíèì✱ ÷òî ñ ïîìîùüþ ýëåìåíòàðíûõ ïðåîáðàçîâàíèé
ëþáóþ ìàòðèöó ìîæíî ïðèâåñòè ê ñòóïåí÷àòîìó âèäó✿




0 ã11 ∗ ∗ . . . ∗ ∗ . . . ∗ ∗ . . . ∗
0 0 ã22 ∗ . . . ∗ ∗ . . . ∗ ∗ . . . ∗
0 0 0 0 . . . 0 ã33 . . . ∗ ∗ . . . ∗
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳
✳✳✳ . . .

✳✳✳
✳✳✳ . . .

✳✳✳
0 0 0 0 . . . 0 0 . . . 0 ãkk . . . ∗
0 0 0 0 . . . 0 0 . . . 0 0 . . . 0




,

çäåñü ã11, ã22, . . . , ãkk ✕ âåäóùèå ýëåìåíòû✱ íåðàâíûå íóëþ✱
ñèìâîëîì ∗ îáîçíà÷åíû ýëåìåíòû ñ ïðîèçâîëüíûìè çíà÷å✲
íèÿìè✱ k ≤ min{m,n}✳ ➬àìåòèì✱ ÷òî âûñîòà êàæäîé ➽ñòó✲
ïåíüêè➾ ñîñòàâëÿåò îäíó ñòðîêó✳ Òàêèì îáðàçîì✱ ðàíã ñòó✲
ïåí÷àòîé ìàòðèöû ðàâåí k✳

Ïðèìåð ✺✳✷✳ ❮àéòè ðàíã ìàòðèöû

A =




1 1 1 1 1
1 1 2 3 2
2 2 1 2 1
4 4 4 6 4


 .

Ðåøåíèå

➮ç âòîðîé ñòðîêè âû÷òåì ïåðâóþ ñòðîêó❀ èç òðåòüåé ñòðî✲
êè âû÷òåì ïåðâóþ ñòðîêó✱ óìíîæåííóþ íà 2❀ èç ÷åòâåðòîé
ñòðîêè âû÷òåì ïåðâóþ ñòðîêó✱ óìíîæåííóþ íà 4✳ Ïîëó÷èì
ýêâèâàëåíòíóþ ìàòðèöó✿

A =




1 1 1 1 1
1 1 2 3 2
2 2 1 2 1
4 4 4 6 4


 ∼




1 1 1 1 1
0 0 1 2 1
0 0 −1 0 −1
0 0 0 2 0


 .

✸✺



➘àëåå ê òðåòüåé ñòðîêå ïðèáàâèì âòîðóþ✿


1 1 1 1 1
0 0 1 2 1
0 0 −1 0 −1
0 0 0 2 0


 ∼




1 1 1 1 1
0 0 1 2 1
0 0 0 2 0
0 0 0 2 0


 .

➶ ïîñëåäíåé ìàòðèöå òðåòüÿ è ÷åòâåðòàÿ ñòðîêè îäèíà✲
êîâûå✱ ïîýòîìó îäíó èç íèõ ìîæíî âû÷åðêíóòü✳ Ïîëó÷àåì
rangA = 3.

Ïðèìåð ✺✳✸✳ ❮àéòè ðàíã ìàòðèöû ïðè ðàçëè÷íûõ çíà÷å✲
íèÿõ α✿

A =




α 1 1 1
1 α 1 1
1 1 α 1
1 1 1 α


 .

Ðåøåíèå
❮àéäåì ðàíã ìàòðèöû ìåòîäîì ➹àóññà✳ Ñíà÷àëà ïîìåíÿåì

ïåðâóþ è ÷åòâåðòóþ ñòðîêè ìåñòàìè✿


α 1 1 1
1 α 1 1
1 1 α 1
1 1 1 α


 ∼




1 1 1 α
1 α 1 1
1 1 α 1
α 1 1 1


 .

➘àëåå âû÷òåì èç âòîðîé è òðåòüåé ñòðîê ïåðâóþ✱ èç ÷åò✲
âåðòîé ñòðîêè âû÷òåì ïåðâóþ ñòðîêó✱ óìíîæåííóþ íà α✿



1 1 1 α
0 (α− 1) 0 (1− α)
0 0 (α− 1) (1− α)
0 (1− α) (1− α) (1− α2)


 .

Ïðèáàâèì ê ÷åòâåðòîé ñòðîêå âòîðóþ ñòðîêó✱ ïîëó÷èì


1 1 1 α
0 (α− 1) 0 (1− α)
0 0 (α− 1) (1− α)
0 0 (1− α) (2− α− α2)


 .

✸✻



Ïðèáàâèì ê ÷åòâåðòîé ñòðîêå òðåòüþ ñòðîêó✿



1 1 1 α
0 (α− 1) 0 (1− α)
0 0 (α− 1) (1− α)
0 0 0 (3− 2α− α2)


 .

➬àìåòèì✱ ÷òî (3 − 2α − α2) = −(α − 1)(α + 3). Ñëåäîâà✲
òåëüíî✿

✶✮ åñëè α− 1 = 0✱ òîãäà îñòàíåòñÿ îäíà íåíóëåâàÿ ñòðîêà✳
Òî åñòü ïðè α = 1 rangA = 1❀

✷✮ åñëè α−1 ̸= 0✱ α+3 ̸= 0✱ òîãäà â ìàòðèöå áóäåò ÷åòûðå
íåíóëåâûå ñòðîêè✳ Òàêèì îáðàçîì✱ ïðè α ̸= 1 è α ̸= −3
rangA = 4❀

✸✮ åñëè α + 3 = 0✱ òîãäà â ìàòðèöå áóäåò òðè íåíóëåâûå
ñòðîêè✳ ➮ìååì ïðè α = −3 rangA = 3✳

Ñâîéñòâà✿
✶✳ Ðàíã ñóììû ìàòðèö íå ïðåâûøàåò ñóììû ðàíãîâ ñëà✲

ãàåìûõ✿
rang(A+B) ≤ rangA+ rangB.

✷✳ Ðàíã ïðîèçâåäåíèÿ ìàòðèö íå ïðåâûøàåò ðàíãà ìíîæè✲
òåëåé✿

rang(A · B) ≤ min{rangA, rangB}.

Ïðèìåð ✺✳✹✳➘àíû ìàòðèöû✿A =

(
2 0
0 0

)
✱ B =

(
0 0
0 3

)
✱

C =

(
0 1
2 1

)
. ❮àéòè ðàíãè ìàòðèö✿ A+B✱ A+C✱ A·B✱ A·C✳

Ðåøåíèå
❮åòðóäíî âèäåòü✱ ÷òî rangA = 1✱ rangB = 1✱ rangC = 2✳

❮àéäåì ðàíãè ñóììû è ïðîèçâåäåíèé äàííûõ ìàòðèö✿

A+B =

(
2 0
0 0

)
+

(
0 0
0 3

)
=

(
2 0
0 3

)
,

✸✼



rang(A+B) = 2✱ ò✳ å✳ rang(A+B) = rangA+ rangB❀

A+ C =

(
2 0
0 0

)
+

(
0 1
2 1

)
=

(
2 1
2 1

)
,

rang(A+ C) = 1✱ ò✳ å✳ rang(A+ C) < rangA+ rangC❀

A · B =

(
2 0
0 0

)
·

(
0 0
0 3

)
=

(
0 0
0 0

)
,

rang(A · B) = 0✱ ò✳ å✳ rang(A · B) < min{rangA, rangB}❀

A · C =

(
2 0
0 0

)
·

(
0 1
2 1

)
=

(
0 2
0 0

)
,

rang(A · C) = 1✱ ò✳ å✳ rang(A · C) = min{rangA, rangC}✳
➚íàëîãè÷íî ñâîéñòâó ïðîèçâåäåíèÿ ìàòðèö (A·B ̸= B ·A)✱

â îáùåì ñëó÷àå✱ rang(A · B) ̸= rang(B · A)✳

Ïðèìåð ✺✳✺✳ ➘àíû ìàòðèöû✿ A =
(
1 2

)
✱ B =

(
2

−1

)
✳

❮àéòè✿ rang(A · B)✱ rang(B · A)✳

Ðåøåíèå

A · B =
(
1 2

)
·

(
2

−1

)
= 0, rang(A · B) = 0✳

B · A =

(
2

−1

)
·
(
1 2

)
=

(
2 4

−1 −2

)
,

rang(B · A) = 1.

✸✽



➬àäàíèÿ äëÿ ñàìîñòîÿòåëüíîé ðàáîòû

✶✳ ❮àéòè ðàíã ìàòðèöû ñ ïîìîùüþ ýëåìåíòàðíûõ ïðå✲
îáðàçîâàíèé èëè ìåòîäîì îêàéìëÿþùèõ ìèíîðîâ è óêàçàòü
êàêîé✲ëèáî áàçèñíûé ìèíîð✱ åñëè✿

à✮ A =




1 1 2 3 −1
2 −1 0 −4 −5

−1 −1 0 −3 −2
6 3 4 8 −3


 ;

á✮ B =




−8 1 −7 −5 −5
−2 1 −3 −1 −1
1 1 −1 1 1


 ;

â✮ C =




−1 4 2 0
1 8 2 1
2 7 1 −4


 ;

ã✮ D =




1 0 1 −1
2 1 3 −2

−3 −1 −4 3
4 −1 3 −4
1 1 2 −1




;

ä✮ F =




1 10 2 3 4
3 1 1 1 0
5 0 4 2 0


 ;

å✮ G =




1 3 4 5
2 1 3 0
3 0 0 0
4 1 2 1
1 2 0 0




;

✸✾



æ✮ H =




1 −1 2 3 4
2 1 −1 2 0

−1 2 1 1 3
1 5 −8 −5 −12
3 −7 8 9 13




.

❰òâåòû✿
à✮ rangA = 3❀ á✮ rangB = 2❀ â✮ rangC = 3❀ ã✮ rangD = 2❀
ä✮ rangF = 3❀ å✮ rangG = 4❀ æ✮ rangH = 3✳

✷✳ ❮àéòè ìàêñèìàëüíîå ÷èñëî ëèíåéíî íåçàâèñèìûõ ñòðîê
ìàòðèöû✿

à✮ A =




1 2 −1
1 4 2
2 2 −5

−1 2 7


 ; á✮ B =




3 −1 1
1 −5 1
2 4 0
2 1 3
5 0 4




;

â✮ C =




1 −1 −1 5 1
−2 0 1 1 2
−3 1 2 −4 1


 .

❰òâåòû✿
à✮ 2❀ á✮ 3❀ â✮ 2✳

✸✳ ❮àéòè ðàíã ïðè âñåõ çíà÷åíèÿõ ïàðàìåòðà λ✿

à✮ A =




(1− λ) 0 0 0
0 (1− λ) 0 0
0 0 (2− λ) 0
0 0 0 (3− λ)


 ;

á✮ B =




3 2 5 4
2 3 6 8
1 −6 −9 −20
4 1 4 λ


❀ â✮ C =




2 2 2
1 1 1
λ −1 λ


 .

✹✵



❰òâåòû✿
à✮ ïðè λ = 1 rangA = 2❀ ïðè λ = 2 rangA = 3❀ ïðè

λ = 3 rangA = 3❀ âî âñåõ îñòàëüíûõ ñëó÷àÿõ rangA = 4❀
á✮ ïðè λ = 0 rangB = 2❀ ïðè λ ̸= 0 rangB = 3❀
â✮ ïðè λ = −1 rangC = 1❀ ïðè λ ̸= −1 rangC = 2✳

✹✳ ➶û÷èñëèòü ðàíãè ìàòðèö✱ ïðèâîäÿ èõ ê ñòóïåí÷àòîìó
âèäó✿

à✮ A =




1 2 3 4
1 2 5 6
3 6 13 16


 ;

á✮ B =




24 19 36 72 −38
49 40 73 147 −80
73 59 98 219 −118
47 36 71 141 −72


 .

❰òâåòû✿
à✮ rangA = 2❀ á✮ rangB = 3✳

✺✳ ➬àäàíà ìàòðèöà A =




1 0 2
3 −1 0
4 −1 α


 . ➶ûÿñíèòü✱ ïðè

êàêîì çíà÷åíèè ïàðàìåòðà α ðàíã ìàòðèöû ðàâåí✿
à✮ ✸❀ á✮ ✷❀ â✮ ✶✳

➓ ✻✳ Ïîíÿòèå áàçèñà ïðîñòðàíñòâà Rn

➶ äàííîì ïàðàãðàôå ìû òîëüêî ðàññìîòðèì ïîíÿòèå ïðî✲
èçâîëüíîãî áàçèñà ïðîñòðàíñòâà Rn✳ ➚ äàëåå✱ ïðè èçó÷åíèè
ñèñòåì ëèíåéíûõ óðàâíåíèé✱ èññëåäóåì ñâîéñòâà ïðîèçâîëü✲
íîãî áàçèñà✳

❒û óæå óïîìèíàëè â ➓ ✶ äàííîé ãëàâû îñíîâíóþ òåîðåìó
âåêòîðíûõ ïðîñòðàíñòâ✱ êîòîðàÿ óòâåðæäàåò✱ ÷òî â n✲ìåðíîì

✹✶



ïðîñòðàíñòâå ëþáîé íàáîð èç k âåêòîðîâ ïðè k > n áóäåò
îáÿçàòåëüíî ëèíåéíî çàâèñèìûì ✭ò✳ å✳ åñëè ÷èñëî âåêòîðîâ
â íàáîðå áîëüøå ðàçìåðíîñòè ïðîñòðàíñòâà✮✳ Òàêèì îáðà✲
çîì✱ â ïðîñòðàíñòâå Rn ìàêñèìàëüíîå ÷èñëî ëèíåéíî
íåçàâèñèìûõ âåêòîðîâ ðàâíî n✳

❰äèí ëèíåéíî íåçàâèñèìûé íàáîð èç n âåêòîðîâ â ïðî✲
ñòðàíñòâå Rn ìû çíàåì ✭ìû åãî ðàññìàòðèâàëè â ïîñîáèè
➽❐èíåéíàÿ àëãåáðà✳ ×àñòü ✶➾✮✳ Ýòî ñòàíäàðòíûé áàçèñ✿

e1 = (1, 0, . . . , 0), e2 = (0, 1, . . . , 0), . . . , en = (0, 0, . . . , 1).

❮à ñàìîì äåëå ñóùåñòâóåò áåñêîíå÷íîå ìíîæåñòâî ëèíåé✲
íî íåçàâèñèìûõ íàáîðîâ èç n âåêòîðîâ✳

❰ïðåäåëåíèå ✻✳✶✳ ❐þáîé óïîðÿäî÷åííûé íàáîð èç n ëè✲
íåéíî íåçàâèñèìûõ âåêòîðîâ ïðîñòðàíñòâà Rn íàçûâàåòñÿ
áàçèñîì✳

➶ äàííîì îïðåäåëåíèè ìû ïîëàãàåì✱ ÷òî âåêòîðû ðàñïî✲
ëîæåíû â íàáîðå â îïðåäåëåííîì ïîðÿäêå✳ Ïîýòîìó îäèí è
òîò æå ëèíåéíî íåçàâèñèìûé íàáîð èç n âåêòîðîâ ïîçâîëÿåò
ââåñòè íåñêîëüêî áàçèñîâ✳

❒îæíî äàòü è äðóãîå îïðåäåëåíèå áàçèñà ïðîñòðàíñòâà
Rn ✕ êàê ìàêñèìàëüíîé ëèíåéíî íåçàâèñèìîé ñèñòåìû âåê✲
òîðîâ ïðîñòðàíñòâà✳

Óòâåðæäåíèå ✻✳✶✳ ❮àáîð èç n âåêòîðîâ x1, x2, . . . , xn ïðî✲
ñòðàíñòâà Rn îáðàçóåò áàçèñ òîãäà è òîëüêî òîãäà✱ êîãäà

det(x1x2 . . . xn) ̸= 0.

Ïðèìåð ✻✳✶✳ ❰áðàçóåò ëè ñèñòåìà âåêòîðîâ

a1 =

(
1
2

)
, a2 =

(
3
4

)
áàçèñ ñîîòâåòñòâóþùåãî ïðîñòðàí✲

ñòâà❄

✹✷



Ðåøåíèå
➶åêòîðû ïðèíàäëåæàò ïðîñòðàíñòâóR2✳ ➶ ýòîì ïðîñòðàí✲

ñòâå ìàêñèìàëüíîå ÷èñëî ëèíåéíî íåçàâèñèìûõ âåêòîðîâ ✕
äâà✳ ➴ñëè çàäàííûå âåêòîðû îêàæóòñÿ ëèíåéíî íåçàâèñèìû✲
ìè✱ òî îíè áóäóò ñîñòàâëÿòü áàçèñ ïðîñòðàíñòâà R2✳ ➘ëÿ
ïðîâåðêè âû÷èñëèì îïðåäåëèòåëü ìàòðèöû✱ ïîñòðîåííîé íà
ýòèõ âåêòîðàõ✿

det

∣∣∣∣
1 3
2 4

∣∣∣∣ = −2 ̸= 0,

ñëåäîâàòåëüíî✱ ñèñòåìà âåêòîðîâ ④a1✱ a2} ëèíåéíî íåçàâèñè✲
ìàÿ✱ è ýòè âåêòîðû ÿâëÿþòñÿ áàçèñîì ïðîñòðàíñòâà R2✳

Óòâåðæäåíèå ✻✳✷✳ ❐þáóþ ëèíåéíî íåçàâèñèìóþ ñèñòåìó✱
íå ñîäåðæàùóþ ìàêñèìàëüíîå ÷èñëî ëèíåéíî íåçàâèñèìûõ
âåêòîðîâ â çàäàííîì ïðîñòðàíñòâå✱ ìîæíî äîïîëíèòü äî ìàê✲
ñèìàëüíî ëèíåéíî íåçàâèñèìîé ñèñòåìû âåêòîðîâ â ýòîì ïðî✲
ñòðàíñòâå ✭ò✳ å✳ äî áàçèñà ïðîñòðàíñòâà✮✳

Ïðèìåð ✻✳✷✳ ➘àíà ñèñòåìà âåêòîðîâ




1
1
3

−1


 ,




2
1
3
1


 . ➘î✲

ïîëíèòü äî ìàêñèìàëüíî âîçìîæíîé ëèíåéíî íåçàâèñèìîé
ñèñòåìû ✭áàçèñà✮ çàäàííîãî ïðîñòðàíñòâà✳

Ðåøåíèå
➬àäàííûå âåêòîðû ðàçìåðíîñòè 4× 1✱ ïîýòîìó ïðèíàäëå✲

æàò ïðîñòðàíñòâó R4✳ ❒àêñèìàëüíîå ÷èñëî ëèíåéíî íåçàâè✲
ñèìûõ âåêòîðîâ ✭âåêòîðîâ â áàçèñå R4✮ ✕ ÷åòûðå✳ ➘àííûå
âåêòîðû íåêîëëèíåàðíû✱ ñëåäîâàòåëüíî✱ ëèíåéíî íåçàâèñè✲
ìûå✳ ➬íà÷èò✱ íåîáõîäèìî äîáàâèòü äâà ëèíåéíî íåçàâèñèìûõ
âåêòîðà✳ ❒îæíî äîáàâëÿòü ê çàäàííûì âåêòîðàì ëþáîé âåê✲
òîð ïî îäíîìó ✭íàïðèìåð✱ óäîáíî áðàòü âåêòîðû ñòàíäàðò✲
íîãî áàçèñà çàäàííîãî ïðîñòðàíñòâà✮ è ïðîâåðÿòü íàáîð íà

✹✸



ëèíåéíóþ íåçàâèñèìîñòü✳ Òàêèì îáðàçîì✱ ñíà÷àëà ïîëó÷èòü
ñèñòåìó èç òðåõ✱ çàòåì ÷åòûðåõ ëèíåéíî íåçàâèñèìûõ âåêòî✲
ðîâ✳ ❒îæíî ñðàçó äîáàâèòü âñå âåêòîðû ñòàíäàðòíîãî áàçèñà
è ïîëó÷èòü ñèñòåìó âåêòîðîâ ñ ìàêñèìàëüíûì ðàíãîì✱ ðàâ✲
íûì ÷åòûðåì✱ êîòîðîé ñîîòâåòñòâóåò ìàòðèöà✿




1 2 1 0 0 0
1 1 0 1 0 0
3 3 0 0 1 0

−1 1 0 0 0 1


 ∼




1 2 1 0 0 0
0 −1 −1 1 0 0
0 −3 −3 0 1 0
0 3 1 0 0 1


 ∼




1 2 1 0 0 0
0 −1 −1 1 0 0
0 0 0 −3 1 0
0 0 −2 3 0 1


 ∼




1 2 1 0 0 0
0 −1 −1 1 0 0
0 0 −2 3 0 1
0 0 0 −3 1 0


 .

Ïîñëå òîãî êàê ïðèâåëè ìàòðèöó ê ñòóïåí÷àòîìó âèäó✱
íåîáõîäèìî âûáðàòü áàçèñíûé ìèíîð✱ îáÿçàòåëüíî ñîäåðæà✲
ùèé ñòîëáöû✱ ñîîòâåòñòâóþùèå èñõîäíî çàäàííûì âåêòîðàì✳
❮îìåðà îñòàâøèõñÿ ñòîáöîâ áàçèñíîãî ìèíîðà óêàçûâàþò íà
âåêòîðû ñòàíäàðòíîãî áàçèñà✱ êîòîðûå íåîáõîäèìî äîáàâèòü
â ñèñòåìó✳

➶ íàøåì ïðèìåðå áàçèñíûé ìèíîð M1234
1234 ✱ ñëåäîâàòåëüíî✱

èñêîìàÿ ìàêñèìàëüíî ëèíåéíî íåçàâèñèìàÿ ñèñòåìà â R4✱
èëè áàçèñ✱




1
1
3

−1


 ,




2
1
3
1


 ,




1
0
0
0


 ,




0
1
0
0


 .

❰òìåòèì✱ ÷òî îòâåò íåîäíîçíà÷íûé✳ ❮àïðèìåð✱ ìîæíî äî✲
ïîëíèòü èñõîäíóþ ñèñòåìó âåêòîðîâ è äâóìÿ äðóãèìè âåêòî✲

ðàìè ñòàíäàðòíîãî áàçèñà✿




1
1
3

−1


 ,




2
1
3
1


 ,




0
0
1
0


 ,




0
0
0
1


 .

✹✹



Ýòî ëåãêî óâèäåòü✱ åñëè ïðèâåñòè ñèñòåìó èç çàäàííûõ
äâóõ âåêòîðîâ ê ñòóïåí÷àòîìó âèäó✿




1 2
1 1
3 3

−1 1


 ∼




1 2
0 −1
0 −3
0 3


 ∼




1 2
0 −1
0 0
0 0


 .

Ðàíã ñèñòåìû ðàâåí 2✳ ➴ñëè ñïðàâà äîïèñàòü äâà âåêòîðà
e3, e4 ñòàíäàðòíîãî áàçèñà R4✱ òî òàêèì îáðàçîì ìû äîïîë✲
íèì ñèñòåìó äî áàçèñà ïðîñòðàíñòâà✳

➬àäàíèÿ äëÿ ñàìîñòîÿòåëüíîé ðàáîòû

✶✳ ßâëÿåòñÿ ëè çàäàííàÿ ñèñòåìà âåêòîðîâ áàçèñîì ñîîò✲
âåòñòâóþùåãî ïðîñòðàíñòâà❄

à✮ a1 =




2
1

−3


 , a2 =




3
2

−5


 , a3 =




1
−1
1


 ;

á✮ a1 =




1
2

−1
−2


 , a2 =




2
3
0

−1


 , a3 =




1
2
1
4


 , a4 =




1
3

−1
0


 ;

â✮ a1 =




2
3
3


 , a2 =




4
−1
3


 .

❰òâåòû✿
à✮ ÿâëÿåòñÿ áàçèñîì â R3❀ á✮ ÿâëÿåòñÿ áàçèñîì â R4❀
â✮ íå ÿâëÿåòñÿ áàçèñîì â R3✳

✹✺



✷✳ ➘îïîëíèòü ñèñòåìó âåêòîðîâ äî áàçèñà çàäàííîãî ïðî✲
ñòðàíñòâà✿

à✮ a1 =




1
2
1
1


 , a2 =




2
3
2
3


 , a3 =




−1
0
1

−1


 ;

á✮ a1 =




1
5

−3
0


 , a2 =




−1
2

−4
1


 ;

â✮ a1 =




1
2
7


 ; ã✮ a1 =




1
2
3
4


 , a2 =




5
6
7
8


 .

❰òâåòû✿
à✮ ðàíã ñèñòåìû ðàâåí ✸✱ äîïîëíèòü îäíèì âåêòîðîì❀
á✮ ðàíã ñèñòåìû ðàâåí ✷✱ äîïîëíèòü äâóìÿ âåêòîðàìè❀
â✮ ðàíã ñèñòåìû ðàâåí ✶✱ äîïîëíèòü äâóìÿ âåêòîðàìè❀
ã✮ ðàíã ñèñòåìû ðàâåí ✷✱ äîïîëíèòü äâóìÿ âåêòîðàìè✳

✸✳ ➶ûÿñíèòü✱ ìîæíî ëè äîïîëíèòü äî áàçèñà ïðîñòðàíñòâà
íàáîðû âåêòîðîâ✿

à✮ a1 =




1
2
3
5


 , a2 =




2
4
6
10


 , a3 =




3
5

−1
4


 ;

á✮ a1 =




1
2
3


 , a2 =




2
4
6


 , a3 =




4
8
12


 .

✹✻



➮íäèâèäóàëüíûå çàäàíèÿ

➬àäàíèå ✶✳ ➶û÷èñëèòü ðàíã ìàòðèöû✿

✶✳✶✳




−6 4 0 2 8
−1 5 2 3 5
6 −12 3 −7 −8

−3 7 9 4 15


 .

✶✳✷✳




6 −2 6 4 10
5 −3 2 3 4
1 −3 −5 0 −7
7 −5 1 4 1


 .

✶✳✸✳




−10 6 −8 0 6 −8
4 0 0 −1 3 0

−3 1 0 2 0 0
4 0 0 −6 0 8

−1 0 2 4 0 0




.

✶✳✹✳




4 3 −5 2 3
8 6 −7 4 2
4 3 −8 2 7
4 3 1 2 −5
8 6 −1 4 −6




.

✶✳✺✳




27 −36 9 −12 36 −48
−15 21 −5 7 −20 28
18 −24 6 −8 16 −20

−30 42 −10 14 −25 35


 .

✶✳✻✳




50 62 34 86
75 94 53 132
75 94 54 134
25 32 20 48


 .

✹✼



✶✳✼✳




48 38 72 144 −76
49 40 73 147 −80
73 59 98 219 −118
47 36 71 141 −72


 .

✶✳✽✳




47 −67 35 201 155
52 196 46 −588 172
16 −428 1 1284 52


 .

✶✳✾✳




34 −56 90 22 78
24 −37 61 13 50
25 −7 32 −18 −11
31 12 19 −43 −55
42 13 29 −55 −68




.

✶✳✶✵✳




2 0 8 −2
2 1 11 2
11 4 56 5
2 −1 5 −6


 .

✶✳✶✶✳




0 4 −8
−1 −4 5
3 1 7
0 5 −10
2 3 0




.

✶✳✶✷✳




37 259 481 407
19 133 247 209
25 175 325 275


 .

✶✳✶✸✳




2 −1 3 −2 4
4 −2 5 1 7
2 −1 1 8 2


 .

✶✳✶✹✳




2 5 −1 4 3
4 1 6 −1 −1

−2 3 0 4 −9


 .

✹✽



✶✳✶✺✳




1 3 5 −1
2 −1 −3 4
5 1 −1 7
7 7 9 1


 .

✶✳✶✻✳




−3 2 0 1 4
−1 5 2 3 5
6 −12 3 −7 −8

−3 7 9 4 15


 .

✶✳✶✼✳




3 −1 3 2 5
5 −3 2 3 4
1 −3 −5 0 −7
7 −5 1 4 1


 .

✶✳✶✽✳




−5 3 −4 0 3 −4
4 0 0 −1 3 0

−3 1 0 2 0 0
2 0 0 −3 0 4

−1 0 2 4 0 0




.

✶✳✶✾✳




4 3 −5 2 3
8 6 −7 4 2
4 3 −8 2 7
4 3 1 2 −5
8 6 −1 4 −6




.

✶✳✷✵✳




9 −12 3 −4 12 −16
−15 21 −5 7 −20 28
18 −24 6 −8 16 −20

−30 42 −10 14 −25 35


 .

✶✳✷✶✳




25 31 17 43
75 94 53 132
75 94 54 134
25 32 20 48


 .

✹✾



✶✳✷✷✳




2 3 11 5 2
1 1 5 2 1
3 3 9 5 −2
2 1 3 2 −3
1 1 3 4 −3




.

✶✳✷✸✳




47 −67 35 201 155
26 98 23 −294 86
16 −428 1 1284 52


 .

✶✳✷✹✳




17 −28 45 11 39
24 −37 61 13 50
25 −7 32 −18 −11
31 12 19 −43 −55
42 13 29 −55 −68




.

✶✳✷✺✳




1 0 4 −1
2 1 11 2
11 4 56 5
2 −1 5 −6


 .

✶✳✷✻✳




0 2 −4
−1 −4 5
3 1 7
0 5 −10
2 3 0




.

✶✳✷✼✳




36 252 468 396
18 126 234 198
24 168 312 264


 .

✶✳✷✽✳




4 −2 6 −4 8
4 −2 5 1 7
2 −1 1 8 2


 .

✶✳✷✾✳




4 10 −2 8 6
8 2 12 −2 −2

−2 3 0 4 −9


 .

✺✵



✶✳✸✵✳




2 6 10 −2
4 −2 −6 8
5 1 −1 7
7 7 9 1


 .

➬àäàíèå ✷✳ ❮àéòè ðàíã ìàòðèöû ïðè âñåõ çíà÷åíèÿõ ïà✲
ðàìåòðà λ✿

✷✳✶✳




1 2 −1 0
3 −1 −2 2
2 3 −1 0
1 −1 0 λ


 . ✷✳✷✳




1 λ −1 2
2 −1 λ 5
1 10 −6 1


 .

✷✳✸✳




1 −3 2 0
2 −3 −1 3
3 −6 −1 λ
1 −2 0 1


 . ✷✳✹✳




3 1 1 4
λ 4 10 1
1 7 17 3
2 2 4 3


 .

✷✳✺✳




1 −3 1 −2
3 2 0 3
5 6 −4 −1
3 5 −λ 0


 . ✷✳✻✳




1 2 −1 0
2 4 1 λ
1 2 2 3


 .

✷✳✼✳




2 −1 3 2 −1
4 5 3 λ 3
1 3 0 4 2


 . ✷✳✽✳




−1 + λ 2 3
0 −1 + λ 0
2 3 1


 .

✷✳✾✳




1 λ 1 (1 + λ)
1 −2 λ 2
1 −1 1 0


 . ✷✳✶✵✳




λ 1 4
1 0 1
1 λ 4


 .

✷✳✶✶✳




2 7 3 1
1 3 5 −2
1 λ −9 8
5 18 4 5


 . ✷✳✶✷✳




λ 1 6 3
2 0 4 2
1 0 λ 1


 .

✷✳✶✸✳




1 1 −1
2 −1 1
1 λ −6


 . ✷✳✶✹✳




1 1 1 1
1 λ 1 2
λ 1 λ 1


 .

✺✶



✷✳✶✺✳




−1 λ 0
λ 1 −2
0 −2 1


 . ✷✳✶✻✳




0 1 1 0
1 1 0 0
0 1 λ λ


 .

✷✳✶✼✳




−1 3 3
4λ −7 −2
−3 5 1


 . ✷✳✶✽✳




1 −1 −1 2
2 −1 −1 5
1 λ (λ+ 6) −1


 .

✷✳✶✾✳




2 4 −2 0
6 −2 −4 4
2 3 −1 0
1 −1 0 λ


 . ✷✳✷✵✳




1 λ −1 2
2 −1 λ 5
3 30 −18 3


 .

✷✳✷✶✳




3 −9 3 −6
3 2 0 3
10 12 −8 −2
3 5 −λ 0


 . ✷✳✷✷✳




3 6 −3 0
2 4 1 λ
1 2 2 3


 .

✷✳✷✸✳




1 λ 1 (1 + λ)
1 −2 λ 2
3 −3 3 0


 . ✷✳✷✹✳




λ 1 4
4 0 4
1 λ 4


 .

✷✳✷✺✳




4 4 −4
6 −3 3
1 λ −6


 . ✷✳✷✻✳




2 2 2 2
1 λ 1 2
λ 1 λ 1


 .

✷✳✷✼✳




−3 9 9
4λ −7 −2
−6 10 2


 . ✷✳✷✽✳




3 −3 −3 6
2 −1 −1 5
1 λ (λ+ 6) −1


 .

✷✳✷✾✳




4 −2 6 4 −2
4 5 3 λ 3
1 3 0 4 2


 . ✷✳✸✵✳




−1 + λ 2 3
0 −1 + λ 0
4 6 2


 .

✺✷



➬àäàíèå ✸✳ ❮àéòè ðàíã è áàçó íàáîðà âåêòîðîâ✿

✸✳✶✳ a
1
=









1

3

5

1









✱ a
2
=
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4
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1
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3
=
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5

7
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, a
4
=
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.

✸✳✷✳ a
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5
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1

7









, a
3
=









5

−3

−1

9
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=
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7
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.
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1
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.

✸✳✹✳ a
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=
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1
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, a
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=













2
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1
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.

✸✳✺✳ a
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=













2

1

−1
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1
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=













1

−1

1

1
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=
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3
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=













4

5

−5

−5

7













.

✸✳✻✳ a
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=













1
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1
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1
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.

✸✳✼✳ a
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0
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.

✸✳✽✳ a
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=









−1
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1
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.

✸✳✾✳ a
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=
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✺✸



✸✳✶✵✳ a
1
=
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✸✳✶✶✳ a
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✸✳✶✷✳ a
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1

0
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0
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✸✳✶✹✳ a
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✸✳✶✺✳ a
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✸✳✶✻✳ a
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✸✳✷✵✳ a
1
=













8

4

−4

−4

4













✱ a
2
=













2

−2

2

2

−4













, a
3
=













3

3

−3

−3

4













, a
4
=













4

5

−5

−5

7













.

✸✳✷✶✳ a
1
=













3

6

−3

3

−9













✱ a
2
=













6

−2

2

12

22













, a
3
=













1

−1

−1

4

−3













.

✸✳✷✷✳ a
1
=









2

6

2

10









✱ a
2
=









−3

3

0

0









, a
3
=









0

−2

2

0









, a
4
=









−4

5

6

7









.

✸✳✷✸✳ a
1
=









−3

12

−9

−6









✱ a
2
=









3

−7

5

3









, a
3
=









−8

2

0

2









, a
4
=









3

−2

1

0









.

✸✳✷✹✳ a
1
=









5

2

3

4









✱ a
2
=









2

−2

12

−12









, a
3
=









1

3

9

−2









, a
4
=









4

8

2

10









.

✸✳✷✺✳ a
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✸✳✷✽✳ a
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.

➬àäàíèå ✹✳ ➘îïîëíèòü êàêèì✲ëèáî îáðàçîì íàáîð âåêòîðîâ
äî áàçèñà ñîîòâåòñòâóþùåãî ïðîñòðàíñòâà✿

✹✳✶✳ a1 =




1
2
3


✱ a2 =




2
3
4


 .

✹✳✷✳ a1 =




1
2
4
2


✱ a2 =




−2
−4
1
2


 .

✹✳✸✳ a1 =




1
2
3
5


 , a2 =




2
4
6

−5


 .

✹✳✹✳ a1 =




1
2
1


 , a2 =




2
3
4


 .

✹✳✺✳ a1 =




1
2
1


 , a2 =




−2
−4
−2


 .

✺✻



✹✳✻✳ a1 =




1
2
1


 , a2 =




2
4
7


 .

✹✳✼✳ a1 =




1
2
7


 . ✹✳✽✳ a1 =




1
2
3
4


 , a2 =




5
6
7
8


 .

✹✳✾✳ a1 =




1
2
3
4


 , a2 =




2
4
6
7


 .

✹✳✶✵✳ a1 =




−1
2

−3
1


 , a2 =




−2
4

−7
9


 . ✹✳✶✶✳ a1 =




1
7
5
9


 .

✹✳✶✷✳ a1 =




1
4
7


 , a2 =




2
5
8


 , a3 =




3
6
9


 .

✹✳✶✸✳ a1 =




1
3
3
4


 , a2 =




0
0
1
2


 , a3 =




2
6
1

−2


 .

✹✳✶✹✳ a1 =




1
−2
3
1


 , a2 =




3
2

−4
2


 , a3 =




5
−2
2
4


 .

✹✳✶✺✳ a1 =




2
−1
5
6


 , a2 =




1
1
3
5


 , a3 =




1
−5
1

−3


 .

✺✼



✹✳✶✻✳ a1 =




2
4
6


✱ a2 =




2
3
4


 .

✹✳✶✼✳ a1 =




3
6
8
4


✱ a2 =




−2
−4
1
2


 .

✹✳✶✽✳ a1 =




2
4
6
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 , a2 =




2
4
6

−5


 .

✹✳✶✾✳ a1 =




3
6
3


 , a2 =




2
3
4


 .

✹✳✷✵✳ a1 =




5
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5


 , a2 =




−2
−4
−2


 .

✹✳✷✶✳ a1 =




3
6
3


 , a2 =




2
4
7


 .

✹✳✷✷✳ a1 =




3
6
14


 . ✹✳✷✸✳ a1 =




2
4
6
8


 , a2 =




5
6
7
8


 .

✹✳✷✹✳ a1 =




2
4
6
8


 , a2 =




2
4
6
7


 .

✺✽



✹✳✷✺✳ a1 =




−2
4

−6
2


 , a2 =




−2
4

−7
9


 . ✹✳✷✻✳ a1 =




2
5
3
1


 .

✹✳✷✼✳ a1 =




1
4
7


 , a2 =




4
7
1


 , a3 =




3
6
9


 .

✹✳✷✽✳ a1 =




1
3
3
4


 , a2 =




0
0
3
6


 , a3 =




2
6
1

−2


 .

✹✳✷✾✳ a1 =




2
−4
6
2


 , a2 =




3
2

−4
2


 , a3 =




5
−2
2
4


 .

✹✳✸✵✳ a1 =




2
−1
5
6


 , a2 =




2
2
6
10


 , a3 =




1
−5
1

−3


 .

✺✳ ➬àäàíèÿ íà äîêàçàòåëüñòâî

✺✳✶✳➘îêàçàòü✱ ÷òî✱ åñëè ìàòðèöà ñîäåðæèòm ñòðîê è èìå✲
åò ðàíã r✱ òî ëþáûå åå s ñòðîê îáðàçóþò ìàòðèöó✱ ðàíã êî✲
òîðîé íå ìåíüøå r + s−m✳

✺✳✷✳ ➘îêàçàòü✱ ÷òî âû÷åðêèâàíèå îäíîé ñòðîêè ✭ñòîëá✲
öà✮ ìàòðèöû òîãäà è òîëüêî òîãäà íå èçìåíÿåò ðàíãà✱ êî✲
ãäà âû÷åðêíóòàÿ ñòðîêà ✭ñòîëáåö✮ ëèíåéíî âûðàæàåòñÿ ÷å✲
ðåç îñòàëüíûå ñòðîêè ✭ñòîëáöû✮✳

✺✳✸✳ ➘îêàçàòü✱ ÷òî ïðèïèñûâàíèå ê ìàòðèöå îäíîé ñòðîêè
✭ñòîëáöà✮ ëèáî íå èçìåíÿåò åå ðàíãà✱ ëèáî óâåëè÷èâàåò åãî
íà åäèíèöó✳

✺✾



✺✳✹✳ ➘îêàçàòü✱ ÷òî ðàíã ñóììû äâóõ ìàòðèö íå áîëüøå
ñóììû èõ ðàíãîâ✳

✺✳✺✳ ➘îêàçàòü✱ ÷òî åñëè ðàíã ìàòðèöû A íå èçìåíÿåòñÿ
îò ïðèïèñêè ê íåé êàæäîãî ñòîëáöà ìàòðèöû B ñ òåì æå
÷èñëîì ñòðîê✱ òî îí íå ìåíÿåòñÿ îò ïðèïèñêè ê ìàòðèöå A
âñåõ ñòîëáöîâ ìàòðèöû B✳

✺✳✻✳ ➘îêàçàòü✱ ÷òî ëþáóþ ìàòðèöó ðàíãà r ìîæíî ïðåä✲
ñòàâèòü â âèäå ñóììû r ìàòðèö ðàíãà ❂ ✶✱ íî íåëüçÿ ïðåä✲
ñòàâèòü â âèäå ñóììû ìåíåå ÷åì r òàêèõ ìàòðèö✳

✺✳✼✳ ➘îêàçàòü✱ ÷òî åñëè ðàíã ìàòðèöû A ðàâåí r✱ òî ìè✲
íîð d✱ ñòîÿùèé íà ïåðåñå÷åíèè ëþáûõ r ëèíåéíî íåçàâèñè✲
ìûõ ñòðîê è r ëèíåéíî íåçàâèñèìûõ ñòîëáöîâ ýòîé ìàòðèöû✱
îòëè÷åí îò íóëÿ✳

✺✳✽✳ Ïóñòü A ✕ êâàäðàòíàÿ ìàòðèöà ïîðÿäêà n > 1 è Â
✕ ïðèñîåäèíåííàÿ ìàòðèöà✳ ➶ûÿñíèòü✱ êàê èçìåíèòñÿ ðàíã r̂
ìàòðèöû Â ñ èçìåíåíèåì ðàíãà r ìàòðèöû A✳

✺✳✾✳ ➘îêàçàòü✱ ÷òî ðàíã ñèììåòðè÷íîé ìàòðèöû ðàâåí
íàèâûñøåìó ïîðÿäêó îòëè÷íûõ îò íóëÿ ãëàâíûõ ìèíîðîâ
ýòîé ìàòðèöû✳

✺✳✶✵✳ ✃àê ìîæåò èçìåíèòüñÿ ðàíã ìàòðèöû✱ åñëè✿
à✮ ïîìåíÿòü ìåñòàìè äâå ñòðîêè❀
á✮ äîáàâèòü ê îäíîé èç ñòðîê ëèíåéíóþ êîìáèíàöèþ îñòàëü✲

íûõ ñòðîê❀
â✮ òðàíñïîíèðîâàòü ìàòðèöó❀
ã✮ âûïîëíèòü îäíó èç îïåðàöèé à✮ ✕ â✮ íàä ñòîëáöàìè✳
✺✳✶✶✳ ➘îêàçàòü✱ ÷òî ðàíã ïðîèçâåäåíèÿ ìàòðèö íå ïðåâîñ✲

õîäèò ðàíãà êàæäîé ìàòðèöû ñîìíîæèòåëÿ✳

✻✵



➹ëàâà ✸

Ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ

óðàâíåíèé

➓ ✶✳ ❰áùèå ïîíÿòèÿ

❰áùàÿ ñèñòåìà ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé
✭ñîêðàùåííî Ñ❐➚Ó✮ ñîñòîèò èç m óðàâíåíèé ñ n íåèçâåñò✲
íûìè x1, x2, . . . , xn✱ ãäå m è n ✕ ëþáûå íàòóðàëüíûå ÷èñëà✳
➶ ðàçâåðíóòîé ôîðìå Ñ❐➚Ó èìååò âèä✿





a11x1 + a12x2 + . . .+ a1nxn = b1,
a21x1 + a22x2 + . . .+ a2nxn = b2,

. . . . . . . . . . . . . . . . . . . . .
am1x1 + am2x2 + . . .+ amnxn = bm.

(1)

✃îýôôèöèåíòû ñèñòåìû aij ✭i = 1,m✱ j = 1, n✮ è ñâîáîä✲
íûå ÷ëåíû b1, b2, . . . , bm ñ÷èòàþòñÿ çàäàííûìè✳

Ñ❐➚Ó ìîæíî çàïèñàòü â ìàòðè÷íîì âèäå✿

Ax = b, (2)

✻✶



ãäå A ✕ ìàòðèöà êîýôôèöèåíòîâ✱ x ✕ âåêòîð✲ñòîëáåö íåèç✲
âåñòíûõ✱ b ✕ âåêòîð✲ñòîëáåö ñâîáîäíûõ ÷ëåíîâ✿

A =




a11 a12 . . . a1n
✳✳✳

✳ ✳ ✳
✳✳✳

✳✳✳
am1 am2 . . . amn


 , x =




x1

x2

. . .
xn


 , b =




b1
b2
. . .
bm


 .

❰ïðåäåëåíèå ✶✳✶✳ Ðåøåíèåì ñèñòåìû ✭✶✮✱ ✭✷✮ íàçûâàåòñÿ
ëþáîé íàáîð ÷èñåë x1, x2, . . . , xn✱ ïðè ïîäñòàíîâêå êîòîðîãî
â Ñ❐➚Ó âñå óðàâíåíèÿ îáðàùàþòñÿ â òîæäåñòâî✳

❰ïðåäåëåíèå ✶✳✷✳ ➴ñëè â ñèñòåìå âñå ñâîáîäíûå ÷ëåíû ðàâ✲
íû íóëþ✱ ò✳ å✳ âåêòîð b = 0✱ òî ñèñòåìà íàçûâàåòñÿ îäíîðîä✲
íîé✳ ➴ñëè íàéäåòñÿ õîòÿ áû îäèí bi ̸= 0, i = {1, . . . ,m}✱ òî
ñèñòåìà íåîäíîðîäíàÿ✳

❰ïðåäåëåíèå ✶✳✸✳ Ñ❐➚Ó íàçûâàåòñÿ ñîâìåñòíîé✱ åñëè îíà
èìååò õîòÿ áû îäíî ðåøåíèå✱ è íåñîâìåñòíîé✱ åñëè íå èìååò
íè îäíîãî ðåøåíèÿ✳ Ñîâìåñòíàÿ ñèñòåìà ìîæåò èìåòü îäíî
èëè áåñêîíå÷íîå ìíîæåñòâî ðåøåíèé✳

Ðàññìîòðèì Ñ❐➚Ó✱ ñîñòîÿùóþ èç îäíîãî óðàâíåíèÿ✿

x1 + 2x2 = 4.

Ýòà ñèñòåìà íåîäíîðîäíàÿ ✭ñâîáîäíûé ÷ëåí íå ðàâåí íó✲
ëþ✮✳ ➶ûðàçèì îäíó ïåðåìåííóþ ÷åðåç äðóãóþ✿

x1 = 4− 2x2.

Ïðèäàâàÿ ðàçëè÷íûå çíà÷åíèÿ ïåðåìåííîé x2✱ ìû áóäåì
ïîëó÷àòü ìíîæåñòâî çíà÷åíèé x1✳ ➬íà÷èò✱ ñèñòåìà èìååò áåñ✲
êîíå÷íîå ìíîæåñòâî ðåøåíèé✱ ò✳ å✳ ñîâìåñòíà✳

Òåïåðü ðàññìîòðèì ñëåäóþùóþ Ñ❐➚Ó✿
{

x1 + 2x2 = 4,
x1 + 2x2 = 5.

✻✷



➘àííàÿ ñèñòåìà íåñîâìåñòíà✱ òàê êàê 4 ̸= 5✳
Ðàññìîòðèì îäíîðîäíóþ Ñ❐➚Ó✿





a11x1 + a12x2 + . . .+ a1nxn = 0,
a21x1 + a22x2 + . . .+ a2nxn = 0,

. . . . . . . . . . . . . . . . . . . . .
am1x1 + am2x2 + . . .+ amnxn = 0.

❰äíîðîäíàÿ ñèñòåìà âñåãäà ñîâìåñòíà✱ òàê êàê îíà èìå✲
åò ïî êðàéíåé ìåðå íóëåâîå ðåøåíèå ✭x = 0✮✳ ❰äíîðîäíàÿ
ñèñòåìà ìîæåò èìåòü è áåñêîíå÷íîå ìíîæåñòâî ðåøåíèé✱ íà✲
ïðèìåð

x1 + 2x2 = 0,

îòêóäà x1 = −2x2.
Ñèñòåìà✱ ó êîòîðîé ÷èñëî óðàâíåíèé ðàâíî ÷èñëó íåèç✲

âåñòíûõ✱ íàçûâàåòñÿ êâàäðàòíîé✳

➓ ✷✳ Ñèñòåìû óðàâíåíèé ñ êâàäðàòíîé
ìàòðèöåé êîýôôèöèåíòîâ

Ïóñòü äàíà êâàäðàòíàÿ ñèñòåìà✿




a11x1 + a12x2 + . . .+ a1nxn = b1,
a21x1 + a22x2 + . . .+ a2nxn = b2,

. . . . . . . . . . . . . . . . . . . . .
an1x1 + an2x2 + . . .+ annxn = bn,

(3)

ãäå ìàòðèöà ñèñòåìû

A =




a11 . . . a1n
✳✳✳

✳ ✳ ✳
✳✳✳

an1 . . . ann


 .

❰ïðåäåëèòåëü ìàòðèöû îáîçíà÷èì

△ = detA =

∣∣∣∣∣∣

a11 . . . a1n
✳✳✳

✳ ✳ ✳
✳✳✳

an1 . . . ann

∣∣∣∣∣∣
.

✻✸



Ðàññìîòðèì òðè ìåòîäà ðåøåíèÿ ñèñòåì ñ êâàäðàòíîé ìàò✲
ðèöåé êîýôôèöèåíòîâ✿

✶✮ ïðàâèëî ✃ðàìåðà❀
✷✮ ìàòðè÷íûé ìåòîä❀
✸✮ ìåòîä ➹àóññà✳

Ïðàâèëî ✃ðàìåðà

Òåîðåìà ✷✳✶✳ Ñèñòåìà óðàâíåíèé ñ íåâûðîæäåííîé ìàòðè✲
öåé êîýôôèöèåíòîâ ✭ò✳ å✳ △ ≠ 0✮ èìååò åäèíñòâåííîå ðåøå✲
íèå✱ êîòîðîå âû÷èñëÿåòñÿ ïî ôîðìóëàì✿

x1 =
△1

△
, x2 =

△2

△
, . . . , xn =

△n

△
,

ãäå △i ✕ îïðåäåëèòåëü✱ â êîòîðîì i✲é ñòîëáåö ìàòðèöû ñè✲
ñòåìû çàìåíÿåòñÿ ñòîëáöîì ñâîáîäíûõ ÷ëåíîâ✱ ò✳ å✳✿

△1 =

∣∣∣∣∣∣∣∣

b1 a12 . . . a1n
b2 a22 . . . a2n
✳✳✳ . . . . . . . . .
bn an2 . . . ann

∣∣∣∣∣∣∣∣
, △2 =

∣∣∣∣∣∣∣∣

a11 b1 . . . a1n
a21 b2 . . . a2n
✳✳✳ . . . . . . . . .

an1 bn . . . ann

∣∣∣∣∣∣∣∣
, . . . ,

△n =

∣∣∣∣∣∣∣∣

a11 a12 . . . b1
a21 a22 . . . b2
✳✳✳ . . . . . . . . .

an1 an2 . . . bn

∣∣∣∣∣∣∣∣
.

➬àìå÷àíèå ✷✳✶✳ ➴ñëè △ = 0 è õîòÿ áû îäèí îïðåäåëèòåëü
△i ̸= 0✱ òî ñèñòåìà íåñîâìåñòíà✳

➬àìå÷àíèå ✷✳✷✳ ➴ñëè △ = △1 = △2 = . . .△n = 0✱ òî âîç✲
ìîæíû äâà ñëó÷àÿ✿ ëèáî ñèñòåìà íåñîâìåñòíà✱ ëèáî èìååò
áåñêîíå÷íîå ìíîæåñòâî ðåøåíèé✳

➬àìå÷àíèå ✷✳✸✳ Ïðàâèëî ✃ðàìåðà ïðèìåíÿåòñÿ✱ êîãäà ïî✲
ðÿäîê ìàòðèöû n íåáîëüøîé ✭ïðèõîäèòñÿ âû÷èñëÿòü n + 1

✻✹



îïðåäåëèòåëåé ïîðÿäêà n✮✳ Òàêæå óäîáíî ïðèìåíÿòü ïðàâèëî
✃ðàìåðà✱ åñëè òðåáóåòñÿ íàéòè òîëüêî íåñêîëüêî íåèçâåñò✲
íûõ ✭íàïðèìåð✱ îäíó✮ ñðåäè ìíîãèõ✳

Ïðèìåð ✷✳✶✳ Ðåøèòü ñèñòåìó óðàâíåíèé✿




2x1 + x2 + 3x3 = 12,
x1 + 2x2 + x3 = 11,
2x1 + x2 + x3 = 8.

Ðåøåíèå

A =




2 1 3
1 2 1
2 1 1


 , b =




12
11
8


 .

△ =

∣∣∣∣∣∣

2 1 3
1 2 1
2 1 1

∣∣∣∣∣∣
= −6, △1 =

∣∣∣∣∣∣

12 1 3
11 2 1
8 1 1

∣∣∣∣∣∣
= −6,

△2 =

∣∣∣∣∣∣

2 12 3
1 11 1
2 8 1

∣∣∣∣∣∣
= −24, △3 =

∣∣∣∣∣∣

2 1 12
1 2 11
2 1 8

∣∣∣∣∣∣
= −12.

Òàê êàê △ = −6 ̸= 0✱ òî ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå
ñèñòåìû✿

x1 =
△1

△
=

−6

−6
= 1, x2 =

△2

△
=

−24

−6
= 4,

x3 =
△3

△
=

−12

−6
= 2.

Òàêèì îáðàçîì✱ x1 = 1, x2 = 4, x3 = 2.

✻✺



❒àòðè÷íûé ìåòîä

➬àïèøåì ñèñòåìó ✭✸✮ â ìàòðè÷íîì âèäå✿

A · x = b.

Ïóñòü ìàòðèöà A íåâûðîæäåííàÿ✱ ò✳ å✳ detA ̸= 0✳ Òîãäà
ñèñòåìà èìååò åäèíñòâåííîå ðåøåíèå✱ êîòîðîå ìîæíî íàéòè
ïî ôîðìóëå

x = A−1 · b, ✭✹✮

ãäå A−1 ✕ îáðàòíàÿ ìàòðèöà✳

❰ïðåäåëåíèå ✷✳✶✳ ❒àòðèöà✱ îáîçíà÷àåìàÿ A−1✱ äëÿ êîòî✲
ðîé âûïîëíÿþòñÿ ðàâåíñòâà A−1 · A = A · A−1 = E✱ ãäå E ✕
åäèíè÷íàÿ ìàòðèöà✱ íàçûâàåòñÿ îáðàòíîé ê ìàòðèöå A✳

Òàêèì îáðàçîì✱ åñëè îáðàòíàÿ ìàòðèöà ñóùåñòâóåò✱ òî

A−1 · A · x = E · x = x = A−1 · b.

Ñâîéñòâà è ñïîñîáû íàõîæäåíèÿ îáðàòíîé ìàòðèöû ìû
ðàññìîòðåëè â ïîñîáèè ➽❐èíåéíàÿ àëãåáðà✳ ×àñòü ✶➾✳

❒àòðè÷íûé ìåòîä ìîæåò áûòü ïðèìåíåí✱ åñëè ìàòðèöà A
êîýôôèöèåíòîâ ñèñòåìû íåâûðîæäåííàÿ✱ â ïðîòèâíîì ñëó✲
÷àå ìàòðèöà A−1 íå ñóùåñòâóåò✳

Ïðèìåð ✷✳✷✳ Ðåøèòü ñèñòåìó óðàâíåíèé✿




2x1 + x2 + 3x3 = 12,
x1 + 2x2 + x3 = 11,
2x1 + x2 + x3 = 8.

Ðåøåíèå
Ýòó ñèñòåìó ✭ñì✳ ïðèìåð ✷✳✶✮ ìû óæå ðåøèëè ïî ïðàâèëó

✃ðàìåðà✳ Òåïåðü íàéäåì ðåøåíèå ìàòðè÷íûì ìåòîäîì✳
❒àòðèöà ñèñòåìû íåâûðîæäåííàÿ✱ òàê êàê detA = −6 ̸=

0✱ çíà÷èò✱ îáðàòíàÿ ìàòðèöà ñóùåñòâóåò✳ ❮àéäåì åå ïî ôîð✲
ìóëå

A−1 =
1

detA
· A+,

✻✻



ãäå A+ ✕ ïðèñîåäèíåííàÿ ìàòðèöà ✭òðàíñïîíèðîâàííàÿ ìàò✲
ðèöà èç àëãåáðàè÷åñêèõ äîïîëíåíèé✮✳ ➶û÷èñëèì àëãåáðàè✲
÷åñêèå äîïîëíåíèÿ✿

A11 = 1, A12 = 1, A13 = −3, A21 = 2, A22 = −4,

A23 = 0, A31 = −5, A32 = 1, A33 = 3.

Òàêèì îáðàçîì✱

A−1 = −
1

6




1 2 −5
1 −4 1

−3 0 3


 .

Ïî ôîðìóëå èìååì

x = A−1 · b = −
1

6




1 2 −5
1 −4 1

−3 0 3


 ·




12
11
8


 =




1
4
2


 .

Ñëåäîâàòåëüíî✱ ïîëó÷èëè x1 = 1, x2 = 4, x3 = 2✱ ÷òî ñîâ✲
ïàäàåò ñ îòâåòîì ïðèìåðà ✷✳✶✳

❒åòîä ➹àóññà

❒åòîä èñêëþ÷åíèÿ íåèçâåñòíûõ ✭èëè ìåòîä ➹àóññà✮ ñîñòî✲
èò â òîì✱ ÷òî èñõîäíàÿ ñèñòåìà ïðåîáðàçóåòñÿ â ýêâèâàëåíò✲
íóþ ñèñòåìó ñïåöèàëüíîãî âèäà✱ êîòîðàÿ ëåãêî èññëåäóåòñÿ
è ðåøàåòñÿ✳ ❮àïîìíèì✱ ÷òî äâå ñèñòåìû íàçûâàþòñÿ ýêâè✲
âàëåíòíûìè✱ åñëè ó íèõ îäíî è òî æå ìíîæåñòâî ðåøåíèé
✭âîçìîæíî è ïóñòîå ìíîæåñòâî✱ â ñëó÷àå íåñîâìåñòíîñòè ñè✲
ñòåì✮✳

Ðàññìîòðèì ïðèìåíåíèå ìåòîäà ➹àóññà íà ïðèìåðå✳

Ïðèìåð ✷✳✸✳ Ðåøèòü ñèñòåìó óðàâíåíèé✿




2x1 + x2 + 3x3 = 12,
x1 + 2x2 + x3 = 11,
2x1 + x2 + x3 = 8.

✻✼



Ðåøåíèå
✃àê çàìåòèë ÷èòàòåëü✱ ýòó ñèñòåìó ìû ðåøàëè âûøå äâó✲

ìÿ ìåòîäàìè ✭ïî ïðàâèëó ✃ðàìåðà✱ ìàòðè÷íûì ìåòîäîì✮✳
Òåïåðü ðåøèì ñèñòåìó ìåòîäîì ➹àóññà è ñâåðèì ïîëó÷åííûå
îòâåòû✳

Ñîñòàâèì ðàñøèðåííóþ ìàòðèöó✿

A = (A|b) =




2 1 3
1 2 1
2 1 1

∣∣∣∣∣∣

12
11
8


 .

Ðàñøèðåííàÿ ìàòðèöà A = (A|b) âêëþ÷àåò â ñåáÿ ýëå✲
ìåíòû ìàòðèöû êîýôôèöèåíòîâ✱ çàïèñàííûå ñëåâà îò âåð✲
òèêàëüíîé ÷åðòû✱ è ñòîëáåö ñâîáîäíûõ ÷ëåíîâ✱ çàïèñàííûé
ñïðàâà îò ÷åðòû✳ Ýòà ìàòðèöà ÿâëÿåòñÿ ñîêðàùåííîé çàïè✲
ñüþ ñèñòåìû óðàâíåíèé✳ ➮ñïîëüçóÿ ýëåìåíòàðíûå ïðåîáðà✲
çîâàíèÿ íàä ñòðîêàìè ðàñøèðåííîé ìàòðèöû ✭ïî ñóòè✱ íàä
óðàâíåíèÿìè ñèñòåìû✮✱ ïðèâåäåì åå ê òðåóãîëüíîìó âèäó✳
Ïîìåíÿåì ïåðâóþ è âòîðóþ ñòðîêè ðàñøèðåííîé ìàòðèöû
ìåñòàìè✿

A = (A|b) =




1 2 1
2 1 3
2 1 1

∣∣∣∣∣∣

11
12
8


 .

➘àëåå âû÷òåì èç âòîðîé è òðåòüåé ñòðîê ïåðâóþ ñòðîêó✱
óìíîæåííóþ íà 2✿




1 2 1
0 −3 1
0 −3 −1

∣∣∣∣∣∣

11
−10
−14


 .

➶û÷òåì èç òðåòüåé ñòðîêè âòîðóþ ñòðîêó✿



1 2 1
0 −3 1
0 0 −2

∣∣∣∣∣∣

11
−10
−4


 .

✻✽



Ïîëó÷èëè ìàòðèöó òðåóãîëüíîãî âèäà✳ Òåïåðü ïî íåé ìîæ✲
íî âûïèñàòü ñèñòåìó✱ êîòîðàÿ ÿâëÿåòñÿ óïðîùåííîé ïî ñðàâ✲
íåíèþ ñ èñõîäíîé è èìååò òàêîå æå ìíîæåñòâî ðåøåíèé✿





x1 + 2x2 + x3 = 11,
−3x2 + x3 = −10,

−2x3 = −4.

Ïîñëåäîâàòåëüíî íàéäåì íåèçâåñòíûå✱ äâèãàÿñü ñíèçó ââåðõ✳
➮ç òðåòüåãî óðàâíåíèÿ íàéäåì x3 = 2✱ ïîäñòàâèì íàéäåííîå
ðåøåíèå âî âòîðîå óðàâíåíèå è âû÷èñëèì x2 = 4✳ ➘àëåå íàé✲
äåííûå ðåøåíèÿ ïîäñòàâëÿåì â ïåðâîå óðàâíåíèå è íàõîäèì
x1 = 1✳ Ýòî ðåøåíèå ñîâïàäàåò ñ ðåøåíèÿìè ñèñòåìû✱ íàé✲
äåííûìè ïðàâèëîì ✃ðàìåðà è ìàòðè÷íûì ìåòîäîì✳

×åðåç ñèñòåìû ëèíåéíûõ óðàâíåíèé ìîæíî ðåøàòü è ìàò✲
ðè÷íûå óðàâíåíèÿ✳

Ïðèìåð ✷✳✹✳ Ðåøèòü ìàòðè÷íîå óðàâíåíèå A·X+X ·B = C✱
ãäå

A =

(
1 2
3 4

)
, B =

(
−3 −2
−1 −4

)
, C =

(
−1 −5
5 3

)
.

Ðåøåíèå
❰òìåòèì✱ ÷òî â ëåâîé ÷àñòè ìàòðè÷íîãî óðàâíåíèÿ ìàò✲

ðèöó X âûíåñòè çà ñêîáêè íåëüçÿ✱ òàê êàê îíà â ïåðâîì ñëà✲
ãàåìîì óìíîæàåòñÿ ñïðàâà íà ìàòðèöó A✱ âî âòîðîì ✕ ñëåâà
íà ìàòðèöó B✱ à óìíîæåíèå ìàòðèö íåêîììóòàòèâíî✳

Òàê êàê ìàòðèöû A✱ B è C ✕ ìàòðèöû ïîðÿäêà 2 × 2✱
ìàòðèöà X èìååò òîò æå ïîðÿäîê✳ ➬àïèøåì ìàòðèöó X ñëå✲
äóþùèì îáðàçîì✿

X =

(
x1 x2

x3 x4

)
.

✻✾



Òîãäà ìàòðè÷íîå óðàâíåíèå ïðèìåò âèä

(
1 2
3 4

)
·

(
x1 x2

x3 x4

)
+

(
x1 x2

x3 x4

)
·

(
−3 −2
−1 −4

)
=

(
−1 −5
5 3

)
.

➶û÷èñëèì ïðîèçâåäåíèå ìàòðèö â ëåâîé ÷àñòè óðàâíåíèÿ
è ñëîæèì ýòè ïðîèçâåäåíèÿ✱ ïðèäåì ê óðàâíåíèþ✿

(
−2x1 − x2 + 2x3 −2x1 − 3x2 + 2x4

3x1 + x3 − x4 3x2 − 2x3

)
=

(
−1 −5
5 3

)
.

➬àïèñûâàÿ ìàòðè÷íîå óðàâíåíèå ïîêîìïîíåíòíî✱ ïîëó÷èì
ñèñòåìó ëèíåéíûõ óðàâíåíèé✿





−2x1 − x2 + 2x3 = −1,
−2x1 − 3x2 + 2x4 = −5,

3x1 + x3 − x4 = 5,
3x2 − 2x3 = 3.

Ðåøèì ýòó ñèñòåìó ìåòîäîì ➹àóññà✿

A = (A|b) =




−2 −1 2 0
−2 −3 0 2
3 0 1 −1
0 3 −2 0

∣∣∣∣∣∣∣∣

−1
−5
5
3


 .

✃ ïåðâîé ñòðîêå ïðèáàâèì òðåòüþ ñòðîêó✿




−2 −1 2 0
−2 −3 0 2
3 0 1 −1
0 3 −2 0

∣∣∣∣∣∣∣∣

−1
−5
5
3


 ∼




1 −1 3 −1
−2 −3 0 2
3 0 1 −1
0 3 −2 0

∣∣∣∣∣∣∣∣

4
−5
5
3


 .

✼✵



➘àëåå êî âòîðîé ñòðîêå ïðèáàâèì ïåðâóþ ñòðîêó✱ óìíî✲
æåííóþ íà 2❀ èç òðåòüåé ñòðîêè âû÷òåì ïåðâóþ ñòðîêó✱ óìíî✲
æåííóþ íà 3✿



1 −1 3 −1
−2 −3 0 2
3 0 1 −1
0 3 −2 0

∣∣∣∣∣∣∣∣

4
−5
5
3


 ∼




1 −1 3 −1
0 −5 6 0
0 3 −8 2
0 3 −2 0

∣∣∣∣∣∣∣∣

4
3

−7
3


 .

Ïðèáàâèì êî âòîðîé ñòðîêå òðåòüþ ñòðîêó✿



1 −1 3 −1
0 −5 6 0
0 3 −8 2
0 3 −2 0

∣∣∣∣∣∣∣∣

4
3

−7
3


 ∼




1 −1 3 −1
0 −2 −2 2
0 3 −8 2
0 3 −2 0

∣∣∣∣∣∣∣∣

4
−4
−7
3


 .

➶òîðóþ ñòðîêó ðàçäåëèì íà (−2)❀ èç ÷åòâåðòîé ñòðîêè âû✲
÷òåì òðåòüþ ñòðîêó❀ èç òðåòüåé ñòðîêè âû÷òåì ïîëó÷åííóþ
âòîðóþ ñòðîêó✱ óìíîæåííóþ íà 3✿



1 −1 3 −1
0 −2 −2 2
0 3 −8 2
0 3 −2 0

∣∣∣∣∣∣∣∣

4
−4
−7
3


 ∼




1 −1 3 −1
0 1 1 −1
0 0 −11 5
0 0 6 −2

∣∣∣∣∣∣∣∣

4
2

−13
10


 .

✃ òðåòüåé ñòðîêå ïðèáàâèì ÷åòâåðòóþ ñòðîêó✱ óìíîæåí✲
íóþ íà 2✿



1 −1 3 −1
0 1 1 −1
0 0 −11 5
0 0 6 −2

∣∣∣∣∣∣∣∣

4
2

−13
10


 ∼




1 −1 3 −1
0 1 1 −1
0 0 1 1
0 0 6 −2

∣∣∣∣∣∣∣∣

4
2
7
10


 .

➮ç ÷åòâåðòîé ñòðîêè âû÷òåì òðåòüþ ñòðîêó✱ óìíîæåííóþ
íà 6✿



1 −1 3 −1
0 1 1 −1
0 0 1 1
0 0 6 −2

∣∣∣∣∣∣∣∣

4
2
7
10


 ∼




1 −1 3 −1
0 1 1 −1
0 0 1 1
0 0 0 −4

∣∣∣∣∣∣∣∣

4
2
7

−16


 .

✼✶



Ïî ïîëó÷åííîé óïðîùåííîé ðàñøèðåííîé ìàòðèöå âûïè✲
øåì ñèñòåìó✱ ýêâèâàëåíòíóþ èñõîäíîé✿





x1 − x2 + 3x3 − x4 = 4,
x2 + x3 − x4 = 2,

x3 + x4 = 7,
−4x4 = −16.

Òåïåðü ïîñëåäîâàòåëüíî ñíèçó ââåðõ íàõîäèì x4 = 4✱ x3 =
3✱ x2 = 3✱ x1 = 2✳ Òàêèì îáðàçîì✱ èñêîìàÿ ìàòðèöà X èìååò
âèä

X =

(
2 3
3 4

)
.

➬àäàíèÿ äëÿ ñàìîñòîÿòåëüíîé ðàáîòû

✶✳ ❮àéòè çíà÷åíèå ïàðàìåòðà α✱ ïðè êîòîðîì ñèñòåìó ëè✲
íåéíûõ óðàâíåíèé





x1 + x3 = 1,
αx1 + x2 + 2x3 = 2,

x2 + x3 = 0

íåëüçÿ ðåøèòü ïî ïðàâèëó ✃ðàìåðà✳
❰òâåò✿ α = 1.

✷✳ ❮àéòè çíà÷åíèå ïàðàìåòðà α✱ ïðè êîòîðîì ïðè ðåøåíèè
ñèñòåìû óðàâíåíèé





x1 + x2 + x3 = 1,
x1 + 2x3 = 1 + α,
x1 + 2x2 + x3 = 2

ïî ôîðìóëàì ✃ðàìåðà âûïîëíÿåòñÿ ðàâåíñòâî △ = △2.
❰òâåò✿ α = −1✳

✼✷



✸✳ Ðåøèòü ñèñòåìó ëèíåéíûõ óðàâíåíèé✿
✶✮ ïî ïðàâèëó ✃ðàìåðà❀
✷✮ ìàòðè÷íûì ìåòîäîì❀
✸✮ ìåòîäîì ➹àóññà✿

à✮





5x1 + x3 = 8,
x1 + x2 = 2,

2x1 + x2 + x3 = 6;
á✮





2x1 + 2x2 + x3 = 9,
x1 + x2 = 3,
2x2 + x3 = 7;

â✮





2x1 + x2 + x3 = 1,
4x1 + x2 = −2,

−2x1 + 2x2 + x3 = 7;
ã✮





x1 + 2x2 + 2x3 = 9,
2x1 + x2 − 2x3 = 0,
2x1 − 2x2 + x3 = 0;

ä✮





x1 + x2 + x3 = 6,
−x1 + x2 + x3 = 0,
x1 − x2 + x3 = 2;

å✮





3x1 + x2 + 2x3 = −16,
x1 + 4x2 + 5x3 = −13,
2x1 + x2 + 3x3 = −5;

æ✮





4x1 + 2x2 + x3 = 15,
3x1 + x2 − 5x3 = 4,
x1 + 3x2 − 4x3 = 7.

❰òâåòû✿
à✮ x1 = 1✱ x2 = 1✱ x3 = 3❀ á✮ x1 = 1✱ x2 = 2✱ x3 = 3❀
â✮ x1 = −1✱ x2 = 2✱ x3 = 1❀ ã✮ x1 = 1✱ x2 = 2✱ x3 = 2❀
ä✮ x1 = 3✱ x2 = 2✱ x3 = 1❀ å✮ x1 = −6✱ x2 = −8✱ x3 = 5❀
æ✮ x1 = 2✱ x2 = 3✱ x3 = 1✳

➓ ✸✳ Óñëîâèå ñîâìåñòíîñòè ñèñòåìû

❮àïîìíèì✱ ÷òî ñèñòåìà íàçûâàåòñÿ ñîâìåñòíîé✱ åñëè
îíà èìååò õîòÿ áû îäíî ðåøåíèå✳ Ïîíÿòèå ñîâìåñòíîñòè ðàñ✲
ñìîòðèì äëÿ ñèñòåì✱ ñîñòîÿùèõ èç m óðàâíåíèé ñ n íåèç✲
âåñòíûìè ✭ñ ïðÿìîóãîëüíûìè ïðè m ̸= n èëè êâàäðàòíûìè
ïðè m = n ìàòðèöàìè✮✳ Ðàññìîòðèì ïðèìåð✳

✼✸



Ïðèìåð ✸✳✶✳ ❒åòîäîì ➹àóññà ðåøèòü ñèñòåìó óðàâíåíèé✿




x1 + 2x2 − x3 = 7,
2x1 − 3x2 + x3 = 3,
4x1 + x2 − x3 = 16.

Ðåøåíèå
➶ûïèøåì ðàñøèðåííóþ ìàòðèöó è ïðèâåäåì åå ê ñòóïåí✲

÷àòîìó âèäó✿

A = (A|b) =




1 2 −1
2 −3 1
4 1 −1

∣∣∣∣∣∣

7
3
16


 ∼




1 2 −1
0 −7 3
0 −7 3

∣∣∣∣∣∣

7
−11
−12


 ∼

∼




1 2 −1
0 −7 3
0 0 0

∣∣∣∣∣∣

7
−11
−1


 .

Òåïåðü âûïèøåì óïðîùåííóþ ñèñòåìó✿




x1 + 2x2 − x3 = 7,
−7x2 + 3x3 = −11,

0 · x1 + 0 · x2 + 0 · x3 = −1.

Ïîñëåäíåå óðàâíåíèå ïðîòèâîðå÷èâî✱ òàê êàê ïîëó÷àåòñÿ
íåâåðíîå ðàâåíñòâî 0 = −1✳ Ñëåäîâàòåëüíî✱ äàííàÿ ñèñòåìà
íåñîâìåñòíà✳

Òåîðåìà ✸✳✶ ✭òåîðåìà ✃ðîíåêåðà ✕ ✃àïåëëè✮✳ Ñèñòåìà
Ax = b ñîâìåñòíà òîãäà è òîëüêî òîãäà✱ êîãäà ðàíã ìàòðèöû
ñèñòåìû ðàâåí ðàíãó ðàñøèðåííîé ìàòðèöû✱ ò✳ å✳

rangA = rangA.

➶åðíåìñÿ ê ïðèìåðó ✸✳✶✿ rangA = 2✱ à rangA = 3✱ ò✳ å✳
óñëîâèå òåîðåìû ✃ðîíåêåðà ✕ ✃àïåëëè íå âûïîëíÿåòñÿ✱ ñè✲
ñòåìà íåñîâìåñòíà✱ ðåøåíèé íåò✳

✼✹



Ïðèìåð ✸✳✷✳ ➮ññëåäîâàòü íà ñîâìåñòíîñòü ñëåäóþùóþ ñè✲
ñòåìó✿ 




x1 − x2 + x3 − x4 = 0,
x1 + x2 − 2x3 + x4 = 1,
3x1 + x2 − 3x3 + x4 = 2.

Ðåøåíèå
➶ûïèøåì ðàñøèðåííóþ ìàòðèöó è ïðèâåäåì åå ê ñòóïåí✲

÷àòîìó âèäó✳ ➶û÷òåì èç âòîðîé ñòðîêè ïåðâóþ ñòðîêó❀ âû✲
÷òåì èç òðåòüåé ñòðîêè ïåðâóþ ñòðîêó✱ óìíîæåííóþ íà 3✿

A = (A|b) =




1 −1 1 −1
1 1 −2 1
3 1 −3 1

∣∣∣∣∣∣

0
1
2


 ∼

∼




1 −1 1 −1
0 2 −3 2
0 4 −6 4

∣∣∣∣∣∣

0
1
2


 .

➶òîðàÿ è òðåòüÿ ñòðîêè ðàñøèðåííîé ìàòðèöû êîëëèíå✲
àðíû✱ ïîýòîìó îäíó èç íèõ ìîæíî âû÷åðêíóòü✱ íå èçìåíèâ
ðàíãà✳

Ïî ðàñøèðåííîé ìàòðèöå âèäíî✱ ÷òî rangA = rangA = 2✱
çíà÷èò✱ ñèñòåìà ñîâìåñòíà✳

Ïðèìåð ✸✳✸✳ Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðà α ñèñòåìà




3x1 + 2x2 + 5x3 + 4x4 = 3,
2x1 + 3x2 + 6x3 + 8x4 = 5,

x1 − 6x2 − 9x3 − 20x4 = −11,
4x1 + x2 + 4x3 + α · x4 = 2

áóäåò ñîâìåñòíîé❄

✼✺



Ðåøåíèå
➶ûïèøåì ðàñøèðåííóþ ìàòðèöó è ïðèâåäåì åå ê ñòóïåí✲

÷àòîìó âèäó✳ ➶û÷òåì èç ïåðâîé ñòðîêè âòîðóþ ñòðîêó✿

A = (A|b) =




3 2 5 4
2 3 6 8
1 −6 −9 −20
4 1 4 α

∣∣∣∣∣∣∣∣

3
5

−11
2


 ∼

∼




1 −1 −1 −4
2 3 6 8
1 −6 −9 −20
4 1 4 α

∣∣∣∣∣∣∣∣

−2
5

−11
2


 .

➘àëåå ïîñëåäîâàòåëüíî âû÷òåì èç îñòàâøèõñÿ òðåõ ñòðîê
ïåðâóþ ñòðîêó✱ óìíîæåííóþ íà 2✱ 1 è 4 ñîîòâåòñòâåííî✿



1 −1 −1 −4
2 3 6 8
1 −6 −9 −20
4 1 4 α

∣∣∣∣∣∣∣∣

−2
5

−11
2


 ∼




1 −1 −1 −4
0 5 8 16
0 −5 −8 −16
0 5 8 α + 16

∣∣∣∣∣∣∣∣

−2
9

−9
10


 .

Ïî ðàñøèðåííîé ìàòðèöå âèäíî✱ ÷òî âòîðàÿ è òðåòüÿ ñòðî✲
êè êîëëèíåàðíû✱ ñëåäîâàòåëüíî✱ îäíó èç íèõ ìîæíî âû÷åðê✲
íóòü èç ìàòðèöû✱ íå èçìåíèâ ðàíãà✳

Òàêæå ÿñíî✱ ÷òî ïðè α = 0✱ rangA = 2✱ rangA = 3✱ ò✳ å✳
ñèñòåìà íåñîâìåñòíà✳ ➘ëÿ ëþáîãî α ̸= 0 ñèñòåìà áóäåò ñîâ✲
ìåñòíîé✱ òàê êàê rangA = rangA = 3✳

Ïðèìåð ✸✳✹✳ ❮àéòè âñå çíà÷åíèÿ ïàðàìåòðà m✱ ïðè êîòî✲
ðûõ âåêòîð b = (1;m; 3) ëèíåéíî âûðàæàåòñÿ ÷åðåç âåêòîðû
a1 = (2; 3; 7)✱ a2 = (3;−2; 4)✱ a3 = (−1; 1;−1)✳

✼✻



Ðåøåíèå
➴ñëè âåêòîð b ëèíåéíî âûðàæàåòñÿ ÷åðåç âåêòîðû a1✱ a2

è a3✱ òîãäà âåêòîð b ÿâëÿåòñÿ ëèíåéíîé êîìáèíàöèåé ýòèõ
âåêòîðîâ✿

b = λ1a
1 + λ2a

2 + λ3a
3

èëè



1
m
3


 = λ1




2
3
7


+ λ2




3
−2
4


+ λ3




−1
1

−1


 ,

ãäå λ1, λ2, λ3 ✕ íåêîòîðûå ÷èñëà✳ Ðåøèì ñîîòâåòñòâóþùóþ
ñèñòåìó îòíîñèòåëüíî íåèçâåñòíûõ λ1, λ2, λ3





2λ1 + 3λ2 − λ3 = 1,
3λ1 − 2λ2 + λ3 = m,
7λ1 + 4λ2 − λ3 = 3

ìåòîäîì ➹àóññà✳ ➮ç òðåòüåé ñòðîêè âû÷òåì ïåðâóþ ñòðîêó✱
óìíîæåííóþ íà 3✿




2 3 −1
3 −2 1
7 4 −1

∣∣∣∣∣∣

1
m
3


 ∼




2 3 −1
3 −2 1
1 −5 2

∣∣∣∣∣∣

1
m
0


 .

➘àëåå ïîìåíÿåì òðåòüþ è ïåðâóþ ñòðîêè ìåñòàìè✿



2 3 −1
3 −2 1
1 −5 2

∣∣∣∣∣∣

1
m
0


 ∼




1 −5 2
3 −2 1
2 3 −1

∣∣∣∣∣∣

0
m
1


 .

Òåïåðü èç âòîðîé è òðåòüåé ñòðîê âû÷òåì ïåðâóþ ñòðîêó✱
óìíîæåííóþ íà 3 è 2 ñîîòâåòñòâåííî✿




1 −5 2
3 −2 1
2 3 −1

∣∣∣∣∣∣

0
m
1


 ∼




1 −5 2
0 13 −5
0 13 −5

∣∣∣∣∣∣

0
m
1


 .

✼✼



Ïî óïðîùåííîé ðàñøèðåííîé ìàòðèöå âèäíî✱ ÷òî ïðèm =
1 ñèñòåìà áóäåò ñîâìåñòíîé✱ òàê êàê rangA = rangA = 2✳
➬íà÷èò✱ ïðèm = 1 âåêòîð b áóäåò ëèíåéíî âûðàæàòüñÿ ÷åðåç
âåêòîðû a1✱ a2 è a3✳

➬àäàíèÿ äëÿ ñàìîñòîÿòåëüíîé ðàáîòû

✶✳ Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðà β ñèñòåìà




x1 + x2 − x3 + x4 = 2,
−x1 + 2x2 + x3 − x4 = 1,
x1 − 3x2 − x3 + x4 = β

ñîâìåñòíà❄

❰òâåò✿ ïðè β = 2✳

✷✳ Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðîâ a è b ñèñòåìà óðàâ✲
íåíèé 




2x1 + 4x2 + 3x3 − x4 = 1,
x1 − 2x2 + x3 + x4 = 2,
8x2 + x3 − 3x4 = a− 4,
3x1 + 2x2 + 4x3 = b− 1

áóäåò ñîâìåñòíîé❄

❰òâåò✿ ïðè a = 1 è b = 4✳

✸✳ ➮ññëåäîâàòü íà ñîâìåñòíîñòü✿

à✮ A = (A|b) =




1 1 −1 1
−1 2 1 −1
1 −3 −1 1

∣∣∣∣∣∣

1
1
1


 ;

á✮ A = (A|b) =




1 1 1
1 1 2
1 2 3

∣∣∣∣∣∣

6
9
14


 ;

✼✽



â✮ A = (A|b) =




1 1 3 −2 3
2 2 4 −1 3
3 3 5 −2 3
2 2 8 −3 9

∣∣∣∣∣∣∣∣

1
2
1
2


 ;

ã✮ A = (A|b) =




1 0 2 1
2 1 0 1
3 1 2 2

∣∣∣∣∣∣

1
0
2


 .

❰òâåòû✿
à✮ ñèñòåìà íåñîâìåñòíà❀ á✮ ñèñòåìà ñîâìåñòíà❀
â✮ ñèñòåìà íåñîâìåñòíà❀ ã✮ ñèñòåìà íåñîâìåñòíà✳

➓ ✹✳ Ðåøåíèå ñîâìåñòíûõ ñèñòåì

Ðàññìîòðèì ñèñòåìó Ax = b✱ x ∈ Rn✱ b ∈ Rm✱ ò✳ å✳ ìàò✲
ðèöà A ïîðÿäêàm×n✳ Ïðåäïîëîæèì✱ ÷òî ñèñòåìà ñîâìåñòíà✱
ò✳ å✳ âûïîëíÿåòñÿ rangA = rangA = r✳ ➴ñëè r = n ✭ðàíã ðà✲
âåí ÷èñëó íåèçâåñòíûõ✮✱ òîãäà ñèñòåìà èìååò åäèíñòâåííîå
ðåøåíèå✱ êîòîðîå ìîæíî íàéòè ïî ïðàâèëó ✃ðàìåðà✱ ìàò✲
ðè÷íûì ìåòîäîì✱ ìåòîäîì ➹àóññà✳ Ýòè ìåòîäû ðàññìîòðåíû
âûøå✳

➘îïóñòèì✱ ÷òî r < n✳ ➬äåñü ïðèìåíÿþò ìåòîä ➹àóññà ïî
ñëåäóþùåé ñõåìå✿

✶✳ Òàê êàê ðàíã ñèñòåìû ðàâåí r✱ âûáèðàåòñÿ áàçèñíûé
ìèíîð ïîðÿäêà r × r✳

✷✳ ➶ñå íåèçâåñòíûå x1, x2, . . . , xn äåëÿòñÿ íà áàçèñíûå ïå✲
ðåìåííûå è ñâîáîäíûå✳ ❮åèçâåñòíûå✱ êîòîðûì ñîîòâåòñòâó✲
þò ñòîëáöû✱ âõîäÿùèå â áàçèñíûé ìèíîð✱ íàçûâàþòñÿ áà✲
çèñíûìè❀ îñòàëüíûå íåèçâåñòíûå ✕ ñâîáîäíûå ïåðåìåííûå✳
×èñëî áàçèñíûõ ïåðåìåííûõ ðàâíî r✱ ÷èñëî ñâîáîäíûõ ïåðå✲
ìåííûõ ðàâíî n− r✳

✼✾



✸✳ ➪àçèñíûå ïåðåìåííûå âûðàæàþòñÿ ÷åðåç ñâîáîäíûå ✭ïî✲
ýòîìó áàçèñíûå ïåðåìåííûå íàçûâàþò çàâèñèìûìè✱ à ñâî✲
áîäíûå ïåðåìåííûå ✕ íåçàâèñèìûìè✮✳

Ðàâåíñòâà✱ âûðàæàþùèå áàçèñíûå ïåðåìåííûå ÷åðåç ñâî✲
áîäíûå✱ íàçûâàþòñÿ îáùèì ðåøåíèåì ñèñòåìû✳

✹✳ Ðåøåíèå✱ ïîëó÷àþùååñÿ ïðè çàäàíèè êîíêðåòíûõ çíà✲
÷åíèé ñâîáîäíûõ ïåðåìåííûõ✱ íàçûâàåòñÿ ÷àñòíûì ðåøå✲
íèåì ñèñòåìû✳

Òàêèì îáðàçîì✱ ðåøèòü ñèñòåìó ✕ çàïèñàòü îáùåå ðåøå✲
íèå❀ â ñëó÷àå åäèíñòâåííîãî ðåøåíèÿ ✕ óêàçàòü ýòî ðåøåíèå✳

➬àìå÷àíèå ✹✳✶✳ ➴ñëè rangA = rangA = n✱ ãäå n ✕ ÷èñëî
íåèçâåñòíûõ✱ òîãäà ñèñòåìà èìååò åäèíñòâåííîå ðåøåíèå✳

➬àìå÷àíèå ✹✳✷✳ ➴ñëè rangA = rangA < n✱ òîãäà ñèñòå✲
ìà èìååò áåñêîíå÷íîå ìíîæåñòâî ðåøåíèé✳

➬àìå÷àíèå ✹✳✸✳ Ñ ïîìîùüþ ýëåìåíòàðíûõ ïðåîáðàçîâàíèé
íàä ñòðîêàìè ìàòðèöû ìîæíî ïðèâåñòè áàçèñíûé ìèíîð ê
åäèíè÷íîé ìàòðèöå✳ Òîãäà áóäåò ïðîùå âûðàçèòü áàçèñíûå
ïåðåìåííûå ÷åðåç ñâîáîäíûå✳

➬àìå÷àíèå ✹✳✹✳ ➪àçèñíûõ ìèíîðîâ ìîæåò áûòü íåñêîëüêî✱
çíà÷èò✱ è âàðèàíòîâ äåëåíèÿ ïåðåìåííûõ íà áàçèñíûå è ñâî✲
áîäíûå òàêæå íåñêîëüêî✳ Ïðè ïîèñêå îáùåãî ðåøåíèÿ ìîæíî
âûáèðàòü ëþáîé èç âîçìîæíûõ âàðèàíòîâ✳

Ðàññìîòðèì ýòîò àëãîðèòì íà ïðèìåðå✳

Ïðèìåð ✹✳✶✳ Ðåøèòü ñèñòåìó ëèíåéíûõ óðàâíåíèé✿




x1 + 2x2 + 3x3 = 4,
x1 + 3x2 + 4x3 = 5,

3x1 + 7x2 + 10x3 = 13.

✽✵



Ðåøåíèå
Ñîñòàâèì ðàñøèðåííóþ ìàòðèöó ñèñòåìû è ïðèâåäåì åå

ê ñòóïåí÷àòîìó âèäó✿

A = (A|b) =




1 2 3
1 3 4
3 7 10

∣∣∣∣∣∣

4
5
13


 ∼




1 2 3
0 1 1
0 1 1

∣∣∣∣∣∣

4
1
1


 ∼

∼

(
1 2 3
0 1 1

∣∣∣∣
4
1

)
.

Ïîëó÷èëè✱ ÷òî rangA = rangA = 2✱ ò✳ å✳ ñèñòåìà ñîâ✲
ìåñòíà✱ ïðè÷åì rang < n✱ çíà÷èò✱ ñèñòåìà èìååò áåñêîíå÷íîå
ìíîæåñòâî ðåøåíèé✳ ❮àéäåì ýòî ìíîæåñòâî✳

➶ûáåðåì â êà÷åñòâå áàçèñíîãî ìèíîð✱ êîòîðûé îáðàçîâàí
ïåðâûìè äâóìÿ ñòðîêàìè è ñòîëáöàìè✱ ò✳ å✳ M12

12 ✳ Òàêèì îá✲
ðàçîì✱ áàçèñíûìè ïåðåìåííûìè áóäóò x1 è x2✱ ñâîáîäíîé ✕
x3✳ ➶ûðàçèì áàçèñíûå ïåðåìåííûå ÷åðåç ñâîáîäíóþ✱ äëÿ ýòî✲
ãî ñ ïîìîùüþ ýëåìåíòàðíûõ ïðåîáðàçîâàíèé íàä ñòðîêàìè
ìàòðèöû ïðèâåäåì áàçèñíûé ìèíîð ê åäèíè÷íîé ìàòðèöå✳
➶û÷òåì èç ïåðâîé ñòðîêè âòîðóþ ñòðîêó✱ óìíîæåííóþ íà 2✿

(
1 0 1
0 1 1

∣∣∣∣
2
1

)
.

Ïîëó÷èëè îáùåå ðåøåíèå ñèñòåìû✿




x1 = 2− x3,
x2 = 1− x3,
x3 ∈ R1.

Ñèñòåìà èìååò áåñêîíå÷íîå ìíîæåñòâî ðåøåíèé✳ ❮àéäåì
÷àñòíîå ðåøåíèå✱ íàïðèìåð✱ äëÿ x3 = 0 ïîëó÷àåì x1 = 2✱
x2 = 1✳ ➮ìååì âåêòîð x = (2; 1; 0) ✕ ÷àñòíîå ðåøåíèå ñèñòå✲
ìû✳

✽✶



Ïðèìå÷àíèå✿ åñëè âñå ñâîáîäíûå ïåðåìåííûå ðàâíû íóëþ✱
òîãäà ÷àñòíîå ðåøåíèå áóäåò íàçûâàòüñÿ áàçèñíûì✳

➶ ïðèìåðå ✹✳✶ ñòîèò îáðàòèòü âíèìàíèå íà òî✱ ÷òî ìàò✲
ðèöà èñõîäíîé ñèñòåìû îêàçàëàñü âûðîæäåííîé✱ íî ñèñòå✲
ìà ñîâìåñòíàÿ✱ òàê êàê ðàíã ðàñøèðåííîé ìàòðèöû è ðàíã
èñõîäíîé ìàòðèöû ðàâíû✳ ✃àê ðåçóëüòàò ✕ íà âûõîäå èìå✲
åì áåñêîíå÷íîå ìíîæåñòâî ðåøåíèé✳ ➶ ➓ ✸ äàííîé ãëàâû ìû
òàêæå ðàññìàòðèâàëè ñèñòåìó ñ êâàäðàòíîé âûðîæäåííîé
ìàòðèöåé ✭ïðèìåð ✸✳✶✮✱ íî òà ñèñòåìà îêàçàëàñü íåñîâìåñò✲
íîé ✭ò✳ å✳ ïóñòîå ìíîæåñòâî ðåøåíèé✮✳

Ïðèìåð ✹✳✷✳ Ðåøèòü ñèñòåìó ëèíåéíûõ óðàâíåíèé✿





x1 + x2 + 2x3 + x4 = 1,
2x1 + 3x2 + x4 = 0,

3x1 + 4x2 + 2x3 + 2x4 = 1.

Ðåøåíèå

Ñîñòàâèì ðàñøèðåííóþ ìàòðèöó ñèñòåìû è ïðèâåäåì åå
ê ñòóïåí÷àòîìó âèäó✿

A = (A|b) =




1 1 2 1
2 3 0 1
3 4 2 2

∣∣∣∣∣∣

1
0
1


 ∼




1 1 2 1
0 1 −4 −1
0 1 −4 −1

∣∣∣∣∣∣

1
−2
−2


 ∼

∼

(
1 1 2 1
0 1 −4 −1

∣∣∣∣
1

−2

)
.

Ïîëó÷èëè✱ ÷òî rangA = rangA = 2✳ ❰òñþäà ñëåäóåò✱ ÷òî
ñèñòåìà ñîâìåñòíà✳ ➶ûáèðàåì â êà÷åñòâå áàçèñíîãî ìèíîðà
M12

12 ✳ ➘àëåå óïðîñòèì áàçèñíûé ìèíîð✿ èç ïåðâîé ñòðîêè
âû÷òåì âòîðóþ ñòðîêó✿

(
1 1 2 1
0 1 −4 −1

∣∣∣∣
1

−2

)
∼

(
1 0 6 2
0 1 −4 −1

∣∣∣∣
3

−2

)
.

✽✷



Òåïåðü âûðàçèì áàçèñíûå ïåðåìåííûå x1, x2 ÷åðåç ñâîáîä✲
íûå ïåðåìåííûå x3, x4 è ïîëó÷èì îáùåå ðåøåíèå ñèñòåìû✿





x1 = 3− 6x3 − 2x4,
x2 = −2 + 4x3 + x4,
x3, x4 ∈ R1.

Ñèñòåìà èìååò áåñêîíå÷íîå ìíîæåñòâî ðåøåíèé✳ ❮àéäåì
÷àñòíîå ðåøåíèå✳ ❮àïðèìåð✱ äëÿ x3 = 0✱ x4 = 1 ïîëó÷àåì
x1 = 1✱ x2 = −1✳ Ñëåäîâàòåëüíî✱ âåêòîð x = (1;−1; 0; 1) ✕
÷àñòíîå ðåøåíèå ñèñòåìû✳

➬àäàíèÿ äëÿ ñàìîñòîÿòåëüíîé ðàáîòû

❮àéòè îáùåå ðåøåíèå è îäíî ÷àñòíîå ðåøåíèå ñèñòåìû✿

✶✮ A = (A|b) =




1 −1 1 −1
1 1 −2 1
3 1 −3 1

∣∣∣∣∣∣

0
1
2


 ;

✷✮ A = (A|b) =




2 1 1
4 1 0

−2 2 1

∣∣∣∣∣∣

1
−2
7


 ;

✸✮ A = (A|b) =




6 3 2 3 4
4 2 1 2 3
4 2 3 2 1
2 1 7 3 2

∣∣∣∣∣∣∣∣

5
4
0
1


 ;

✹✮ A = (A|b) =




2 −1 3 −2 4
4 −2 5 1 7
2 −1 1 8 2

∣∣∣∣∣∣

1
1

−1


 ;

✺✮ A = (A|b) =

(
1 −1 0
2 2 4

∣∣∣∣
1
3

)
;

✻✮ A = (A|b) =




1 1 −1 1
−1 2 1 −1
1 −3 −1 1

∣∣∣∣∣∣

2
1

−2


 .

✽✸



❰òâåòû✿
✶✮ áåñêîíå÷íîå ìíîæåñòâî ðåøåíèé✳ Ôîðìóëû îáùåãî ðå✲

øåíèÿ îïðåäåëÿþòñÿ íåîäíîçíà÷íî✳ ❮àïðèìåð✱ îáùåå ðåøå✲
íèå✿ x1 = 1

2
+ 1

2
x3✱ x2 = 1

2
+ 3

2
x3 − x4❀ x3✱ x4 ∈ R1❀ ÷àñòíîå

ðåøåíèå✿ x = (1
2
; 1
2
; 0; 0)❀

✷✮ åäèíñòâåííîå ðåøåíèå✿ x = (−1; 2; 1)❀
✸✮ áåñêîíå÷íîå ìíîæåñòâî ðåøåíèé✳ Ôîðìóëû îáùåãî ðå✲

øåíèÿ îïðåäåëÿþòñÿ íåîäíîçíà÷íî✳ ❮àïðèìåð✱ îáùåå ðåøå✲
íèå✿ x2 = −2x1 +

3

2
x3✱ x4 = −1− 7

2
x3✱ x5 = 2+ x3❀ x1✱ x3 ∈ R1❀

÷àñòíîå ðåøåíèå✿ x = (0; 0; 0;−1; 2)❀
✹✮ áåñêîíå÷íîå ìíîæåñòâî ðåøåíèé✳ Ôîðìóëû îáùåãî ðå✲

øåíèÿ îïðåäåëÿþòñÿ íåîäíîçíà÷íî✳ ❮àïðèìåð✱ îáùåå ðåøå✲
íèå✿ x2 = 2+2x1+13x4+x5✱ x3 = 1+5x4−x5❀ x1✱ x4✱ x5 ∈ R1❀
÷àñòíîå ðåøåíèå✿ x = (0; 2; 1; 0; 0)❀

✺✮ áåñêîíå÷íîå ìíîæåñòâî ðåøåíèé✿ x1 = 1+x2✱ x3 =
1

4
−x2❀

x2 ∈ R1❀ ÷àñòíîå ðåøåíèå✿ x = (1; 0; 1
4
)❀

✻✮ áåñêîíå÷íîå ìíîæåñòâî ðåøåíèé✳ Ôîðìóëû îáùåãî ðå✲
øåíèÿ îïðåäåëÿþòñÿ íåîäíîçíà÷íî✳ ❮àïðèìåð✱ îáùåå ðåøå✲
íèå✿ x1 = 1 + x3 − x4✱ x2 = 1❀ x3✱ x4 ∈ R1❀ ÷àñòíîå ðåøåíèå✿
x = (1; 1; 0; 0)✳

➓ ✺✳ ❰áùåå ðåøåíèå îäíîðîäíîé ñèñòåìû

Ðàññìîòðèì îäíîðîäíóþ ñèñòåìó Ax = 0✱ ãäå A ✕m×n✱
x ∈ Rn✳ Ýòà ñèñòåìà âñåãäà ñîâìåñòíà✱ òàê êàê èìååò ïî êðàé✲
íåé ìåðå íóëåâîå ✭èëè òðèâèàëüíîå✮ ðåøåíèå✳

➬àìå÷àíèå ✺✳✶✳❰äíîðîäíàÿ ñèñòåìà ïðèm = n èìååò åäèí✲
ñòâåííîå ðåøåíèå x = 0✱ åñëè ìàòðèöà ñèñòåìû íåâûðîæäåí✲
íàÿ✳

✽✹



➬àìå÷àíèå ✺✳✷✳ ❰äíîðîäíàÿ ñèñòåìà ïðè m = n èìååò áåñ✲
êîíå÷íîå ìíîæåñòâî ðåøåíèé ✭èìååò íåòðèâèàëüíûå ðåøå✲
íèÿ✮✱ åñëè ìàòðèöà ñèñòåìû âûðîæäåííàÿ✳

➬àìå÷àíèå ✺✳✸✳ ❰äíîðîäíàÿ ñèñòåìà ïðè m < n èìååò áåñ✲
êîíå÷íîå ìíîæåñòâî ðåøåíèé ✭èìååò íåòðèâèàëüíûå ðåøå✲
íèÿ✮✳

Ïðèìåð ✺✳✶✳ Ðåøèòü ñëåäóþùóþ ñèñòåìó✿




2x1 + 3x2 + x3 = 0,
4x1 − x2 + x3 = 0,
x1 + 2x2 − x3 = 0.

Ðåøåíèå
Ñîñòàâèì ðàñøèðåííóþ ìàòðèöó è ïðèâåäåì åå ê ñòóïåí✲

÷àòîìó âèäó✳ Ïîìåíÿåì ìåñòàìè ïåðâóþ è òðåòüþ ñòðîêè✿

A = (A|0) =




2 3 1
4 −1 1
1 2 −1

∣∣∣∣∣∣

0
0
0


 ∼




1 2 −1
4 −1 1
2 3 1

∣∣∣∣∣∣

0
0
0


 .

➘àëåå èç âòîðîé ñòðîêè âû÷òåì ïåðâóþ ñòðîêó✱ óìíîæåí✲
íóþ íà 4❀ èç òðåòüåé ñòðîêè âû÷òåì ïåðâóþ ñòðîêó✱ óìíî✲
æåííóþ íà 2✿




1 2 −1
4 −1 1
2 3 1

∣∣∣∣∣∣

0
0
0


 ∼




1 2 −1
0 −9 5
0 −1 3

∣∣∣∣∣∣

0
0
0


 .

Òåïåðü âû÷òåì èç âòîðîé ñòðîêè òðåòüþ ñòðîêó✱ óìíîæåí✲
íóþ íà 9✿




1 2 −1
0 −9 5
0 −1 3

∣∣∣∣∣∣

0
0
0


 ∼




1 2 −1
0 0 −22
0 −1 3

∣∣∣∣∣∣

0
0
0


 .

ßñíî✱ ÷òî ìàòðèöà êîýôôèöèåíòîâ ñèñòåìû íåâûðîæäåí✲
íàÿ✱ ïîýòîìó îäíîðîäíàÿ ñèñòåìà èìååò åäèíñòâåííîå ðåøå✲
íèå✿ x = (0; 0; 0).

✽✺



Ïðèìåð ✺✳✷✳ ❮àéòè çíà÷åíèå ïàðàìåòðà α✱ ïðè êîòîðîì ñè✲
ñòåìà óðàâíåíèé èìååò íåòðèâèàëüíûå ðåøåíèÿ✳ Ðåøèòü ñè✲
ñòåìó óðàâíåíèé ïðè íàéäåííîì ïàðàìåòðå α✿





3x1 + αx2 + x3 = 0,
x1 − x2 + 2x3 = 0,

2x1 + x2 − 11x3 = 0.

Ðåøåíèå
❒àòðèöà ñèñòåìû êâàäðàòíàÿ✳ ➴ñëè îíà áóäåò âûðîæäåí✲

íîé ✭ò✳ å✳ |A| = 0✮✱ òîãäà îäíîðîäíàÿ ñèñòåìà áóäåò èìåòü
íåòðèâèàëüíûå ðåøåíèÿ✳ ❮àéäåì ïàðàìåòð α èç óðàâíåíèÿ✿

|A| =

∣∣∣∣∣∣

3 α 1
1 −1 2
2 1 −11

∣∣∣∣∣∣
= 0.

Ïîëó÷èì α = −2✳ Ïðè äàííîì ïàðàìåòðå ñèñòåìà èìååò
áåñêîíå÷íîå ìíîæåñòâî ðåøåíèé ✭íåòðèâèàëüíûå ðåøåíèÿ✮✳
Ïîäñòàâèì íàéäåííûé ïàðàìåòð â ñèñòåìó è ðåøèì åå ìåòî✲
äîì ➹àóññà✳ Ñîñòàâèì ðàñøèðåííóþ ìàòðèöó è ïðèâåäåì åå
ê ñòóïåí÷àòîìó âèäó✳ Ïîìåíÿåì ìåñòàìè ïåðâóþ è âòîðóþ
ñòðîêè✿

A = (A|0) =




3 −2 1
1 −1 2
2 1 −11

∣∣∣∣∣∣

0
0
0


 ∼




1 −1 2
3 −2 1
2 1 −11

∣∣∣∣∣∣

0
0
0


 .

➘àëåå èç âòîðîé ñòðîêè âû÷òåì ïåðâóþ ñòðîêó✱ óìíîæåí✲
íóþ íà 3❀ èç òðåòüåé ñòðîêè âû÷òåì ïåðâóþ ñòðîêó✱ óìíî✲
æåííóþ íà 2✿




1 −1 2
3 −2 1
2 1 −11

∣∣∣∣∣∣

0
0
0


 ∼




1 −1 2
0 1 −5
0 3 −15

∣∣∣∣∣∣

0
0
0


 .

➶òîðàÿ è òðåòüÿ ñòðîêè êîëëèíåàðíû✱ ïîýòîìó îäíó èç
íèõ âû÷åðêíåì✳ rangA = 2✱ âûáåðåì â êà÷åñòâå áàçèñíîãî

✽✻



ìèíîðà M12
12 ✭çíà÷èò✱ áàçèñíûìè ïåðåìåííûìè áóäóò x1 è x2✱

ñâîáîäíàÿ ïåðåìåííàÿ x3✮✳ ➘àëåå óïðîñòèì áàçèñíûé ìèíîð✳
✃ ïåðâîé ñòðîêå ïðèáàâèì âòîðóþ ñòðîêó✿

(
1 −1 2
0 1 −5

∣∣∣∣
0
0

)
∼

(
1 0 −3
0 1 −5

∣∣∣∣
0
0

)
.

Òåïåðü âûðàçèì áàçèñíûå ïåðåìåííûå ÷åðåç ñâîáîäíóþ è
ïîëó÷èì îáùåå ðåøåíèå ñèñòåìû✿





x1 = 3x3,
x2 = 5x3,
x3 ∈ R1.

Ïðèìåð ✺✳✸✳ Ðåøèòü ñèñòåìó✿




x1 + x2 + 2x3 + x4 = 0,
2x1 + 3x2 + x3 + 3x4 = 0,

2x1 + 5x2 − 5x3 + 5x4 = 0.

Ðåøåíèå
Ñèñòåìà èìååò áåñêîíå÷íîå ìíîæåñòâî ðåøåíèé✱ òàê êàê

÷èñëî óðàâíåíèé ìåíüøå ÷èñëà íåèçâåñòíûõ✳ Ñîñòàâèì ðàñ✲
øèðåííóþ ìàòðèöó è ïðèâåäåì åå ê ñòóïåí÷àòîìó âèäó✳ ➮ç
âòîðîé è òðåòüåé ñòðîê âû÷òåì ïåðâóþ ñòðîêó✱ óìíîæåííóþ
íà 2✿

A = (A|0) =




1 1 2 1
2 3 1 3
2 5 −5 5

∣∣∣∣∣∣

0
0
0


 ∼




1 1 2 1
0 1 −3 1
0 3 −9 3

∣∣∣∣∣∣

0
0
0


 .

➶òîðàÿ è òðåòüÿ ñòðîêè êîëëèíåàðíû✱ ïîýòîìó îäíó èç
íèõ âû÷åðêíåì✱ íàïðèìåð òðåòüþ ñòðîêó✳ rangA = 2✱ âû✲
áåðåì â êà÷åñòâå áàçèñíîãî ìèíîðà M12

14 ✭çíà÷èò✱ áàçèñíûìè
ïåðåìåííûìè áóäóò x1 è x4✱ ñâîáîäíûìè ïåðåìåííûìè x2✱
x3✮✳ ➘àëåå óïðîñòèì áàçèñíûé ìèíîð✳ ➮ç ïåðâîé ñòðîêè âû✲
÷òåì âòîðóþ ñòðîêó✿

(
1 1 2 1
0 1 −3 1

∣∣∣∣
0
0

)
∼

(
1 0 5 0
0 1 −3 1

∣∣∣∣
0
0

)
.

✽✼



➶ûðàçèì áàçèñíûå ïåðåìåííûå ÷åðåç ñâîáîäíûå è ïîëó✲
÷èì îáùåå ðåøåíèå ñèñòåìû✿





x1 = −5x3,
x4 = 3x3 − x2,
x2, x3 ∈ R1.

✭✺✮

➬àìåòèì✱ ÷òî îáùåå ðåøåíèå ✕ ýòî ìíîæåñòâî âñåõ ðåøå✲
íèé✱ êîòîðûå óäîâëåòâîðÿþò èñõîäíîé ñèñòåìå✱ ò✳ å✳ ýòî ñî✲
âîêóïíîñòü âñåõ åå ÷àñòíûõ ðåøåíèé✳ Ðàññìàòðèâàåìàÿ ñè✲
ñòåìà èìååò áåñêîíå÷íîå ìíîæåñòâî ÷àñòíûõ ðåøåíèé✳

➬àïèñü îáùåãî ðåøåíèÿ â âèäå ✭✺✮ íå ïîçâîëÿåò ñòðóê✲
òóðèðîâàòü ïîëó÷åííóþ ñîâîêóïíîñòü ðåøåíèé✳ ❮èæå áóäåò
ïðèâåäåíà äðóãàÿ ôîðìà çàïèñè îáùåãî ðåøåíèÿ îäíîðîäíîé
ñèñòåìû✱ íî✱ ÷òîáû ïîíÿòü åå✱ âûÿñíèì ñâîéñòâà ÷àñòíûõ ðå✲
øåíèé ñèñòåìû✳

➶åðíåìñÿ ê ïðèìåðó ✺✳✸✳ Ïðèäàâàÿ ñâîáîäíûì ïåðåìåí✲
íûì x2 è x3 ïðîèçâîëüíûå çíà÷åíèÿ✱ ïîëó÷èì íåñêîëüêî ÷àñò✲
íûõ ðåøåíèé✳ ❮àïðèìåð✿

✶✮ ïðè x2 = 1✱ x3 = 2 ïîëó÷èì ðåøåíèå x1 = (−10; 1; 2; 5);
✷✮ ïðè x2 = 0✱ x3 = 0 ïîëó÷èì x2 = (0; 0; 0; 0);
✸✮ ïðè x2 = −2✱ x3 = 0 ïîëó÷èì x3 = (0;−2; 0; 2);
✹✮ ïðè x2 = 0✱ x3 = 1 ïîëó÷èì x4 = (−5; 0; 1; 3).
❐þáàÿ ëèíåéíàÿ êîìáèíàöèÿ âåêòîðîâ ✕ ýòî âåêòîð✳ Ñî✲

ñòàâèì èç ïîëó÷åííûõ ðåøåíèé x1✱ x2✱ x3✱ x4 ðàçëè÷íûå ëè✲
íåéíûå êîìáèíàöèè✳ ❮àïðèìåð✿
y1 = x1 + x2 = (−10; 1; 2; 5) + (0; 0; 0; 0) = (−10; 1; 2; 5);
y2 = x1 − 2x2 + 4x3 = (−10;−7; 2; 13);
y3 = 2x1 − 3x3 = (−10; 8; 4; 4);
y4 = x1 + 2x2 − x3 − 4x4 = (10; 3;−2;−9).

Ïîäñòàâèâ ïîëó÷åííûå y1✱ y2✱ y3✱ y4 â èñõîäíóþ ñèñòåìó
óðàâíåíèé✱ èìååì✿

Ay1 =




1 1 2 1
2 3 1 3
2 5 −5 5


 ·




−10
1
2
5


 =




0
0
0


 ,

✽✽



Ay2 =




1 1 2 1
2 3 1 3
2 5 −5 5


 ·




−10
−7
2
13


 =




0
0
0


 ,

Ay3 =




1 1 2 1
2 3 1 3
2 5 −5 5


 ·




−20
8
4
4


 =




0
0
0


 ,

Ay4 =




1 1 2 1
2 3 1 3
2 5 −5 5


 ·




10
3

−2
−9


 =




0
0
0


 .

Ýòî îçíà÷àåò✱ ÷òî y1✱ y2✱ y3✱ y4 òàêæå ÿâëÿþòñÿ ðåøåíèÿìè
èñõîäíîé ñèñòåìû óðàâíåíèé✳

➘àëåå ñôîðìóëèðóåì è äîêàæåì â îáùåì âèäå ñâîéñòâà
ðåøåíèé îäíîðîäíîé ñèñòåìû✳

➬àìå÷àíèå ✺✳✹✳ ❐þáàÿ ëèíåéíàÿ êîìáèíàöèÿ ðåøåíèé îä✲
íîðîäíîé ñèñòåìû òàêæå ÿâëÿåòñÿ ðåøåíèåì✳

Ýòî ëåãêî ïîêàçàòü✳ Ïóñòü x1 è x2 ✕ ðåøåíèÿ îäíîé è òîé
æå îäíîðîäíîé ñèñòåìû✱ òîãäà✿

Ax1 = 0, Ax2 = 0.

Ðàññìîòðèì ïðîèçâîëüíóþ ëèíåéíóþ êîìáèíàöèþ ýòèõ
ðåøåíèé✿

λ1x
1 + λ2x

2, λ1, λ2 ∈ R1.

Òåïåðü ïðîâåðèì✿

A(λ1x
1 + λ2x

2) = Aλ1x
1 + Aλ2x

2 = λ1Ax
1 + λ2Ax

2 =

λ1 · 0 + λ1 · 0 = 0.

Ñëåäîâàòåëüíî✱ ëèíåéíàÿ êîìáèíàöèÿ ðåøåíèé òàêæå ÿâ✲
ëÿåòñÿ ðåøåíèåì ýòîé æå îäíîðîäíîé ñèñòåìû✳

✽✾



➬àìå÷àíèå ✺✳✺✳ ➴ñëè rangA = r < n✱ òî îäíîðîäíàÿ ñèñòå✲
ìà èìååò n−r ëèíåéíî íåçàâèñèìûõ ðåøåíèé ϕ1, ϕ2, . . . , ϕn−r✳

➘åéñòâèòåëüíî✱ îäíîðîäíàÿ ñèñòåìà èìååò n − r ñâîáîä✲
íûõ ïåðåìåííûõ✳ ➘ëÿ îïðåäåëåííîñòè ïóñòü x1, x2, . . . , xr ✕
áàçèñíûå ïåðåìåííûå✱ à xr+1, xr+2, . . . , xn ✕ ñâîáîäíûå ïåðå✲
ìåííûå✳ ➶ûðàçèì áàçèñíûå ïåðåìåííûå ÷åðåç ñâîáîäíûå✳ Òî✲
ãäà îáùåå ðåøåíèå èìååò âèä✿





x1 = −ã1r+1xr+1 − . . .− ã1nxn,
. . .
xr = −ãrr+1xr+1 − . . .− ãrnxn.

Ïðèäàäèì ñâîáîäíûì ïåðåìåííûì ñòàíäàðòíûé íàáîð
çíà÷åíèé ✭îäíà èç ñâîáîäíûõ ïåðåìåííûõ ðàâíà åäèíèöå✱ à
îñòàëüíûå ðàâíû íóëþ✮✿

✶✮ xr+1 = 1, xr+2 = 0, . . . xn = 0❀
÷àñòíîå ðåøåíèå✿

ϕ1 = (−ã1r+1; . . . ;−ãrr+1; 1; 0; . . . ; 0);

✷✮ xr+1 = 0, xr+2 = 1, . . . xn = 0❀
÷àñòíîå ðåøåíèå✿

ϕ2 = (−ã1r+2; . . . ;−ãrr+2; 0; 1; . . . ; 0);

. . .
n− r✮ xr+1 = 0, xr+2 = 0, . . . xn = 1❀

÷àñòíîå ðåøåíèå✿

ϕn−r = (−ã1n; . . . ;−ãrn; 0; 0; . . . ; 1).

Ïîëó÷èëè n− r ëèíåéíî íåçàâèñèìûõ ðåøåíèé ✭÷àñòíûõ
ðåøåíèé✮ îäíîðîäíîé ñèñòåìû ϕ1, ϕ2, . . . , ϕn−r✱ òàê êàê ðàíã
ìàòðèöû✱ ñîñòàâëåííîé èç ýòèõ âåêòîðîâ✱ ðàâåí n− r ✭ñóùå✲
ñòâóåò åäèíè÷íàÿ ïîäìàòðèöà ïîðÿäêà n− r✮✳

✾✵



❰ïðåäåëåíèå ✺✳✶✳ ❐þáîé íàáîð èç n− r ëèíåéíî íåçàâèñè✲
ìûõ ðåøåíèé îäíîðîäíîé ñèñòåìû íàçûâàåòñÿ ôóíäàìåí✲
òàëüíîé ñèñòåìîé ðåøåíèé èëè ôóíäàìåíòàëüíîé ñî✲
âîêóïíîñòüþ ðåøåíèé ✭ñîêðàùåííî ÔÑÐ✮✳

➬àìå÷àíèå ✺✳✻✳ ❒àòðèöà Φ = (ϕ1, ϕ2, . . . , ϕn−r)✱ ñòîëáöû
êîòîðîé îáðàçóþò ÔÑÐ✱ íàçûâàåòñÿ ôóíäàìåíòàëüíîé✳

➬àìå÷àíèå ✺✳✼✳ Ñòàíäàðòíûé íàáîð çíà÷åíèé äëÿ ñâîáîä✲
íûõ ïåðåìåííûõ ãàðàíòèðóåò ëèíåéíóþ íåçàâèñèìîñòü âñåõ
n − r ðåøåíèé â ÔÑÐ✳ ➶ìåñòî ñòàíäàðòíîãî íàáîðà ìîæíî
èñïîëüçîâàòü è äðóãèå íàáîðû äëÿ ñâîáîäíûõ ïåðåìåííûõ✱ â
ýòîì ñëó÷àå íåîáõîäèìî ïðîâåðÿòü ðåøåíèÿ ÔÑÐ íà ëèíåé✲
íóþ íåçàâèñèìîñòü✳

Òåîðåìà ✺✳✶✳ ❰áùåå ðåøåíèå îäíîðîäíîé ñèñòåìû îïèñû✲
âàåòñÿ ôîðìóëîé

x = c1ϕ1 + c2ϕ2 + . . .+ cn−rϕn−r, ✭✻✮

ãäå c1, c2, . . . , cn−r ✕ ïðîèçâîëüíûå ÷èñëà✱ à ϕ1, ϕ2, . . . , ϕn−r ✕
ÔÑÐ îäíîðîäíîé ñèñòåìû✳

➘ðóãèìè ñëîâàìè✱ ïðè ëþáûõ çíà÷åíèÿõ c1, c2, . . . , cn−r ✭â
òîì ÷èñëå è íóëåâûõ✮ ôîðìóëà ✭✻✮ äàåò ðåøåíèå îäíîðîäíîé
ñèñòåìû✱ è îáðàòíî✱ äëÿ ëþáîãî ðåøåíèÿ îäíîðîäíîé ñèñòå✲
ìû x ñóùåñòâóþò ÷èñëà c1, c2, . . . , cn−r òàêèå✱ ÷òî ðåøåíèå x
ïðåäñòàâèìî â âèäå ✭✻✮✳

➚ëãîðèòì ïîñòðîåíèÿ ÔÑÐ è îáùåãî ðåøåíèÿ îäíîðîä✲
íîé ñèñòåìû✿

✶✳ Ñ ïîìîùüþ ýëåìåíòàðíûõ ïðåîáðàçîâàíèé íàä ñòðî✲
êàìè ïðèâåñòè ìàòðèöó ê ñòóïåí÷àòîìó âèäó✳ ❮àéòè ðàíã
ìàòðèöû rangA = r✳

✷✳ ➮ññëåäîâàòü ñèñòåìó íà êîëè÷åñòâî ðåøåíèé✳ ➴ñëè
rangA = r = n✱ òîãäà ñèñòåìà èìååò åäèíñòâåííîå ðåøåíèå
x = 0 è ÔÑÐ íå ñóùåñòâóåò✳ ➴ñëè rangA = r < n✱ òîãäà

✾✶



ñèñòåìà èìååò áåñêîíå÷íîå ìíîæåñòâî ðåøåíèé è ïîýòîìó
ÔÑÐ ñóùåñòâóåò✳ ×èñëî ðåøåíèé â ÔÑÐ ðàâíî n− r✳

✸✳ Ðàçäåëèòü âñå ïåðåìåííûå íà áàçèñíûå ✭èõ áóäåò r✮ è
ñâîáîäíûå ïåðåìåííûå ✭èõ áóäåò n− r✮✳

✹✳ Ïðèäàòü ñâîáîäíûì ïåðåìåííûì ñòàíäàðòíûé íàáîð
çíà÷åíèé✳

✺✳ ➬àïèñàòü îáùåå ðåøåíèå êàê ëèíåéíóþ êîìáèíàöèþ ðå✲
øåíèé èç ÔÑÐ✳

Òàêèì îáðàçîì✱ ðåøèòü îäíîðîäíóþ ñèñòåìó ✕ çàïèñàòü
îáùåå ðåøåíèå êàê ëèíåéíóþ êîìáèíàöèþ ÔÑÐ✳ ➶ ñëó÷àå
åäèíñòâåííîãî ðåøåíèÿ ✕ âûïèñàòü íóëåâîå ðåøåíèå✳

Ïðèìåð ✺✳✹✳ ❮àéòè ÔÑÐ è îáùåå ðåøåíèå ñèñòåìû✿




2x1 − x2 + 3x3 − 2x4 + 4x5 = 0,
4x1 − 2x2 + 5x3 + x4 + 7x5 = 0,
2x1 − x2 + x3 + 8x4 + 2x5 = 0.

Ðåøåíèå
Ñèñòåìà èìååò áåñêîíå÷íîå ìíîæåñòâî ðåøåíèé✱ òàê êàê

÷èñëî óðàâíåíèé ìåíüøå ÷èñëà íåèçâåñòíûõ✳ Ñîñòàâèì ðàñ✲
øèðåííóþ ìàòðèöó è ïðèâåäåì åå ê ñòóïåí÷àòîìó âèäó✳ ➮ç
âòîðîé ñòðîêè âû÷òåì ïåðâóþ ñòðîêó✱ óìíîæåííóþ íà 2❀ èç
òðåòüåé ñòðîêè âû÷òåì ïåðâóþ ñòðîêó✿

A =




2 −1 3 −2 4
4 −2 5 1 7
2 −1 1 8 2

∣∣∣∣∣∣

0
0
0


 ∼




2 −1 3 −2 4
0 0 −1 5 −1
0 0 −2 10 −2

∣∣∣∣∣∣

0
0
0


 .

➶òîðàÿ è òðåòüÿ ñòðîêè êîëëèíåàðíû✱ ïîýòîìó îäíó èç
íèõ âû÷åðêíåì✱ íàïðèìåð òðåòüþ ñòðîêó✳ rangA = 2✱ âûáå✲
ðåì â êà÷åñòâå áàçèñíîãî ìèíîðàM12

23 ✭òàêèì îáðàçîì✱ áàçèñ✲
íûìè ïåðåìåííûìè áóäóò x2 è x3✱ ñâîáîäíûìè ïåðåìåííûìè
x1✱ x4✱ x5✮✳ ➘àëåå óïðîñòèì áàçèñíûé ìèíîð✿ ê ïåðâîé ñòðîêå
ïðèáàâèì âòîðóþ ñòðîêó✱ óìíîæåííóþ íà 3✿
(

2 −1 3 −2 4
0 0 −1 5 −1

∣∣∣∣
0
0

)
∼

(
2 −1 0 13 1
0 0 −1 5 −1

∣∣∣∣
0
0

)
.

✾✷



Òåïåðü âûðàçèì áàçèñíûå ïåðåìåííûå ÷åðåç ñâîáîäíûå✿
{

x2 = 2x1 + 13x4 + x5,
x3 = 5x4 − x5.

Òàê êàê ñâîáîäíûõ ïåðåìåííûõ òðè✱ çíà÷èò✱ ÔÑÐ áóäåò
ñîñòîÿòü èç òðåõ ëèíåéíî íåçàâèñèìûõ ðåøåíèé✳ Ñîñòàâèì
ÔÑÐ✱ ïðèäàâ ñâîáîäíûì ïåðåìåííûì ñòàíäàðòíûé íàáîð✿

x1 x2 x3 x4 x5

✶ ✷ ✵ ✵ ✵ ϕ1

✵ ✶✸ ✺ ✶ ✵ ϕ2

✵ ✶ ✕✶ ✵ ✶ ϕ3

❰áùåå ðåøåíèå îäíîðîäíîé ñèñòåìû✿

x = c1ϕ1 + c2ϕ2 + c3ϕ3,

ãäå c1, c2, c3 ✕ ïðîèçâîëüíûå ÷èñëà èç R
1✳

Ïðèìåð ✺✳✺✳ ❮àéòè ÔÑÐ è îáùåå ðåøåíèå ñèñòåìû✿




2x1 + x2 + 3x3 = 0,
x1 + 2x2 + x3 = 0,
2x1 + x2 + x3 = 0.

Ðåøåíèå
Ñîñòàâèì ðàñøèðåííóþ ìàòðèöó è ïðèâåäåì åå ê ñòóïåí✲

÷àòîìó âèäó✳ Ïîìåíÿåì ïåðâóþ è âòîðóþ ñòðîêè ðàñøèðåí✲
íîé ìàòðèöû ìåñòàìè✿

A = (A|0) =




2 1 3
1 2 1
2 1 1

∣∣∣∣∣∣

0
0
0


 ∼




1 2 1
2 1 3
2 1 1

∣∣∣∣∣∣

0
0
0


 .

✾✸



➘àëåå âû÷òåì èç âòîðîé è òðåòüåé ñòðîê ïåðâóþ ñòðîêó✱
óìíîæåííóþ íà 2✿




1 2 1
0 −3 1
0 −3 −1

∣∣∣∣∣∣

0
0
0


 .

➶û÷òåì èç òðåòüåé ñòðîêè âòîðóþ ñòðîêó✿



1 2 1
0 −3 1
0 0 −2

∣∣∣∣∣∣

0
0
0


 .

Ðàíã ñèñòåìû ðàâåí òðåì✱ çíà÷èò✱ âñå òðè ïåðåìåííûå áó✲
äóò áàçèñíûìè✱ ñâîáîäíûõ ïåðåìåííûõ íåò✱ è ÔÑÐ íå ñóùå✲
ñòâóåò✳ Ñèñòåìà èìååò åäèíñòâåííîå ðåøåíèå x = (0; 0; 0)✳

Ïðèìåð ✺✳✻✳ ❮àéòè ÔÑÐ è îáùåå ðåøåíèå ñèñòåìû✿
{

x1 + 0 · x2 − 3x3 + 5x4 = 0.

Ðåøåíèå
Ñèñòåìà ñîñòîèò èç îäíîãî óðàâíåíèÿ✱ ðàíã ñèñòåìû ðàâåí

✶ ✭áàçèñíûé ìèíîð ✕ ëþáîé ìèíîð ïåðâîãî ïîðÿäêà✱ íå ðàâ✲
íûé íóëþ✮✳ Ñëåäîâàòåëüíî✱ âñåãî îäíà áàçèñíàÿ ïåðåìåííàÿ✳
➬äåñü áàçèñíîé ïåðåìåííîé ìîæåò áûòü ëþáàÿ èç x1✱ x3✱ x4✱
êðîìå ïåðåìåííîé x2 ✭òàê êàê ïðè x2 ìèíîð ïåðâîãî ïîðÿäêà
ðàâåí íóëþ✮✳ Ïóñòü áàçèñíîé ïåðåìåííîé áóäåò x1✱ òîãäà

x1 = 3x3 − 5x4.

Ïðèäàäèì ñâîáîäíûì ïåðåìåííûì x2✱ x3✱ x4 ñòàíäàðòíûé
íàáîð çíà÷åíèé è âûïèøåì ÔÑÐ✿

✾✹



x1 x2 x3 x4

✵ ✶ ✵ ✵ ϕ1

✸ ✵ ✶ ✵ ϕ2

✕✺ ✵ ✵ ✶ ϕ3

❰áùåå ðåøåíèå îäíîðîäíîé ñèñòåìû✿

x = c1ϕ1 + c2ϕ2 + c3ϕ3,

ãäå c1, c2, c3 ✕ ïðîèçâîëüíûå ÷èñëà èç R
1✳

Ïðèìåð ✺✳✼✳ ❮àéòè ôóíäàìåíòàëüíóþ ìàòðèöó ñèñòåìû
óðàâíåíèé✿

{
5x1 + 24x2 − 7x3 − x4 = 0,
−x1 − 2x2 + 7x3 + 3x4 = 0.

Ðåøåíèå
Ñîñòàâèì ðàñøèðåííóþ ìàòðèöó è ïðèâåäåì åå ê ñòóïåí✲

÷àòîìó âèäó✳ ➶òîðóþ ñòðîêó óìíîæèì íà (−1) è ïîìåíÿåì
ìåñòàìè ñ ïåðâîé ñòðîêîé✿

A =

(
5 24 −7 −1

−1 −2 7 3

∣∣∣∣
0
0

)
∼

(
1 2 −7 −3
5 24 −7 −1

∣∣∣∣
0
0

)
.

➘àëåå âû÷òåì èç âòîðîé ñòðîêè ïåðâóþ ñòðîêó✱ óìíîæåí✲
íóþ íà 5✿

(
1 2 −7 −3
5 24 −7 −1

∣∣∣∣
0
0

)
∼

(
1 2 −7 −3
0 14 28 14

∣∣∣∣
0
0

)
.

Ðàíã ñèñòåìû ðàâåí äâóì✳ ➶ûáåðåì â êà÷åñòâå áàçèñíûõ
ïåðåìåííûõ x1, x2✳ Óïðîñòèì áàçèñíûé ìèíîðM12

12 ✱ ðàçäåëèâ
âòîðóþ ñòðîêó íà 14✿

(
1 2 −7 −3
0 14 28 14

∣∣∣∣
0
0

)
∼

(
1 2 −7 −3
0 1 2 1

∣∣∣∣
0
0

)
.

✾✺



➮ç ïåðâîé ñòðîêè âû÷òåì âòîðóþ ñòðîêó✱ óìíîæåííóþ íà
2✿

(
1 2 −7 −3
0 1 2 1

∣∣∣∣
0
0

)
∼

(
1 0 −11 −5
0 1 2 1

∣∣∣∣
0
0

)
.

➶ûðàçèì áàçèñíûå ïåðåìåííûå ÷åðåç ñâîáîäíûå✿
{

x1 = 11x3 + 5x4,
x2 = −2x3 − x4.

Ïðèäàäèì ñâîáîäíûì ïåðåìåííûì ñòàíäàðòíûé íàáîð çíà✲
÷åíèé è âûïèøåì ÔÑÐ✿

x1 x2 x3 x4

✶✶ ✕✷ ✶ ✵ ϕ1

✺ ✕✶ ✵ ✶ ϕ2

Ôóíäàìåíòàëüíàÿ ìàòðèöà✿

Φ =




11 5
−2 −1
1 0
0 1


 .

➬àäàíèÿ äëÿ ñàìîñòîÿòåëüíîé ðàáîòû

✶✳ ❮àéòè ôóíäàìåíòàëüíóþ ìàòðèöó ñèñòåìû✿

à✮

{
x1 + x2 = 0,
x1 − x2 = 0;

á✮





2x1 − 3x2 + 5x3 + 7x4 = 0,
4x1 − 6x2 + 2x3 + 3x4 = 0,

2x1 − 3x2 − 11x3 − 15x4 = 0.

✾✻



❰òâåòû✿
à✮ ôóíäàìåíòàëüíîé ìàòðèöû íå ñóùåñòâóåò❀
á✮ ôóíäàìåíòàëüíàÿ ìàòðèöà îïðåäåëÿåòñÿ íåîäíîçíà÷✲

íî✱ íàïðèìåð✱ Φ =




3 −1
2 0
0 −22
0 16


 .

✷✳ ❮àéòè ÔÑÐ è îáùåå ðåøåíèå ñèñòåìû✿

à✮ x1 + x2 + 2x3 + 3x5 = 0;

á✮





x1 + 2x2 + 3x3 + 2x4 − 6x5 = 0,
2x1 + 3x2 + 7x3 + 6x4 − 18x5 = 0,
3x1 + 5x2 + 11x3 + 9x4 − 27x5 = 0,
2x1 − 7x2 + 7x3 + 16x4 − 48x5 = 0,

x1 + 4x2 + 5x3 + 2x4 − 6x5 = 0;

â✮





x1 + 2x2 + 3x3 = 0,
4x1 + 5x2 + 6x3 = 0,
7x1 + 8x2 + 9x3 = 0;

ã✮





x1 + x2 + 2x3 + x4 = 0,
2x1 + 3x2 + x3 + 3x4 = 0,

2x1 + 5x2 − 5x3 + 5x4 = 0.

❰òâåòû✿
à✮ ÔÑÐ îïðåäåëÿåòñÿ íåîäíîçíà÷íî✳ ❮àïðèìåð✿

ϕ1 = (−1; 1; 0; 0; 0)✱ ϕ2 = (−2; 0; 1; 0; 0)✱ ϕ3 = (0; 0; 0; 1; 0)✱
ϕ4 = (−3; 0; 0; 0; 1)❀

á✮ ÔÑÐ îïðåäåëÿåòñÿ íåîäíîçíà÷íî✳ ❮àïðèìåð✿
ϕ1 = (−1; 1;−1; 1; 0)✱ ϕ2 = (3;−3; 3; 0; 1)❀

â✮ ÔÑÐ îïðåäåëÿåòñÿ íåîäíîçíà÷íî✳ ❮àïðèìåð✿
ϕ1 = (1;−2; 1)❀

ã✮ ÔÑÐ îïðåäåëÿåòñÿ íåîäíîçíà÷íî✳ ❮àïðèìåð✿
ϕ1 = (−5; 3; 1; 0)✱ ϕ2 = (0;−1; 0; 1)✳

✾✼



✸✳ Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðà α ñèñòåìà èìååò íåòðè✲
âèàëüíûå ðåøåíèÿ✿

à✮





x1 + 2x2 + x3 = 0,
3x1 + αx2 + x3 = 0,
−x1 − x2 + 2x3 = 0;

á✮





x1 + 2x3 = 0,
3x1 − x2 = 0,

4x1 − x2 + αx3 = 0.

❰òâåòû✿
à✮ α = 16

3
❀ á✮ α = 2✳

✹✳ ❮àéòè çíà÷åíèÿ ïàðàìåòðîâ a è b✱ ïðè êîòîðûõ îäíî✲
ðîäíàÿ ñèñòåìà





x1 + 2x3 − x4 = 0,
2x2 + x4 = 0,
(3− a)x3 = 0,
(b− 2)x4 = 0

à✮ èìååò äâà ëèíåéíî íåçàâèñèìûõ ðåøåíèÿ❀
á✮ èìååò åäèíñòâåííîå ðåøåíèå❀
â✮ èìååò åäèíñòâåííóþ ñâîáîäíóþ ïåðåìåííóþ✳

➓ ✻✳ ❰áùåå ðåøåíèå íåîäíîðîäíîé ñèñòåìû

Ðàññìîòðèì íåîäíîðîäíóþ ñèñòåìó

Ax = b

è ñîîòâåòñòâóþùóþ åé îäíîðîäíóþ ñèñòåìó

Ax = 0.

➬àìå÷àíèå ✻✳✶✳ Ðàçíîñòü äâóõ ðåøåíèé x1 è x2 íåîäíîðîä✲
íîé ñèñòåìû ÿâëÿåòñÿ ðåøåíèåì ñîîòâåòñòâóþùåé îäíîðîä✲
íîé ñèñòåìû✳

✾✽



Ýòî ëåãêî ïîêàçàòü✳ Ïóñòü x1 è x2 ✕ ÷àñòíûå ðåøåíèÿ
íåîäíîðîäíîé ñèñòåìû✱ çíà÷èò✱ Ax1 = b è Ax2 = b✳ Ðàññìîò✲
ðèì (x1 − x2)✿

A(x1 − x2) = Ax1 − Ax2 = b− b = 0.

➬àìå÷àíèå ✻✳✷✳ Ïóñòü xH ✕ ðåøåíèå íåîäíîðîäíîé ñèñòå✲
ìû✳ Òîãäà ëþáîå ðåøåíèå x íåîäíîðîäíîé ñèñòåìû ìîæíî
ïðåäñòàâèòü â âèäå✿

x = xH + xO,

ãäå xO ✕ ðåøåíèå îäíîðîäíîé ñèñòåìû✳ Ýòî ñëåäóåò èç ïðåäû✲
äóùåãî çàìå÷àíèÿ✿ ðàçíîñòü (x−xH) ÿâëÿåòñÿ ðåøåíèåì îä✲
íîðîäíîé ñèñòåìû✳

Òåîðåìà ✻✳✶✳ Ïóñòü xH ✕ ðåøåíèå íåîäíîðîäíîé ñèñòåìû✱ à
ϕ1, ϕ2, . . . ϕn−r ✕ ÔÑÐ ñîîòâåòñòâóþùåé îäíîðîäíîé ñèñòåìû✳
Òîãäà âåêòîð x✿

x = xH + c1ϕ1 + c2ϕ2 + . . .+ cn−rϕn−r

ïðè ëþáûõ çíà÷åíèÿõ c1, c2, . . . , cn−r ÿâëÿåòñÿ ðåøåíèåì íåîä✲
íîðîäíîé ñèñòåìû✳

Òàêèì îáðàçîì✱ îáùåå ðåøåíèå íåîäíîðîäíîé ñèñòåìû ✕
ýòî ñóììà ÷àñòíîãî ðåøåíèÿ íåîäíîðîäíîé ñèñòåìû è îáùå✲
ãî ðåøåíèÿ ñîîòâåòñòâóþùåé îäíîðîäíîé ñèñòåìû✳

➚ëãîðèòì ðåøåíèÿ íåîäíîðîäíîé ñèñòåìû✿
✶✳ Ïî ìåòîäó ➹àóññà íàéòè ðàíãè ðàñøèðåííîé è èñõîäíîé

ìàòðèöû ñèñòåìû✳ ➴ñëè ñèñòåìà ñîâìåñòíà✱ ò✳ å✳ âûïîëíÿåòñÿ
óñëîâèå òåîðåìû ✃ðîíåêåðà ✕ ✃àïåëëè rangA = rangA = r✱
îïðåäåëèòü áàçèñíûé ìèíîð✱ âûðàçèòü áàçèñíûå ïåðåìåííûå
÷åðåç ñâîáîäíûå✳

✷✳ ❮àéòè ÷àñòíîå ðåøåíèå xH íåîäíîðîäíîé ñèñòåìû✳
✸✳ ➘ëÿ ñîîòâåòñòâóþùåé îäíîðîäíîé ñèñòåìû íàéòè ÔÑÐ

è îáùåå ðåøåíèå xO = c1ϕ1 + c2ϕ2 + . . .+ cn−rϕn−r✳

✾✾



✹✳ ➬àïèñàòü îáùåå ðåøåíèå íåîäíîðîäíîé ñèñòåìû êàê
ñóììó ÷àñòíîãî ðåøåíèÿ xH è îáùåãî ðåøåíèÿ îäíîðîäíîé
ñèñòåìû xO✳

Ïðèìåð ✻✳✶✳ ❮àéòè îáùåå ðåøåíèå ñèñòåìû✿




x1 − x2 + x3 − x4 = 0,
x1 + x2 − 2x3 + x4 = 1,
3x1 + x2 − 3x3 + x4 = 2.

Ðåøåíèå
Ñîñòàâèì ðàñøèðåííóþ ìàòðèöó è ïðèâåäåì åå ê ñòóïåí✲

÷àòîìó âèäó✳ ➮ç âòîðîé ñòðîêè âû÷òåì ïåðâóþ ñòðîêó❀ èç
òðåòüåé ñòðîêè âû÷òåì ïåðâóþ ñòðîêó✱ óìíîæåííóþ íà 3✿

A =




1 −1 1 −1
1 1 −2 1
3 1 −3 1

∣∣∣∣∣∣

0
1
2


 ∼




1 −1 1 −1
0 2 −3 2
0 4 −6 4

∣∣∣∣∣∣

0
1
2


 .

➶òîðàÿ è òðåòüÿ ñòðîêè ðàñøèðåííîé ìàòðèöû êîëëèíå✲
àðíû✱ ïîýòîìó îäíó èç íèõ âû÷åðêíåì✱ íàïðèìåð òðåòüþ
ñòðîêó✳ Ñèñòåìà ñîâìåñòíà✱ òàê êàê rangA = rangA = 2✳
➶ûáåðåì â êà÷åñòâå áàçèñíîãî ìèíîðà M12

12 ✭îòñþäà áàçèñ✲
íûìè ïåðåìåííûìè áóäóò x1 è x2✱ ñâîáîäíûìè ïåðåìåííûìè
x3✱ x4✮✳ Óïðîñòèì áàçèñíûé ìèíîð✿ âòîðóþ ñòðîêó ðàçäåëèì
íà 2✿
(

1 −1 1 −1
0 2 −3 2

∣∣∣∣
0
1

)
∼

(
1 −1 1 −1
0 1 −3/2 1

∣∣∣∣
0

1/2

)
.

✃ ïåðâîé ñòðîêå ïðèáàâèì âòîðóþ ñòðîêó✿
(

1 −1 1 −1
0 1 −3/2 1

∣∣∣∣
0

1/2

)
∼

(
1 0 −1/2 0
0 1 −3/2 1

∣∣∣∣
1/2
1/2

)
.

➶ûðàçèì áàçèñíûå ïåðåìåííûå ÷åðåç ñâîáîäíûå✿
{

x1 = 1/2 + 1/2x3,
x2 = 1/2 + 3/2x3 − x4,

✶✵✵



è íàéäåì ÷àñòíîå ðåøåíèå✳ ❮àïðèìåð✱ ïîëîæèì x3 = x4 = 0✳
Òîãäà xH = (1/2; 1/2; 0; 0). Òåïåðü ðàññìîòðèì ñîîòâåòñòâó✲
þùóþ îäíîðîäíóþ ñèñòåìó✳ ➶îçüìåì óïðîùåííóþ ìàòðèöó✿

(
1 0 −1/2 0
0 1 −3/2 1

∣∣∣∣
0
0

)
.

➶ûðàçèì áàçèñíûå ïåðåìåííûå ÷åðåç ñâîáîäíûå✿
{

x1 = 1/2x3,
x2 = 3/2x3 − x4.

❮àéäåì ÔÑÐ✿

x1 x2 x3 x4

✶✴✷ ✸✴✷ ✶ ✵ ϕ1

✵ ✕✶ ✵ ✶ ϕ2

❰áùåå ðåøåíèå✿

xO = c1ϕ1 + c2ϕ2,

ãäå c1, c2 ✕ ïðîèçâîëüíûå ïîñòîÿííûå✳ Òåïåðü çàïèøåì îáùåå
ðåøåíèå íåîäíîðîäíîé ñèñòåìû✿

x = xH+xO = (1/2; 1/2; 0; 0)+c1(1/2; 3/2; 1; 0)+c2(0;−1; 0; 1).

Ïðèìåð ✻✳✷✳ Ïðè êàêèõ çíà÷åíèÿõ ïàðàìåòðà α ñèñòåìà

A =




1 3 1 2 1
3 10 5 7 5
2 8 6 8 10
2 9 8 8 10
2 8 6 9 12

∣∣∣∣∣∣∣∣∣∣

2
6
2
3
α




ñîâìåñòíà❄ ➶ ñëó÷àå ñîâìåñòíîñòè íàéòè îáùåå ðåøåíèå✳

✶✵✶



Ðåøåíèå
Ïðèâåäåì ðàñøèðåííóþ ìàòðèöó ê ñòóïåí÷àòîìó âèäó✳

➶û÷òåì èç âòîðîé ñòðîêè ïåðâóþ ñòðîêó✱ óìíîæåííóþ íà 3❀
âû÷òåì èç òðåòüåé✱ ÷åòâåðòîé è ïÿòîé ñòðîê ïåðâóþ ñòðîêó✱
óìíîæåííóþ íà 2✿



1 3 1 2 1
3 10 5 7 5
2 8 6 8 10
2 9 8 8 10
2 8 6 9 12

∣∣∣∣∣∣∣∣∣∣

2
6
2
3
α




∼




1 3 1 2 1
0 1 2 1 2
0 2 4 4 8
0 3 6 4 8
0 2 4 5 10

∣∣∣∣∣∣∣∣∣∣

2
0

−2
−1

α− 4




.

➶û÷òåì èç òðåòüåé è ïÿòîé ñòðîê âòîðóþ ñòðîêó✱ óìíî✲
æåííóþ íà 2❀ âû÷òåì èç ÷åòâåðòîé ñòðîêè âòîðóþ ñòðîêó✱
óìíîæåííóþ íà 3✿



1 3 1 2 1
0 1 2 1 2
0 2 4 4 8
0 3 6 4 8
0 2 4 5 10

∣∣∣∣∣∣∣∣∣∣

2
0

−2
−1

α− 4




∼




1 3 1 2 1
0 1 2 1 2
0 0 0 2 4
0 0 0 1 2
0 0 0 3 6

∣∣∣∣∣∣∣∣∣∣

2
0

−2
−1

α− 4




.

Òðåòüÿ è ÷åòâåðòàÿ ñòðîêè ðàñøèðåííîé ìàòðèöû êîëëè✲
íåàðíû✱ âû÷åðêíåì òðåòüþ ñòðîêó✿



1 3 1 2 1
0 1 2 1 2
0 0 0 2 4
0 0 0 1 2
0 0 0 3 6

∣∣∣∣∣∣∣∣∣∣

2
0

−2
−1

α− 4




∼




1 3 1 2 1
0 1 2 1 2
0 0 0 1 2
0 0 0 3 6

∣∣∣∣∣∣∣∣

2
0

−1
α− 4


 .

➮ç ÷åòâåðòîé ñòðîêè âû÷òåì òðåòüþ ñòðîêó✱ óìíîæåííóþ
íà 3✿


1 3 1 2 1
0 1 2 1 2
0 0 0 1 2
0 0 0 3 6

∣∣∣∣∣∣∣∣

2
0

−1
α− 4


 ∼




1 3 1 2 1
0 1 2 1 2
0 0 0 1 2
0 0 0 0 0

∣∣∣∣∣∣∣∣

2
0

−1
α− 1


 .

✶✵✷



Ñèñòåìà áóäåò ñîâìåñòíîé ïðè α = 1 ✭rangA = rangA =
3✮✳ ❮àéäåì îáùåå ðåøåíèå êàê ñóììó ÷àñòíîãî ðåøåíèÿ è
îáùåãî ðåøåíèÿ îäíîðîäíîé ñèñòåìû✳

Ïóñòü x1, x2, x4 ✕ áàçèñíûå ïåðåìåííûå✱ à x3, x5 ✕ ñâî✲
áîäíûå✳ Óïðîñòèì áàçèñíûé ìèíîð M123

124 ✳ ➶û÷òåì èç ïåðâîé
ñòðîêè âòîðóþ ñòðîêó✱ óìíîæåííóþ íà 3❀ âû÷òåì èç âòîðîé
ñòðîêè òðåòüþ ñòðîêó✿



1 3 1 2 1
0 1 2 1 2
0 0 0 1 2

∣∣∣∣∣∣

2
0

−1


 ∼




1 0 −5 −1 −5
0 1 2 0 0
0 0 0 1 2

∣∣∣∣∣∣

2
1

−1


 .

Òåïåðü ê ïåðâîé ñòðîêå ïðèáàâèì òðåòüþ ñòðîêó✿



1 0 −5 −1 −5
0 1 2 0 0
0 0 0 1 2

∣∣∣∣∣∣

2
1

−1


 ∼




1 0 −5 0 −3
0 1 2 0 0
0 0 0 1 2

∣∣∣∣∣∣

1
1

−1


 .

➶ûðàçèì áàçèñíûå ïåðåìåííûå ÷åðåç ñâîáîäíûå✿




x1 = 1 + 5x3 + 3x5,
x2 = 1− 2x3,
x4 = −1− 2x5.

×àñòíîå ðåøåíèå✿ xH = (1; 1; 0;−1; 0)✳ ❮àéäåì ÔÑÐ äëÿ
ñîîòâåòñòâóþùåé îäíîðîäíîé ñèñòåìû✳ ➶ûðàçèì áàçèñíûå
ïåðåìåííûå ÷åðåç ñâîáîäíûå✿





x1 = 5x3 + 3x5,
x2 = −2x3,
x4 = −2x5.

ÔÑÐ✿

x1 x2 x3 x4 x5

✺ ✕✷ ✶ ✵ ✵ ϕ1

✸ ✵ ✵ ✕✷ ✶ ϕ2

✶✵✸



❰áùåå ðåøåíèå✿

xO = c1ϕ1 + c2ϕ2,

ãäå c1, c2 ✕ ïðîèçâîëüíûå ïîñòîÿííûå✳ Òåïåðü çàïèøåì îáùåå
ðåøåíèå íåîäíîðîäíîé ñèñòåìû✿

x = xH+xO = (1; 1; 0;−1; 0)+c1(5;−2; 1; 0; 0)+c2(3; 0; 0;−2; 1).

➬àäàíèÿ äëÿ ñàìîñòîÿòåëüíîé ðàáîòû

❮àéòè îáùåå ðåøåíèå ñèñòåìû✿

✶✳





x1 + x2 − x3 + x4 = 2,
−x1 + 2x2 + x3 − x4 = 1,
x1 − 3x2 − x3 + x4 = −2.

✷✳





x1 + x2 + 3x3 − 2x4 + 3x5 = 1,
2x1 + 2x2 + 4x3 − x4 + 3x5 = 2,
3x1 + 3x2 + 5x3 − 2x4 + 3x5 = 1,
2x1 + 2x2 + 8x3 − 3x4 + 9x5 = 2.

✸✳





2x1 − x2 + 3x3 − 2x4 + 4x5 = 1,
4x1 − 2x2 + 5x3 + x4 + 7x5 = 1,
2x1 − x2 + x3 + 8x4 + 2x5 = −1.

✹✳





x1 + 3x2 + 5x3 − x4 = 4,
2x1 − x2 − 3x3 + 4x4 = 1,
5x1 + x2 − x3 + 7x4 = 6,

7x1 + 7x2 + 9x3 + x4 = 14.

❰òâåòû✿
✶✳ ❰áùåå ðåøåíèå îïðåäåëÿåòñÿ íåîäíîçíà÷íî✳ ❮àïðèìåð✱

x = (1; 1; 0; 0) + c1(1; 0; 1; 0) + c2(−1; 0; 0; 1)✱ ãäå c1✱ c2 ∈ R1✳
✷✳ Ñèñòåìà íåñîâìåñòíà✳

✶✵✹



✸✳ ❰áùåå ðåøåíèå îïðåäåëÿåòñÿ íåîäíîçíà÷íî✳ ❮àïðèìåð✱
x = (0; 2; 1; 0; 0)+c1(1; 2; 0; 0; 0)+c2(0; 13; 5; 1; 0)+c3(0; 1;−1; 0; 1)✱
ãäå c1✱ c2✱ c3 ∈ R1✳

✹✳ ❰áùåå ðåøåíèå îïðåäåëÿåòñÿ íåîäíîçíà÷íî✳ ❮àïðèìåð✱
x = (1; 1; 0; 0) + c1(4;−13; 7; 0)✱ ãäå c1 ∈ R1✳

✶✵✺



➮íäèâèäóàëüíûå çàäàíèÿ

➬àäàíèå ✶✳ Ðåøèòü ñèñòåìó ëèíåéíûõ óðàâíåíèé✿
à✮ ïî ïðàâèëó ✃ðàìåðà❀
á✮ ìàòðè÷íûì ìåòîäîì❀
â✮ ïî ìåòîäó ➹àóññà✿

✶✳✶✳





x1 + x2 − x3 = 0,
−x1 + 2x2 + 2x3 = 9,

x2 + 3x3 = 11.
✶✳✷✳





2x1 − x2 − 2x3 = 1,
3x1 + x2 − 2x3 = 9,

2x2 + x3 = 6.

✶✳✸✳





x1 + 2x2 + 4x3 = −1,
−3x1 + x2 − 2x3 = 0,
3x1 + 2x2 − x3 = 6.

✶✳✹✳





2x1 + 3x2 + x3 = 0,
2x1 − x2 + 2x3 = 3,

−2x2 + 3x2 − x3 = −6.

✶✳✺✳





x1 + 2x2 − x3 = 6,
−x1 + 2x2 + 2x3 = 1,

3x1 − x2 − x3 = 2.
✶✳✻✳





−x1 + 3x2 + x3 = 1,
3x1 − x2 − 2x3 = −8,
x1 + 2x2 + 3x3 = 6.

✶✳✼✳





3x1 + 4x2 − x3 = 4,
x1 − x2 + 2x3 = 6,

−x1 + x2 + x3 = −3.
✶✳✽✳





x1 − 2x2 − x3 = −5,
2x1 + 3x2 + x3 = 10,
2x1 + x2 + 2x3 = 8.

✶✳✾✳





2x1 − 2x2 + x3 = −1,
3x1 + x2 − 2x3 = 7,
x1 + 2x2 − x3 = 7.

✶✳✶✵✳





2x1 + x2 + x3 = 7,
3x1 + 2x3 = 12,

−x1 − 2x2 + 3x3 = 7.

✶✳✶✶✳





3x1 + 3x2 + x3 = 6,
3x1 − x2 + 5x3 = 10,

−x1 + x2 = −4.
✶✳✶✷✳





3x1 + 2x2 + x3 = 13,
−3x1 + x2 + 4x3 = 0,

x1 − x2 + 2x3 = 6.

✶✳✶✸✳





2x1 + 2x2 + x3 = 7,
−x1 + x2 − 2x3 = −3,

x1 + 4x2 + x3 = 7.
✶✳✶✹✳





x1 + 3x2 − 2x3 = 3,
2x1 + x2 − 3x3 = −2,
2x1 − 2x2 + x3 = 0.

✶✳✶✺✳





2x1 + 3x2 + 2x3 = 9,
−x1 + x2 − 3x3 = −4,
4x1 + 2x2 + x3 = 11.

✶✳✶✻✳





x1 + 5x2 − x3 = −5,
x1 − x2 + 2x3 = 4,

−2x1 + x2 + x3 = −2.

✶✵✻



✶✳✶✼✳





x1 + 6x2 + 2x3 = 7,
−2x1 + 2x2 + x3 = −1,
2x1 + 2x2 − 3x3 = 15.

✶✳✶✽✳





3x1 + 2x2 − x3 = 14,
3x1 + x2 + 2x3 = 14,
x1 − 4x2 + 3x3 = −6.

✶✳✶✾✳





3x1 + 3x2 − x3 = −1,
3x1 − 3x2 − 2x3 = 16,

−3x1 + x2 + x3 = −11.
✶✳✷✵✳





x1 + 3x2 + 3x3 = 4,
−2x1 − x2 + x3 = 1,
x1 + x2 + 2x3 = 4.

✶✳✷✶✳





−x1 + 3x2 − 2x3 = −9,
3x1 − 2x2 + x3 = 3,

3x1 + x2 + 2x3 = −1.
✶✳✷✷✳





3x1 + 3x2 + x3 = 16,
2x1 − x2 + 2x3 = 6,
x1 + 2x2 + 2x3 = 9.

✶✳✷✸✳





x1 + 3x2 + x3 = 0,
−3x1 − x2 + 3x3 = 4,
x1 + 2x2 + 2x3 = 3.

✶✳✷✹✳





6x2 + 5x3 = 4,
−2x1 − x2 + 2x3 = 5,
7x1 + 2x2 + 2x3 = 2.

✶✳✷✺✳





x1 + x2 + 3x3 = −3,
−2x1 + 2x2 + x3 = 0,
3x1 + 2x2 − 2x3 = 11.

✶✳✷✻✳





x1 + x2 + 3x3 = 8,
x1 − 3x2 − x3 = −4,
2x1 + 3x2 + 2x3 = 9.

✶✳✷✼✳





2x1 + 2x2 + x3 = 9,
2x1 − x2 + 2x3 = 4,
x1 + 3x2 + 2x3 = 10.

✶✳✷✽✳





4x1 + x2 − x3 = 16,
4x1 + 2x2 − 3x3 = 14,
−x1 + x2 + 2x3 = 2.

✶✳✷✾✳





3x1 − 3x2 − x3 = 10,
2x1 − x2 + 3x3 = 13,

−4x1 + 5x2 + 2x3 = −13.

✶✳✸✵✳





x1 + 2x2 − 3x3 = 8,
2x1 − x2 + 2x3 = −3,
−2x1 + 3x2 − 3x3 = 4.

➬àäàíèå ✷ ✭ðåøåíèå ñèñòåìû ñ âûðîæäåííîé ìàòðè✲
öåé✮✳ ❮àéòè îáùåå ðåøåíèå ñèñòåìû èëè äîêàçàòü✱ ÷òî îíà
íåñîâìåñòíà✿

✷✳✶✳





x1 − 2x2 + x3 = 6,
2x1 − x2 − 4x3 = 9,

2x1 + x2 − 8x3 = −7.
✷✳✷✳





x1 + 3x2 − 2x3 = 7,
2x1 − x2 + x3 = 0,

x1 + 10x2 − 7x3 = 22.

✶✵✼



✷✳✸✳





x1 + 2x2 − x3 = −3,
2x1 + 3x2 − 3x3 = −4,

x1 − x2 − 4x3 = 3.
✷✳✹✳





x1 + x2 − 3x3 = 2,
2x1 − 3x2 − x3 = 9,
x1 + 2x2 − 4x3 = 1.

✷✳✺✳





x1 + x2 + x3 = 3,
2x1 + x2 − x3 = 6,
x1 + 2x2 + 4x3 = 3.

✷✳✻✳





x1 + x2 + x3 = 3,
2x1 + x2 − x3 = 4,
x1 + 2x2 + 4x3 = 5.

✷✳✼✳





x1 + 2x2 − x3 = 4,
2x1 − 3x2 + 3x3 = 1,
4x1 + x2 + x3 = 5.

✷✳✽✳





x1 − x2 − x3 = −2,
−x1 + 2x2 − x3 = 3,

2x1 − x2 − 4x3 = −3.

✷✳✾✳





2x1 − x2 − 4x3 = −1,
x1 + 2x2 + 3x3 = 7,
3x1 + x2 − x3 = 6.

✷✳✶✵✳





3x1 + x2 − x3 = −1,
x1 − x2 − 3x3 = −7,

2x1 + 3x2 + 4x3 = 11.

✷✳✶✶✳





x1 + 2x2 − x3 = −7,
x1 + x2 + x3 = −3,

2x1 + 5x2 − 4x3 = −18.
✷✳✶✷✳





2x1 + x2 − 3x3 = 7,
x1 + 3x2 + x3 = 6,

x1 − 2x2 − 4x3 = 2.

✷✳✶✸✳





x1 − x2 − 2x3 = −1,
2x1 − 3x2 − 2x3 = −3,

x1 + x2 − 6x3 = 1.
✷✳✶✹✳





2x1 − x2 − x3 = 4,
x1 − x2 + x3 = 3,

x1 − 2x2 + 4x3 = 6.

✷✳✶✺✳





x1 + 2x2 − 3x3 = 4,
3x1 + x2 + x3 = 7,
x1 + x2 − x3 = 3.

✷✳✶✻✳





x1 + 2x2 − x3 = 7,
2x1 + 3x2 − 3x3 = 12,

x1 − x2 − 4x3 = 1.

✷✳✶✼✳





x1 − 2x2 + 4x3 = −5,
2x1 − x2 − x3 = −4,
x1 + 2x2 − 8x3 = 3.

✷✳✶✽✳





x1 + 2x2 − 4x3 = 1,
x1 + x2 − 3x3 = 2,

2x1 − 3x2 − x3 = 16.

✷✳✶✾✳





2x1 − x2 + x3 = 9,
x1 + x2 − 4x3 = 6,
x1 − 2x2 + 5x3 = 3.

✷✳✷✵✳





x1 + 2x2 − x3 = 8,
2x1 + 3x2 − 3x3 = 14,

x1 − x2 − 4x3 = 2.

✷✳✷✶✳





x1 + 2x2 + x3 = 2,
2x1 + x2 − 4x3 = 1,
x1 − x2 − 5x3 = −1.

✷✳✷✷✳





x1 + 3x2 − x3 = 15,
x1 + x2 + x3 = 7,

2x1 + x2 + 3x3 = 10.

✷✳✷✸✳





x1 − 3x2 − x3 = −9,
2x1 − 5x2 − 3x3 = −16,
x1 − 2x2 − 2x3 = −7.

✷✳✷✹✳





x1 − x2 − 4x3 = 2,
2x1 + 3x2 − 3x3 = 14,
x1 + 2x2 − x3 = 11.

✶✵✽



✷✳✷✺✳





x1 − x2 − 5x3 = −1,
2x1 + x2 − x3 = 4,

4x1 + 3x2 + x3 = 10.
✷✳✷✻✳





x1 + x2 − 2x3 = −1,
2x1 + x2 − x3 = 0,
x1 − 2x2 + 7x3 = 5.

✷✳✷✼✳





x1 + x2 + x3 = 1,
x1 + 2x2 − x3 = 1,
2x1 + x2 + 4x3 = 2.

✷✳✷✽✳





x1 + 2x2 + x3 = 3,
2x1 + 3x2 − x3 = 4,
x1 + x2 − 2x3 = 1.

✷✳✷✾✳





x1 + x2 + 3x3 = 4,
2x1 + x2 + x3 = 5,
x1 + 2x2 + 8x3 = 7.

✷✳✸✵✳





2x1 + 3x2 + 4x3 = 9,
−x1 + x2 + 3x3 = −2,

3x1 + x2 − x3 = 8.

➬àäàíèå ✸✳ ❮àéòè îáùåå ðåøåíèå è ôóíäàìåíòàëüíóþ ñè✲
ñòåìó ðåøåíèé äëÿ ñèñòåìû óðàâíåíèé✿

✸✳✶✳

{
9x1 + 21x2 − 15x3 + 5x4 = 0,
12x1 + 28x2 − 20x3 + 7x4 = 0.

✸✳✷✳





x1 + 2x2 + 4x3 − 3x4 = 0,
3x1 + 5x2 + 6x3 − 4x4 = 0,
4x1 + 5x2 − 2x3 + 3x4 = 0,

3x1 + 8x2 + 24x3 − 19x4 = 0.

✸✳✸✳





14x1 + 35x2 − 7x3 − 63x4 = 0,
−10x1 − 25x2 + 5x3 + 45x4 = 0,
26x1 + 65x2 − 13x3 − 117x4 = 0.

✸✳✹✳





2x1 − 4x2 + 5x3 + 3x4 = 0,
3x1 − 6x2 + 4x3 + 2x4 = 0,

4x1 − 8x2 + 17x3 + 11x4 = 0.

✸✳✺✳





2x1 − 5x2 + 4x3 + 3x4 = 0,
3x1 − 4x2 + 7x3 + 5x4 = 0,
4x1 − 9x2 + 8x3 + 5x4 = 0,

−3x1 + 2x2 − 5x3 + 3x4 = 0.

✸✳✻✳





3x1 + 2x2 + x3 + 3x4 + 5x5 = 0,
6x1 + 4x2 + 3x3 + 5x4 + 7x5 = 0,
9x1 + 6x2 + 5x3 + 7x4 + 9x5 = 0,
3x1 + 2x2 + 4x4 + 8x5 = 0.

✶✵✾



✸✳✼✳





2x1 + x2 + 4x3 + x4 = 0,
3x1 + 2x2 − x3 − 6x4 = 0,
7x1 + 4x2 + 6x3 − 5x4 = 0,
x1 + 8x3 + 7x4 = 0.

✸✳✽✳





3x1 + 5x2 + 2x3 = 0,
4x1 + 7x2 + 5x3 = 0,
x1 + x2 − 4x3 = 0,

2x1 + 9x2 + 6x3 = 0.

✸✳✾✳





x1 + 4x2 + 2x3 − 3x5 = 0,
2x1 + 9x2 + 5x3 + 2x4 + x5 = 0,
x1 + 3x2 + x3 − 2x4 − 9x5 = 0.

✸✳✶✵✳





6x1 − 2x2 + 2x3 + 5x4 + 7x5 = 0,
9x1 − 3x2 + 4x3 + 8x4 + 9x5 = 0,
6x1 − 2x2 + 6x3 + 7x4 + x5 = 0,
3x1 − x2 + 4x3 + 4x4 − x5 = 0.

✸✳✶✶✳





2x1 − 2x2 + 3x3 + 6x4 + 5x5 = 0,
−4x1 + 5x2 − 7x3 − 3x4 + 8x5 = 0,
8x1 − 9x2 + 13x3 + 15x4 + 2x5 = 0,

10x1 − 12x2 + 17x3 + 12x4 − 11x5 = 0,
−6x1 + 7x2 − 10x3 − 9x4 + 3x5 = 0,

−14x1 + 17x2 − 24x3 − 15x4 + 19x5 = 0.

✸✳✶✷✳





x1 − x3 = 0,
x2 − x4 = 0,

−x1 + x3 − x5 = 0,
−x2 + x4 − x6 = 0,

−x3 + x5 = 0,
−x4 + x6 = 0.

✸✳✶✸✳





2x1 − x2 − x3 − x4 − x5 = 0,
−x1 + 2x2 − x3 − x4 − x5 = 0,

4x1 + x2 − 5x3 − 5x4 − 5x5 = 0,
x1 + x2 + 2x3 + x4 + x5 = 0,
x1 + x2 + x3 + 2x4 + x5 = 0.

✶✶✵



✸✳✶✹✳





x1 − x3 + x5 = 0,
x2 − x4 + x6 = 0,

x1 − x2 + x5 − x6 = 0,
x2 − x3 + x6 = 0,
x1 − x4 + x5 = 0.

✸✳✶✺✳





3x1 + 6x2 + 10x3 + 4x4 − 2x5 = 0,
6x1 + 10x2 + 17x3 + 7x4 − 3x5 = 0,
9x1 + 3x3 + 2x4 + 3x5 = 0,
12x1 − 2x2 + x3 + 8x4 + 5x5 = 0.

✸✳✶✻✳





5x1 + 6x2 − 2x3 + 7x4 + 4x5 = 0,
2x1 + 3x2 − x3 + 4x4 + 2x5 = 0,
7x1 + 9x2 − 3x3 + 5x4 + 6x5 = 0,
5x1 + 9x2 − 3x3 + x4 + 6x5 = 0.

✸✳✶✼✳





x1 + 2x2 + 3x3 + 2x4 − 6x5 = 0,
2x1 + 3x2 + 7x3 + 6x4 − 18x5 = 0,
3x1 + 5x2 + 11x3 + 9x4 − 27x5 = 0,
2x1 − 7x2 + 7x3 + 16x4 − 48x5 = 0,
x1 + 4x2 + 5x3 + 2x4 − 6x5 = 0.

✸✳✶✽✳





3x1 + 4x2 + x3 + 2x4 + 3x5 = 0,
5x1 + 7x2 + x3 + 3x4 + 4x5 = 0,
4x1 + 5x2 + 2x3 + x4 + 5x5 = 0,
7x1 + 10x2 + x3 + 6x4 + 5x5 = 0.

✸✳✶✾✳





2x1 + x2 − x3 − x4 + x5 = 0,
x1 − x2 + x3 + x4 − 2x5 = 0,

3x1 + 3x2 − 3x3 − 3x4 + 4x5 = 0,
4x1 + 5x2 − 5x3 − 5x4 + 7x5 = 0.

✸✳✷✵✳





x2 + 2x3 − 3x4 = 0,
2x1 − x2 + 3x3 + 4x5 = 0,

2x1 + 5x3 − 3x4 + 4x5 = 0.

✸✳✷✶✳





2x1 − 4x2 − 22x3 − 5x4 + 5x5 = 0,
5x1 − x2 + 8x3 − 2x4 + 2x5 = 0,

3x1 − 3x2 − 12x3 − 4x4 + 4x5 = 0.

✶✶✶



✸✳✷✷✳





3x1 − 6x2 + 4x3 − 8x5 = 0,
x1 − 3x2 + x3 + 12x4 − 2x5 = 0,
−2x1 + 3x2 − 2x3 + x4 + x5 = 0.

✸✳✷✸✳





x1 + 3x2 − x3 + 6x4 − x5 = 0,
2x1 + x2 + 3x3 + x4 − 5x5 = 0,

3x1 + 3x2 + 4x3 + 5x4 − 4x5 = 0.

✸✳✷✹✳





2x1 − 4x2 + 5x3 + 3x4 = 0,
3x1 − 6x2 + 4x3 + 2x4 = 0,

4x1 − 8x2 + 17x3 + 11x4 = 0.

✸✳✷✺✳





5x1 + x2 − 7x3 − 5x4 + 2x5 = 0,
2x1 − 2x2 − 3x3 − 7x4 + 2x5 = 0,
3x1 + 9x2 − 3x3 + 27x4 − 3x5 = 0.

✸✳✷✻✳





6x1 + 4x3 − x4 − x5 = 0,
x1 − 3x2 − x4 − x5 = 0,

2x1 + 3x2 + 2x3 + x4 = 0.

✸✳✷✼✳





2x1 + 3x2 + 4x4 − x5 = 0,
6x1 + 9x2 + x3 + 14x4 − 3x5 − x6 = 0,
4x1 + 6x2 − x3 + 6x4 + x5 − 2x6 = 0.

✸✳✷✽✳





2x1 − 3x2 + 7x3 − x4 − 4x5 = 0,
6x1 − 9x2 + 21x3 − 3x4 − 12x5 = 0,
8x1 − 12x2 + 28x3 − 4x4 − 16x5 = 0.

✸✳✷✾✳





14x1 + 35x2 − 7x3 − 63x4 = 0,
−2x1 − 5x2 + x3 + 9x4 = 0,

26x1 + 65x2 − 13x3 − 117x4 = 0.

✸✳✸✵✳





2x1 − 4x2 + 5x3 + 3x4 = 0,
6x1 − 12x2 + 8x3 + 4x4 = 0,
4x1 − 8x2 + 17x3 + 11x4 = 0.

➬àäàíèå ✹✳ ❮àéòè çíà÷åíèå ïàðàìåòðà α✱ ïðè êîòîðîì ñè✲
ñòåìà óðàâíåíèé èìååò íåòðèâèàëüíûå ðåøåíèÿ✳ Ðåøèòü ñè✲
ñòåìó óðàâíåíèé ïðè íàéäåííîì çíà÷åíèè α✿

✶✶✷



✹✳✶✳





x1 − 2x2 − 4x3 = 0,
2x1 + x2 + αx3 = 0,
x1 + 4x2 + 2x3 = 0.

✹✳✷✳





x1 + x2 + αx3 = 0,
2x1 + 3x2 − 5x3 = 0,
2x1 + x2 + x3 = 0.

✹✳✸✳





x1 − 2x2 + x3 = 0,
2x1 − x2 − 4x3 = 0,
x1 − 3x2 + αx3 = 0.

✹✳✹✳





2x1 + x2 + αx3 = 0,
3x1 + 2x2 − 5x3 = 0,
x1 + 2x2 + x3 = 0.

✹✳✺✳





2x1 + 5x2 − 5x3 = 0,
x1 + 3x2 − 2x3 = 0,
x1 + αx2 − 3x3 = 0.

✹✳✻✳





2x1 + 3x2 + 3x3 = 0,
2x1 + x2 + αx3 = 0,
x1 + 4x2 − x3 = 0.

✹✳✼✳





x1 + 2x2 + αx3 = 0,
2x1 + x2 − x3 = 0,
4x1 + x2 + x3 = 0.

✹✳✽✳





x1 + 2x2 + αx3 = 0,
2x1 + x2 − 4x3 = 0,
2x1 − 3x2 + 4x3 = 0.

✹✳✾✳





2x1 + x2 + 2x3 = 0,
x1 + 2x2 − 2x3 = 0,
3x1 + x2 + αx3 = 0.

✹✳✶✵✳





2x1 + αx2 + x3 = 0,
3x1 − 2x2 + 4x3 = 0,
x1 + x2 − 7x3 = 0.

✹✳✶✶✳





3x1 + x2 + x3 = 0,
x1 + αx2 − 9x3 = 0,

3x1 + 2x2−3 = 0.
✹✳✶✷✳





x1 − 2x2 + αx3 = 0,
2x1 − x2 + x3 = 0,
2x1 + x2 + 7x3 = 0.

✹✳✶✸✳





2x1 + x2 − 5x3 = 0,
x1 + 2x2 + 2x3 = 0,

αx1 + 5x2 + 3x3 = 0.
✹✳✶✹✳





3x1 + 4x2 − x3 = 0,
αx1 + x2 − 4x3 = 0,
x1 + 5x2 + 7x3 = 0.

✹✳✶✺✳





x1 − 2x2 + 4x3 = 0,
2x1 + x2 − 7x3 = 0,

αx1 − 5x2 + 9x3 = 0.
✹✳✶✻✳





2x1 + x2 + 4x3 = 0,
x1 + 2x2 − x3 = 0,
x1 − x2 + αx3 = 0.

✹✳✶✼✳





x1 − 2x2 + 2x3 = 0,
2x1 + x2 − 6x3 = 0,

3x1 + αx2 − 2x3 = 0.
✹✳✶✽✳





2x1 + 3x2 − 4x3 = 0,
x1 − x2 + 3x3 = 0,
αx1 + x2 + x3 = 0.

✹✳✶✾✳





x1 + 2x2 − 5x3 = 0,
2x1 + αx2 − 3x3 = 0,

x1 − 4x2 + x3 = 0.
✹✳✷✵✳





x1 + αx2 − 6x3 = 0,
2x1 + 5x2 − 3x3 = 0,
x1 + x2 − 3x3 = 0.

✹✳✷✶✳





x1 − 2x2 + 5x3 = 0,
2x1 − x2 − 2x3 = 0,

3x1 − 2x2 + αx3 = 0.
✹✳✷✷✳





2x1 + αx2 − 3x3 = 0,
x1 + x2 − 2x3 = 0,
x1 + 4x2 + x3 = 0.

✶✶✸



✹✳✷✸✳





x1 + 3x2 + αx3 = 0,
2x1 + x2 + x3 = 0,

4x1 + 3x2 − x3 = 0.
✹✳✷✹✳





2x1 + x2 − 3x3 = 0,
x1 + 2x2 − 9x3 = 0,
αx1 + x2 + 2x3 = 0.

✹✳✷✺✳





2x1 + x2 + αx3 = 0,
3x1 + 2x2 − 5x3 = 0,
7x1 + x2 + 3x3 = 0.

✹✳✷✻✳





3x1 + αx2 − 3x3 = 0,
9x1 − 2x2 + x3 = 0,
3x1 − 5x2 + 9x3 = 0.

✹✳✷✼✳





αx1 + x2 − x3 = 0,
2x1 − x2 − 4x3 = 0,
x1 + 3x2 + 3x3 = 0.

✹✳✷✽✳





x1 + 2x2 + x3 = 0,
αx1 + x2 − 4x3 = 0,
3x1 + 5x2 + x3 = 0.

✹✳✷✾✳





3x1 − 2x2 + 3x3 = 0,
x1 + 2x2 − 7x3 = 0,
αx1 − x2 + x3 = 0.

✹✳✸✵✳





αx1 + x2 − 3x3 = 0,
x1 + 2x2 + 4x3 = 0,
x1 − x2 − 5x3 = 0.

✶✶✹



➬àêëþ÷åíèå

❮àñòîÿùåå ó÷åáíîå ïîñîáèå íàïèñàíî íà îñíîâå îïûòà
÷òåíèÿ ëåêöèé è âåäåíèÿ ïðàêòè÷åñêèõ çàíÿòèé ïî êóðñàì
➽❐èíåéíàÿ àëãåáðà➾✱ ➽➚ëãåáðà➾ â ➮íñòèòóòå ìàòåìàòèêè è
èíôîðìàöèîííûõ òåõíîëîãèé ➮➹Ó äëÿ ñòóäåíòîâ ôèçèêî✲
ìàòåìàòè÷åñêèõ✱ òåõíè÷åñêèõ è èíôîðìàöèîííûõ ñïåöèàëü✲
íîñòåé✳

Ïîñîáèå íå ÿâëÿåòñÿ ñáîðíèêîì çàäà÷ èëè ó÷åáíèêîì ïî
óêàçàííûì êóðñàì â îáû÷íîì ïîíèìàíèè✳ ❰íî ïðåñëåäóåò
öåëü ïîìî÷ü àêòèâíîìó óñâîåíèþ ñòóäåíòàìè èçó÷àåìîé äèñ✲
öèïëèíû êàê â ðàìêàõ äîïîëíèòåëüíîãî ó÷åáíîãî ðåñóðñà ê
àóäèòîðíûì çàíÿòèÿì✱ òàê è äëÿ ñàìîñòîÿòåëüíîãî èçó÷å✲
íèÿ îñíîâíûõ ïîíÿòèé è ìåòîäîâ àëãåáðû✳ Ïîäðîáíî ñ äî✲
êàçàòåëüñòâàìè èçëîæåííûõ â ïîñîáèè óòâåðæäåíèé ìîæíî
îçíàêîìèòüñÿ â ❬✶❀ ✷❀ ✹❀ ✼✕✾❪✳

Ïðè ïîäáîðå óïðàæíåíèé áûëè èñïîëüçîâàíû êàê çàäà✲
÷è✱ ïîÿâèâøèåñÿ â ïðîöåññå ðàáîòû àâòîðîâ ïðè ðàçðàáîòêå
óêàçàííûõ êóðñîâ✱ òàê è ðàçëè÷íûå èñòî÷íèêè✱ â òîì ÷èñëå
øèðîêî èçâåñòíûå çàäà÷íèêè ❬✸❀ ✺❀ ✻❪✳

➚âòîðû íàäåþòñÿ✱ ÷òî ïîñîáèå áóäåò ïîëåçíî è ñòóäåíòàì
äðóãèõ ñïåöèàëüíîñòåé✱ ó÷åáíàÿ ïðîãðàììà êîòîðûõ ïðåäïî✲
ëàãàåò èçó÷åíèå ýëåìåíòîâ ëèíåéíîé àëãåáðû✱ à òàêæå ïðå✲
ïîäàâàòåëÿì â ðàáîòå ñî ñòóäåíòàìè✱ èçó÷àþùèìè äàííûé
ìàòåðèàë✳

✃îììåíòàðèè áóäóò âîñïðèíÿòû ñ áëàãîäàðíîñòüþ✱ è✱ åñ✲
ëè òàêîâûå áóäóò✱ ïðîñüáà îòïðàâëÿòü èõ ïî ýëåêòðîííîé
ïî÷òå✿ ✈❛s✐❧✐s❛❅♠❛t❤✳✐s✉✳r✉❀ ✈❛r✈❛r❛③❅❜❦✳r✉✳

✶✶✺



Ðåêîìåíäóåìàÿ ëèòåðàòóðà

✶✳ ✃ðåìåð ❮✳ Ø✳ ❐èíåéíàÿ àëãåáðà ✿ ó÷åá✳ è ïðàêòèêóì äëÿ
âóçîâ ✴ ❮✳ Ø✳ ✃ðåìåð✱ ❒✳ ❮✳ Ôðèäìàí✱ ➮✳ ❒✳ Òðèøèí ❀ ïîä
ðåä✳ ❮✳Ø✳✃ðåìåðà✳ ✕ ✸✲å èçä✳✱ èñïð✳ è äîï✳ ✕ ❒îñêâà ✿ Þðàéò✱
✷✵✷✶✳ ✕ ✹✷✷ ñ✳ ✕ ✭➶ûñøåå îáðàçîâàíèå✮ ✴✴ ❰áðàçîâàòåëüíàÿ
ïëàòôîðìà Þðàéò ❬ñàéò❪✳ ✕ ❯❘▲✿ ❤tt♣s✿✴✴✉r❛✐t✳r✉
✴❜❝♦❞❡✴✹✻✽✼✸✼✳ ✕ Ðåæèì äîñòóïà✿ äëÿ àâòîðèç✳ ïîëüçîâàòå✲
ëåé ✭ïîäïèñêà ➮➹Ó✮✳

✷✳ ✃óðîø ➚✳ ➹✳ ✃óðñ âûñøåé àëãåáðû ✿ ó÷åá✳ äëÿ âóçîâ ✴
➚✳ ➹✳ ✃óðîø✳ ✕ ✷✷✲å èçä✳✱ ñòåð✳ ✕ Ñàíêò✲Ïåòåðáóðã ✿ ❐àíü✱
✷✵✷✶✳ ✕ ✹✸✷ ñ✳ ✴✴ ❐àíü ✿ ýëåêòðîííî✲áèáëèîòå÷íàÿ ñèñòåìà✳ ✕
❯❘▲✿ ❤tt♣s✿✴✴❡✳❧❛♥❜♦♦❦✳❝♦♠✴❜♦♦❦✴✶✺✷✻✹✼✳ ✕ Ðåæèì äîñòóïà✿
äëÿ àâòîðèç✳ ïîëüçîâàòåëåé ✭ïîäïèñêà ➮➹Ó✮✳

✸✳ Ïðîñêóðÿêîâ ➮✳ ➶✳ Ñáîðíèê çàäà÷ ïî ëèíåéíîé àëãåáðå ✿
ó÷åá✳ ïîñîáèå äëÿ âóçîâ ✴ ➮✳ ➶✳ Ïðîñêóðÿêîâ✳ ✕ ✶✺✲å èçä✳✱
ñòåð✳ ✕ Ñàíêò✲Ïåòåðáóðã ✿ ❐àíü✱ ✷✵✷✶✳ ✕ ✹✼✻ ñ✳ ✴✴ ❐àíü ✿
ýëåêòðîííî✲áèáëèîòå÷íàÿ ñèñòåìà✳ ✕ ❯❘▲✿ ❤tt♣s✿✴✴❡✳❧❛♥❜♦♦❦✳
❝♦♠✴❜♦♦❦✴✶✺✷✹✸✹✳ ✕ Ðåæèì äîñòóïà✿ äëÿ àâòîðèç✳ ïîëüçîâà✲
òåëåé ✭ïîäïèñêà ➮➹Ó✮✳

✹✳ Òàòàðíèêîâ ❰✳ ➶✳ ❐èíåéíàÿ àëãåáðà ✿ ó÷åá✳ è ïðàêòèêóì
äëÿ ïðèêëàäíîãî áàêàëàâðèàòà ✴ ❰✳ ➶✳ Òàòàðíèêîâ✱ ➚✳ Ñ✳
×óéêî✱ ➶✳ ➹✳ Øåðøíåâ ❀ ïîä îáù✳ ðåä✳ ❰✳ ➶✳ Òàòàðíèêîâà✳
✕ ❒îñêâà ✿ Þðàéò✱ ✷✵✷✶✳ ✕ ✸✸✹ ñ✳ ✕ ✭➪àêàëàâð✳ Ïðèêëàäíîé
êóðñ✮ ✴✴ ❰áðàçîâàòåëüíàÿ ïëàòôîðìà Þðàéò ❬ñàéò❪✳ ✕ ❯❘▲✿
❤tt♣s✿✴✴✉r❛✐t✳r✉✴❜❝♦❞❡✴✹✽✷✻✻✹✳ ✕ Ðåæèì äîñòóïà✿ äëÿ àâòî✲
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